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Of concern is the optimal control problem for the Sobolev type higher order equation
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Introduction

Let X, ) and U be Hilbert spaces. Consider a complete Sobolev type equation of
higher order
Az™ = B, 12"V 4 4 Byx +y + Cu, (1)

where A, B, 1, ...,Bp are linear and continuous operators acting from X to %), C
is a continuous linear operator acting from i to 2, functions u : [0,7] C Ry — 4,
y:[0,7] C Ry = (1 < 00).

Consider an initial-final problem [1]

P, (x(k)(o) —a9) =0, _
Pjin (x(k:)(T) _ 372) _0 k=0,n-1, (2)
where Py, (fin) are some projectors in the space X.

We are interested in an optimal control problem of finding a pair (Z,u), where & is a
solution of (1), (2), and the control @ belongs to i, and satisfies a relation

J(z,0) = (x,u)I?)l(%uad J(z,u). (3)
Here J(z,u) is some specially constructed penalty functional, and .4 is a closed convex
set in the space U of controls.

Sobolev type equations form a broad range of nonclassical equations of mathematical
physics. A theory of linear first-order Sobolev type equations was constructed in [2]. A
numerical algorithm for finding a solution of an optimal control problem for a system of
Leontief type equations was suggested in [3 — 5|. The optimal control for semilinear first-
order Sobolev type equations was considered in [6 — 8]. Zagrebina S.A. [9 — 10| considered
an initial-final problem generalizing the Showalter — Sidorov problem for the first order
Sobolev type equation. Stochastic Sobolev type equations were studied in [11 — 19]|. The
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initial-final problem for a linear second-order Sobolev type equation was considered in [20]
in the case of relative polynomial boundedness of the operator pencil. In the present paper,
we consider the Cauchy problem and the initial-final problem, which is more convenient
for the numerical solution of specific problems of mathematical physics [21 — 24].

1. Polynomially A-bounded operator pencils and projectors

By B denote an pencil formed by operators B,,_1,..., By. The sets
A/rpy . n n—1 -1
pPMB) = {neC: (WA—p " Byy— ..~ By - By) € L, %)}

and 04(B) = C\p*(B) are called an A-resolvent set and an A-spectrum of pencil B,
respectively. The operator function R} (B) = (u"A — " 'Bn_y — ... — pBy — By) ' of a

complex variable with domain pA(E ) is called an A-resolvent of the pencil B.

Definition 1. The operator pencil B s said to be polynomially bounded with respect to
operator A (or simply polynomially A-bounded) if there exists a constant a € Ry such that
for each p € C an inequality || > a implies an inclusion R (B) € L(, X).

Introduce an additional condition

/me(é)dﬂ =0, k=0,n—2. (A)

o

Lemma 1. Let the pencil B be polynomially A-bounded, and let condition (A) be satisfied.
Then operators

1 - 1 -
pP=_ A B nflA - nflA A B

27 ), .
are projectors in the spaces X and %), respectively.

Set Xg = ker P, 9o = ker @, X; = ImP, 2; = ImQ. It follows from Lemma 1 that
X=X®X and 9 = o ® Y. By A* (respectively, BF) denote a restriction of the
operator A (respectively, B;) to X*, k=0,1,1=0,n— 1.

The following assertion was proved in [25].

Theorem 1. [25] Let the assumptions of Lemma 1 be satisfied. Then

(i) A¥ € L(X*DF), k=0,1;

(ii) BF € L(X*; ), k=0,1,1=0,1,...,n—1;

(iii) there exists an operator (A)™' € L(Y; X1);

(iv) there exists an operator (BY)™* € L(Y; XY).

Let us construct the operators Hy = (BJ) 'A%, H, = (B)™'B% ,, k = 1,n—1,
S =(AY"'B}, k=0,n—1.

Definition 2. Introduce a family of operators {qu, Kq2, ., K7} as follows:
K(‘;:@,S#H,Kg:]l, Kll :Ho, K12: - n_h...,Kf: - n+1_5,...,K?: —Hl,
K;=K! Hy, K=K}, —K!' \Hy ..., K:=K | — K \Hyi1s,...,
K=K —K!' \Hi,q=2,3,...
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Definition 3. The point oo is called:
(i) a removable singularity of A-resolvent of pencil B, if K} = K2 = ... = K" = O
(ii) a pole of order p € N of A-resolvent of pencil E, if K, # O, for some s, but
K, 1 =0 foranys;
(111) an essentially singular point of A-resolvent of pencil B if K # QO for any p € N.

2. Strong solutions

Consider a linear homogeneous Sobolev type equation
Az™ = B, 12"V + ..+ Byz. (4)
Introduce an additional condition

o4(B) = o (B) Uo{(B),of(B) # 0,k =0,T;
and contour g is the boundary of domain 2 C C such that (B)
QNod(B) =o(B),QNoA(B) = 0.

Then there exists an operator

More over let
/ pmRAB)dp=0,m =0,n— 2, (Ao)

Y0

be fulfilled.

Definition 4. The mapping V* € C(R; L(X)) is called a propagator of equation (1), if
for all x € X the vector-function x(t) = V'x is a solution of (4).

Let the pencil B be polynomially A-bounded, and let condition (A) be satisfied. Fix
a contour 7 = {p € C: |u| =r > a} and for all ¢ € R consider a family of operators

1
Xt =

= 2— R;‘(é)(,u"_k_lfl - un_k_2Bn_1 — ... Bk+1)e“td,u,
(x4 v

where £k = 0,n — 1.

Lemma 2. [26] (i) For every k = 0,n — 1 the operator function X} is a propagator of

(4)-

(ii) For every k = 0,n — 1 the operator function X} is an entire function.

oy d gt P l=k e g _
(iii) 7 X}, t()_{ 0. 14k forallk=0n—-1,1=0,1,...

Lemma 3. Let the pencil B be polynomially A-bounded, let conditions (A), (B), (Ag) be
satisfied. Then Py, is a projector, and Py, P = PPfiyy, = Py

Construct an operator Py, = P—Py;, € L(X). By Lemma 3 operator P, is a projector.
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Consider a family of operators

1

X]]fm(t) = —/ R;‘(é)(u"*k*lfl — " * 2B, — ... — Bry1)eMdp.
0

211

Lemma 4. Let the pencil B be polynomially A-bounded, let conditions (A), (B), (Ao) be
satisfied. Then X%, is a propagator of (4).

Introduce a family of operators

XE(t) = X — Xf,(t), k=0,n—1.
Proceed to linear inhomogeneous Sobolev type equation
Azr™ = B, 12"V 4.+ Box +y. (5)

Theorem 2. Let the pencil B be polynomially A-bounded, condition (A) be satisfied and
o0 be a pole of order p € {0} UN of A-resolvent. Let the vector function y : [—7,7] = 2
be such that

= ([I-Q)yec™™([0,7;9°)
and y' = Qy € C([—7,7;D'). Then for arbitrary 2,27, € X, k = 0,n — 1 there exists a
unique solution to problem (2), (5) for t € [0, 7] given by

a(t) = — K"(B) Lyt )+Z” o X5 () Pon) + 32320 X i () Pran+ (6)
+f0 X2t — 5) (A yn(s)ds — f7 X1l(t — 5)(AY) 1y (s)ds.

Definition 5. The vector-function v € H"(X) = {z € Ly(0,7; %) : 2™ € Ly(0,7;X)} is
called a strong solution of (5), if it turns the equation to an identity almost everywhere on
interval (0, 7). The strong solution x = z(t) of (5) is called a strong solution to (2), (5) if
condition (2) holds.

This is correctly defined by virtue of the continuity of the embedding
H™"(X) <= C" ([0, 7]; X). The term "strong solution" has been introduced to distinguish
a solution of (5) in this sense from solution (6), which is usually said to be classical. Note
that classical solution (6) is also a strong solution to problem (2), (5).

Let us construct the spaces

HP™MQ) = {v € Ly(0,7;9) : 0" € L,(0,7;9),p € {0} UN}.

The space HP™"(Q)) is a Hilbert space with inner product

ptn

v, w] Z/ <v(‘1) (‘1)>@dt.

Let y € HP*™(9). Introduce the operators

Ay(t) ZK” (BY)~ dtq (1),
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Agy(t) = /0 XNt — s) (AN Yy (s)ds,  Asy(t) = — /tT X};l(t — 8)(AY) Yy (s)ds,

and the functions

[y

n—1

ka(t) =Y X5 (Pl ka(t) =Y X, (t) Pt
k=0

0 =

3

i

Lemma 5. 27| Let the pencil B be polynomially A-bounded, and condition (A) be satisfied.
Then

(i) Ay € LOHP™(2); HY(X));

(ii) for arbitrary %) € X, the vector function k; € C™([0,7); X);

(iii) Ay € L(HP™(Y); H™(X));

(iv) for arbitrary x, € X, the vector function ke € C™([0,7); X);

() Ay € L(HP"(Q); H(X)).

Theorem 3. Let the pencil B be polynomially A-bounded, let conditions (A), (B), (Ao)
be satisfied. Then, for arbitrary x3, z; € X, k =0,n—1 and y € HP*"(Q)) there exists a
unique strong solution to (2), (5).

3. Optimal control

Consider the initial-final problem (2) for linear inhomogeneous Sobolev type equation
(1), where the functions z, y, u lie in the Hilbert spaces X, 2) and 4L, respectively.
Introduce a control space

o ptn -
H  (8) = {u € Ly(0,7;80) : uP™™ € Ly(0,7;80),ul?(0) = 0,¢ = 0, p},

p € {0} UN. It is a Hilbert space with inner product

ptn
(v, w] = Z/ <v(‘1),w(q)>g dt.
g=0 7"

o ptn o ptn
In the space H (4) we single out a closed convex subset H, (1), which will be

called the set of admissible controls.

o pTtn

The vector function @ € Hy () is called an optimal control of solutions to (1), (2),
if relation (3) holds.

o p+n
Our goal is to prove the existence of a unique control & € H, (4), minimizing the

penalty functional

T =p Y [ el 2]t v
=070

p+n

Z/o <]\7qu(‘1),u(q)>u dt. (7)
q=0

Here p,v >0, p+v =1, N, € L(U), ¢ =0, 1, ..., p+ n, are self-adjoint positively
defined operators, and Z(t) is the target state of the system.

Theorem 4. Let the pencil B be polynomially A-bounded, let conditions (A), (B), (Ao)
be satisfied. Then for arbitrary 29, ], € X, k=0,n—1 and y € HP*™ () there exists a
unique optimal control of solutions to problem (1), (2).
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OIITUMAJIBHOE VIIPABJIEHNE PEINTEHNAMMN
HAYAJIbHO-KOHEUYHOI 3AJAYN OJ1d YPABHEHU A
COBOJIEBCKOTI'O TUITA BBICOKOTI'O IIOPA/IKA

A. A. Bamviwasnesa, O. H. I[unaenxosa, E. B. Bviuxos

B pabore paccmarpuBaercs 3ajada ONTUMAJILHOTO YIIPABJIEHUS JIJIsl YPaBHEHUsT CODO-
JIEBCKOT'O THUIIa, BBICOKOT'O MOPSJIKA C OTHOCUTEJIHHO MOJMHOMHUAJIHHO ONPDAHUYIEHHBIM ITYY-
KOM oreparopoB. J[lokazana Teopema CyIIeCTBOBAHUS M €IUHCTBEHHOCTU CHJIBHOTO PeIlie-
HUsI HA9aJIbHO-KOHEYHOH 3a/1a49n JjIs aOCTPAKTHOIO ypaBHEHUsI COOOJIEBCKOTO THIIA BBICO-
Koro mopsiaka. HaiimeHno mocraTrodnoe yc/ioBHe CyIeCTBOBaHUs Takux perrenuii. B pabdore
HCIIOJIb30BaHbI UJIEN U MeTOIbl, pa3paboranubie I.A. CBUPHUIIOKOM U €ro yYeHNKAMU.

Karouesvie caosa: ypashenus coboaesckozo muna, 0mHOCUMEAbHO 02PAHUNEHHIT NY-

YWOK ONeEPaAmMopos, CuAbHLE PEUWEHUA, ONMUMAADHOE YNPABAEHUE.
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