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ON INTEGRATION IN QUASI-BANACH SPACES
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Since a quasi-Banach space of sequences named quasi-Sobolev space is not locally

convex it is not possible to speak about integrability of each continuous function. The

main aim of this work is to get conditions sufficient for existence of Riemann integral for

the function with values in such space. We use the properties of metrizability and local

pseudoconvexivity of the space to show the existence of integral for an analytic function.

Besides the introduction and bibliography, the article includes two sections. In the first

section the mentioned properties of quasi-Banach spaces are discussed. In the second section

we obtain the conditions for integration of function with values in quasi-Banach spaces of

sequences.
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Introduction

Apparently quasi-Banach spaces appeared simultaneously with Banach spaces. The
study of Banach spaces raises a natural question about, for example, the structure of the
space of sequences ℓq for 0 < q < 1. However, due to the nature of such spaces they have
been for a long time treated by researchers as special narrow types of spaces. Currently,
however, interest in such spaces has increased (see, e.g. [1, 2, 3, 4, 5, 6]). Moreover, this
interest has both theoretical [1, 2, 7] and practical nature [3, 5].

When solving problems arising in practical applications [3, 5] one needs to use the
notion of integrability in quasi-Banach spaces. The Mazur and Orlicz theorem [8, Theorem
3.5.1] on Riemann integrability for continuous function is equivalent to the local convexity
of the space, where the integrand function takes values. It is a well known fact that a
quasi-normed space is metrizable [7, Lemma 3.10.1], but in general it is not locally convex
[8, Sec. 3.1]. Therefore continuous functions might be nonintegrable and the problem
of integrability in quasi-Banach spaces can be solved with additional conditions on the
integrand function and the space it takes values in.

The aim of this paper is to establish the conditions allowing to consider the integrals
for functions with values in quasi-Banach spaces. In considering this question we use the
results of the monograph by S. Rolewicz [8].

The article consists of introduction and two parts. The first one includes the necessary
terminology to justify the issue. And in the second part we substantiate the existence of
the Riemann integral in quasi-Banach spaces.

1. Locally Pseudoconvex Spaces

Recall the standard notation and terminology from [7, 8]. Let U be a some linear
space with scalars from R. We say that ordered pair (U; U‖ · ‖) is a quasi-normed space if
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(i) ∀u ∈ U U‖u‖ ≥ 0 and U‖u‖ = 0 ⇔ u =0, where 0∈ U;
(ii) ∀u ∈ U ∀α ∈ R U‖αu‖ = |α|·U‖u‖;
(iii) ∀u, v ∈ U U‖u + v‖ ≤ C(U‖u‖+ U‖v‖), where constant C ≥ 1 is independent

from u and v.
If C ≥ 1 then the function U‖ · ‖ : U → R+ is called a quasi-norm. If C = 1 then

the function U‖ · ‖ : U → R+ is a norm. So, quasi-normed space is a generalization of
the normed space. Here and below we denote the quasi-normed space (U; U‖ · ‖) by U for
brevity.

The quasi-norm U‖ · ‖ determines a topology on U by natural way. Basis of
neighborhoods contains all sets, which are defined by {u ∈ U : U‖u − v‖ < ε}, where
ε ∈ R+. If C = 1 then this topology is determined by metric ρ(u, v) = U‖u− v‖. However,
if C > 1 then the quasi-normed space is a metric space too.

Lemma 1. [7, Lemma 3.10.1] Let U be a quasi-normed space and p ∈ R be defined by

equality (2C)p = 2. Then there exists a metric d : U×U → R on U such that for all u ∈ U

inequality

d(0, u) ≤ U‖u‖
p ≤ 2d(0, u)

holds.

By this Lemma we have notions of fundamental sequence {un} ⊂ U :
lim

n,l→∞
U‖un − ul‖ = 0, completeness of space and convergence of a series in quasi-Banach

space, see [7, Lemma 3.10.2]. A complete quasi-normed space is called quasi-Banach.

Example 1. Let {λk} ⊂ R+ be a monotonic sequence such that lim
k→∞

λk = +∞, and

p ∈ R+. Put

ℓmp =

{

u = {uk} ⊂ R :
∞
∑

k=1

(

λ
m

2

k |uk|
)p

< +∞

}

.

Lineal ℓmp for all m ∈ R, p ∈ R+ with a quasi-norm of element u = {uk} ∈ ℓmp

m
p ‖u‖ =

(

∞
∑

k=1

(

λ
m

2

k |uk|
)p
)1/p

is a quasi-Banach space (for p ∈ [1,+∞) it is a Banach space). Note that if p ∈ (0, 1),
then constant C = 21/p. The spaces ℓmp are called quasi-Sobolev in [6].

Now let (U,d) be a metric space. A set A ⊂ U is said to be a starlike (starshaped) set
if {tu ∈ U : u ∈ A} ≡ tA ⊂ A for all t ∈ (0, 1]. Define {u + v ∈ U : u, v ∈ A} ≡ A + A.
The modulus of concavity of a starlike set A is defined by

c(A) = inf{s > 0 : A+ A ⊂ sA}

with the convention that the infimum of empty set is equal to +∞. A starlike set A with
the finite modulus of concavity, c(A) < +∞, is called pseudoconvex.

A metric space U is called locally pseudoconvex if there is a basis of neighborhoods of
zero {Un} which are pseudoconvex. If moreover c(Un) ≤ 21/p, we say that the space U is
called locally p-convex.
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Theorem 1. [8, Corollary 3.4.6] The space ℓmp , 0 < p ≤ 1 is locally p-convex with

c(ℓmp ) = 21/p.

2. Integration of Functions with Values in Quasi-Banach Spaces

Let f(t) be a function defined on an interval [a, b] with values in quasi-Banach space
U. As in classical definition of the Riemann integral, we define a normal sequence of
subdivisions of interval [a, b] as a sequence of subdivisions

a = tn0 < tn1 < . . . < tnk(n) = b,

such that lim
n→∞

sup
1≤i≤k(n)

|tni − tni−1| = 0.

We say that a function f(t) is Riemann integrable if, for each normal sequence of
subdivisions of the interval [a, b] and arbitrary sni ∈ (tni−1, t

n
i ), there exists a limit of the

sum
k(n)
∑

i=1

f(sni )(t
n
i − tni−1).

As in the calculus, one may show that this limit does not depend on the sequence of
subdivisions. It will be called the Riemann integral of the function f(t), and we shall write
it as

b
∫

a

f(t)dt.

It is easy to verify that the Riemann integral defined as above has the similar
arithmetical properties to those it has in the calculus. Namely, if f(t) and g(t) are integrable

functions (i.e. such that the Riemann integrals exist), then the sum f(t)+g(t) is integrable
and

b
∫

a

(f(t) + g(t))dt =

b
∫

a

f(t)dt+

b
∫

a

g(t)dt,

if a function f(t) is integrable, then for any scalar K the function Kf(t) is integrable and

b
∫

a

Kf(t)dt = K

b
∫

a

f(t)dt,

if a function f(t) is integrable on [a, b], then for each c ∈ (a, b), the function f(t) is
integrable on intervals [a, c] and [c, b] and

b
∫

a

f(t)dt =

c
∫

a

f(t)dt+

b
∫

c

f(t)dt.

We say that a function f(t) with values in quasi-Banach space U is analytic if, for any
t0, there is a neighborhood U of a point t0 such that, for t ∈ U , the function f(t) can be
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represented by a power series

f(t) =
∞
∑

n=0

(t− t0)
nfn, fn ∈ U.

Theorem 2. Let U = ℓmp with 0 < p ≤ 1. Then all analytic function f(t) defined on an

interval [a, b] with values in U are integrable.

Proof.

By Lemma 1 U = ℓmp is metrizable and by Theorem 1 it is locally p-convex. Therefore
all conditions of Theorem 3.5.2 [8] are fulfilled and the statement is true.

✷

Let C be a complex plane. Let D be an open set in C. Let f(t) be a function defined on
D with values in the quasi-Banach space U. In the same way as for the function of the real
argument, we say that f(t) is analytic in D, if for each z0 ∈ D, there is a neighbourhood
U(z0) of a point z0 such that the function f(t) can be represented in U(z0) as a sum of
power series

f(z) =
∞
∑

n=0

(z − z0)
nfn, fn ∈ U.

As in the real-argument case, we can define the Riemann integral of a function f(t)
on a curve contained in D. By the analogy with Theorem 2 we have next

Theorem 3. Let U = ℓmp with 0 < p ≤ 1. Let D be an open set in C and Γ be a smooth

curve contained in D. Then for all analytic function f(z) defined on D with values in U

the integral

∫

Γ

f(z)dz exists.

Using the same arguments as in the classical theory of analytic functions, we can
obtain

Theorem 4. Let U = ℓmp with 0 < p ≤ 1. Let D be an open set in C and Γ be a smooth

curve contained in D. Let f(z) be an analytic function in D. Then

∫

Γ

f(z)dz = 0,

f(z0) =
1

2πi

∫

Γ

f(z)

z − z0
dz

for each z0 inside the domain surrounded by Γ,

f (n)(z0) =
n!

2πi

∫

Γ

f(z)

(z − z0)n+1
dz,

where z0 and Γ are the same as above.
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