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We consider a problem of eigenvalues of an abstract discrete semibounded operator
acting in a separable Hilbert space. The existence and uniqueness of the solution, as well
as a convergence of the Galerkin method with reference to the problem, are proved. Simple
formulas to calculate the eigenvalues are obtained. The formulas based on Galerkin method
allow to calculate eigenvalues of discrete semibounded operators with high computational
efficiency. In contrast to the classical methods, the formulas sharply reduce the number
of calculations. Also, the formulas allow to find eigenvalues of the operator, regardless
of whether the eigenvalues with smaller numbers are known or not. The formulas solve
the problem on a calculation of all necessary spectrum points of the abstract discrete
semibounded operators.
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Introduction

Consider an abstract discrete semibounded operator L, acting in a separable Hilbert
space H. Let D;, C H be a domain of L. Suppose L is a differential operator. Then its
eigenvalues i are determined by finding nontrivial solutions of equation

Lu = pu, (1)
satisfying homogeneous boundary conditions
Gu|F =0, (2>

where I' is a boundary of domain Dy,.

Consider a spectral problem such that L can be represented as L = T+ P, where
T is a discrete semibounded operator and P is a bounded operator. One of the methods
applied to the research of such spectral problems is the Regularized traces method. In 1956
r., in their paper [1] V.A. Sadovnichy and V.E. Podolsky for the first time theoretically
justified a calculation of the first eigenvalues of the Sturm-Liouville operator, based on
a system of nonlinear equations composed of regularized traces of operator 7. In future,
S.I. Kadchenko obtained linear formulas, which allow to remove existing restrictions on the
perturbing operator and essentially expand the range of problems to which the regularized
traces method can be applied (see [2]-[10]). S.I. Kadchenko and S.N. Kakushkin developed
a non-iterative method in [11]. The method allows to find the values of perturbed discrete
operator eigenfunctions beginning with any number, if spectral characteristics of the
unperturbed operator and eigenvalues of the perturbed operator are known. The method
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also showed high computational efficiency. The problem was investigated on the basis of
the modified Galerkin method in [§].

To calculate eigenvalues of the spectral problem (1), (2), we use the Galerkin method.
Consider a sequence {H,}22, of finite-dimensional spaces H,, C H, which is complete
in H. Suppose an orthonormal basis of the space H,, is known and consists of functions
{¢r}r_,. In addition, the functions ¢ satisfy the boundary conditions (2). According to
the Galerkin method, an approximate solution of the spectral problem (1), (2) can be

found in the form:

Uy, = Z ax(n)er.

k=1

We prove the existence and uniqueness of the solution, as well as a convergence of
the Galerkin method with reference to the problem. Based on the previously obtained
results, we obtain simple formulas to calculate the eigenvalues of the operator L with high
computational efficiency.

1. Support information

Let us define the terms used in the paper and give some known facts (see. [13], [14]).

We call an operator L, acting in a separable Hilbert space H, a discrete operator, if
there exists a complex number )\ such that Ry, = (L — A\gE)~! is completely continuous
in H (see [13], ch. V, §4).

A spectrum of the discrete operator L consists of isolated points having no limit points,
except for infinity.

Definition 1. (see [13], ch. V, §4) If there exists a real number ¢ such that the condition
(Lf, f) > c(f, f) holds for all f € Dy, then the operator L is called semibounded below.
(If the opposite inequality holds, then the operator is called semibounded above.)

Theorem 1. (|14], ch. I, §6) If || L,, — T|| — 0, where L and L,, are completely continuous
operators, then the characteristic numbers of the equation

u—ALu=0

are obtained by proceeding to limit as n — oo from the characteristic numbers of the
equation

U, — ALyu, = 0.
Asis well known (e.g., see [13], ch. V, §4), every semibounded operator can be expressed
using some positive operator by means of one of the formulas L = S+ cFE, L = S — cE.

Therefore, in future we will consider only positive operators. Since (Lf, f) > 0, then for
the eigenfunctions u,, the inequalities

(Luna un) = ,Un(um Un) >0

hold, i.e., the eigenvalues of a positive discrete operator are nonnegative and can
accumulate only to +oo.
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2. Main results

Theorem 2. Let L be a discrete semibounded operator acting in a separable Hilbert space
H. If a system of coordinate functions {pr}32, is an orthonormal basis in H, then the
Galerkin method, which is applied to the problem of finding eigenvalues of the spectral
problem (1) and constructed on this system of functions, converges.

Proof. 'We write equation (1) in the form
(L= XoE)u = (— Xo)u. (3)

Since the operator L is discrete, then for it there exists a resolvent operator
Ry, L = (L — M\E)™!, which is completely continuous in H. Acting on the left side of
both sides of equation (3) by the operator Ry, L, we obtain

u=(u—A)Mu, Mu= Ry, Lu. (4)

Let us repeat the reasoning of Theorem 1 in ([14], ch.XI1,§94) and show that application
of the Galerkin method to the problem of finding the eigenvalues of equation (2) is
equivalent to finding the eigenvalues of equation

= (,u - )\O>Mnun~ (5)

Suppose the system of coordinate functions {¢g}72, is an orthonormal basis of the
space H. Decompose Mu = R),Lu into an orthogonal series

o0

Mu = Z(Mu, ©k) Pk

k=1

and assume
n

Myu = Z(MU; Prk) Pk

n=1
The operator M is completely continuous in H and therefore it can be decomposed
. . €
into a sum M = M’ + M”, where M’ is a degenerate operator, and || M" ||< 3> 0.
Then

(M= Mu= > (Mu,o)er= > (Mu,en)pp+ > (M'u,00)0r.  (6)
k=n-+1 k=n+1 k=n+1

First we estimate the second sum in (6):

Z (M"u, pr)pr ||*= ( > (M or)pr, Y (M, m)w) —
k=n k=n+1 k=n+1

=Y (M'u) Y (M'uom)orom) = D | (M uyp) P
k=n+1 m=n+1 k=n+1
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Use the Bessel inequality and obtain

oo 2
€
D (M ) P M u <) M P w |P< 7 el
k=n+1
Hence,
- €
1> (M, o)pn |I< gl (7)
k=n+1

Estimate the first sum in (6). By definition, the degenerate operator M’u has the form
([14], ch.XL,§94)

s

M'u = Z(u,z/)j)wj,

J=1

where s is a finite number, and v; and w; are elements of the space H. Thus,

I Y- arweden =1 Y- (Do (w v o) erll=

k=n+1 k=n+1 j=1
oy Z( w, 5)eos, o) o [I= S S ) o) =
k=n+1 j=1 k=n+1 j=1

—||Z ) S e 1< 31w |- 1S el i<
k=n+1 j=1 k=n+1
SN AR IR
j=1 k=n+1

The number series > . ., | (w;, k) |* converges. Then there always exists a number N.

such that for all n > N, a coefficient of || u || is less than g

o

| Y- rueden <5 llull. ®)

k=n-+1

Then it follows from (6)-(8) that for n > N. the inequality || (M — M,)u ||< € or
| M — M, ||< € holds.

On the basis of Theorem 1, if || M — M, ||— 0 as n — oo and M, M, are
completely continuous operators, then the eigenvalues of equation (4) are obtained from
the eigenvalues of equation (5) by proceeding to limit as n — oo.

O

N.I. Polsky introduced the so-called (A)-condition, or the Polsky condition, of the
projection methods convergence (e.g., see [17]). Also, N.I. Polsky noted that for a positive
operator this condition in the Galerkin method automatically holds. Thus, under the
conditions of Theorem 3 and on the basis of the results obtained in papers [15]-[17],
the eigenvalues of equation (1) can be obtained as the limits of approximate eigenvalues.
Hence, we have
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Theorem 3. If L is a discrete semibounded operator acting in a separable Hilbert space
H, then there exists a unique solution of the problem of finding the eigenvalues and
eigenfunctions of the operator L. Approzimate values of the eigenvalues can be found by
the Galerkin method.

Let fig(n) be n-th approximate eigenvalues of k-th eigenvalue gy of the operator L
found by the Galerkin method. Then on the basis of Theorems 1 and 2 we have

n—oo
The following theorem was proved in the paper [12].

Theorem 4. Let L be a discrete semibounded operator acting in a separable Hilbert space
H. If a system of coordinate functions {pr}72, is an orthonormal basis in H and satisfies
the homogeneous boundary conditions (2), then approzimate eigenvalues jiy. of the operator
L are found by the formulas [12]

fir(n) = (Lk, ox) + 0, k=1,n, (10)
where 0, = :Z_:i[ﬁk(n — 1) — ux(n)].

Note that for any £ € N lim (fg(n — 1) — ug(n)) = 0, therefore lim 4, = 0. Then
n—oo

n—oo
from (9) and (10) we obtain

Thus, the following theorem is proved.

Theorem 5. Let L be a discrete semibounded operator acting in a separable Hilbert space
H. If a system of coordinate functions {p}32, is an orthonormal basis in H and satisfies
the homogeneous boundary conditions of spectral problem (1), (2), then eigenvalues py of
the operator L are found by the formulas (11).

The formulas (11) obtained by the Galerkin method allow to calculate eigenvalues
of discrete semibounded operators with high computational efficiency. In contrast to the
classical methods, the formulas (11) sharply reduce the number of calculations. Also, the
formulas allow to find eigenvalues of the operator L, regardless of whether the eigenvalues
with smaller numbers are known or not. The formulas solve the problem on a calculation
of all necessary spectrum points of the abstract discrete semibounded operators.

3. Computational Experiments

In order to verify the obtained formulas (11), which allow to calculate eigenvalues of
discrete semibounded operators, we consider the spectral problem

—u" + pr(z)u’ + pa(r)u = pu, a <x < b,
cosa u'(a) +sina u(a) =0, (12)
cos B u'(b) +sinf u(b) =0, o, € R.
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The functions p;(z), pa(x) are continuous on the interval [a,b]. In order to construct
a system of coordinate functions {¢j};, in the Galerkin method, which satisfies the
boundary conditions (12), we find eigenvalues and eigenfunctions of the auxiliary spectral
problem

—¢" = Xp, a <z <b,

cosa ¢'(a) +sina p(a) =0, (13)

cos B ¢'(b) +sinfB ¢(b) =0, «,8 € R.

The eigenvalues A\;, of the problem (13) are roots of a transcendental equation
[sin asin(vV/Aa) + VA cos a cos(VAa)] x [sin B cos(VAb) — VA cos B sin(vVAb)]+
+[V/A cos asin(vVAa) — sin a cos(VAa)] x [sin Bsin(v/Ab) + VA cos 5 cos(VAD)] = 0,

and the eigenfunctions have the form:
or(x) = Cp{[sin acsin(/ Aga) + / Ag, cos acos(y/ Apa)] cos(v/ Apz)
+[V Ak cosasin(v/ Aga) — sina cos(v/ Aga)|sin(v/ Apx)}, k=1, 00.

The constants C}, are found from the normalization condition.

Let {mx}r_, and {jx}7_, be eigenvalues of the Sturm-Liouville spectral problem
found by the formulas (11) and the Galerkin method, respectively. We compare the
results of the eigenvalues calculation. An example of calculation of the boundary problem
(12) eigenvalues is given in Table for « = 0, b = 1, « = Pi/3, f = Pi/5,
pi(x) = —2sin(bz) + 3z, po(r) = —3cos(2x) + x. As the number of basic functions used
in the Galerkin method increases, the values of approximate eigenvalues {fix }7_,; found by
the Galerkin method approach to the eigenvalues {i;}7_; found by the formulas (11).

+

Table
k s m Ay
1 10, 541004 10, 628951 0,087947
2 39, 303090 41,233238 1,930148
3 88,515916 90, 163626 1,861448
4 157,556701 159,191315 1,634614
5 246, 361792 247,960088 1, 598295
6 354, 915883 356, 506057 1,590174
7 483,213785 484,793380 1,579595
8 631,253343 632, 828726 1,575384
9 799, 033529 800, 603920 1,570392
10 | 985,553804 988, 121318 1,587514
11 | 1193,813863 | 1195,378096 | 1,564233
12 | 1420,813523 | 1422,375281 | 1,561758
13 | 1667,552667 | 1669,111637 | 1,558971
14 | 1934,031219 | 1935,587668 | 1,556449
15 | 2220,249128 | 2221,802734 | 1,553606
16 | 2526,206359 | 2527,757093 | 1,550734
17 | 2851,902885 | 2853,450361 | 1,547476
18 | 3197,338688 | 3198,882655 | 1,543967
19 | 3562,513753 | 3564,053703 | 1,539950
20 | 3947,428071 | 3948,963524 | 1,535453
21 | 4352,081633 | 4353,611879 | 1,530246
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Conclusion

The theorem on the existence and uniqueness of solution of the problem on finding

eigenvalues and eigenfunctions of discrete semibounded operators is proved. The theorem
on the convergence of the Galerkin method in application to the problem on finding
eigenvalues is proved. Simple formulas to calculate the eigenvalues are obtained. In contrast
to the classical methods, the formulas sharply reduce the number of calculations. Also, the
formulas allow to find eigenvalues of the operator, regardless of whether the eigenvalues
with smaller numbers are known or not. The formulas solve the problem on a calculation
of all necessary spectrum points of the abstract discrete semibounded operators.
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BBIUNCJIEHUE COBCTBEHHLIX 3HAUYEHU
JMNCKPETHDBIX ITIOJIYVOI'PAHNYEHHBIX
JANOPEPEHIITAJIBHBIX OIIEPATOPOB

C. . Kaduenxo, I A. 3axuposa

B pabore paccmarpuBaercs 3a/1a9a Ha COOCTBEHHbIE 3HAYEHUS [JIsi a0CTPAKTHOTO JIHC-
KPETHOTO TOJIyOIPAHUIEHHOTO OIIepaTopa, JEHCTBYIONEro B cernapabesbHOM IjIb0epTOBOM
npocTpancTse. JloKa3bIBAIOTCS TEOPEMBI O CYIIIECTBOBAHUY U €JMHCTBEHHOCTHU PEIIEHUs JTaH-
HOM CIIEKTPaJIbHON 3aJ1a9M, a TaK Ke JIOKAa3aHa CXOAUMOCTh Merona [ajiepkuHa mpuMeHu-
TeJIFHO K 310l 3amade. Ha ocHoBe merona ['anepkuna mosrydeHbl pOpPMYJIbI JJisi BBIUUCTIE-
HUsT COOCTBEHHBIX 3HAYEHWI abCTPAKTHOTO JUCKPETHOTO IMOJIyOrPAHUIEHHOTO OIEPATOPA.
Jlanubie GOPMYJIBI TIO3BOJISIIOT TTPOBOJIUTH PACIYET COOCTBEHHBIX 3HAYEHUN JUCKPETHBIX MO~
JIyOIDAHIIEHHBIX OIEPATOPOB C BBICOKOW BBIYHCIUTETHHON 3hdEeKTUBHOCTHIO. B oriimtine
OT KJIACCHMYECKUX METOJIOB, JIAHHbIE (DOPMYJIbI PE3KO COKPAIIAIT KOJUIECTBO BHIYUC/IEHUIA.
Kpome Toro, cobcTBeHHBIE 3HAYEHUsT OTIEPATOPA MOXKHO BBIUHUC/ISITH, HE3ABUCUMO OT TOTO,
M3BECTHBI WM HET BCE IPEIbLAyIue COOCTBEHHbIE 3HaUYeHnsA. B paboTe mpencraBiieHbI pe-
3YJBTATHI BEIYACIUTETHHBIX IKCIIEPUMEHTOB.

Karouesvie crosa: cobecmeenmvie wucaa, cobcmeennvie Gynkyul, 603myulernue, ouc-

Kpemuuill onepamop, memod larepxuna, cyuecmaosarue u eOuHCMEEHHOCNG PEULEHUA.
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