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This paper is devoted to the investigation of two spectral problems: the eigenvalue
problem and the inverse spectral problem for one mathematical model of hydrodynamics,
namely the mathematical model for the evolution of the free filtered-fluid surface. The
Galerkin method is chosen as the main method for solving the eigenvalue problem. A
theorem on the convergence of Galerkin’s method applied to this problem was given. For
the given spectral problem the algorithm was developed. A program that allows calculating
the eigenvalues of the perturbed operator was produced in Maple. For the inverse spectral
problem, the resolvent method was chosen as the main one. For this spectral problem,
an algorithm is also developed. A program that allows one to approximately reconstruct
the potential from the known spectrum of the perturbed operator was created in Maple.
The theoretical results were illustrated by numerical experiments for a model problem.
Numerous experiments carried out have shown a high computational efficiency of the
developed algorithms.

Keywords: perturbed operator, discrete self-adjoint operator, eigenvalues of the inverse
spectral problem, potential, Dzektser equation.

Introduction

The importance of the spectral theory lies in a wide range of applications in natural
science and technology. Spectral problems appear in shell theory, hydrodynamics, quantum
mechanics, etc. [1]-[5].

This paper describes spectral problems for equation

(A= A)uy = aAu — BA*u + f,

which simulates, as we know, the evolution of the free surface of a liquid filtration [6].
Parameter « is defined by formula

_Eatk
n khoa ’
where « is the void ratio, €, — the power module of the flow through the free surface, k —

coefficient of filtration, hg — the pressure on the free surface [6]. Parameters A and § are
determined by using the following formula

)= 2(5a+k)’ 5= @

k*H? 3a
Research of this problem we can find in the works of many authors. Nonstationary
models of the free surface of a liquid filtration were considered [7]. A "quasi-Banach"
analogue of the homogeneous Dirichlet problem in a limited area with smooth boundary for
a linear Dzektser equation were considered [8]. The existence of of exponential dichotomies
of solutions Dzektser evolution equation of the Sobolev type in the quasi-Sobolev spaces
can be found in [9]. With regard to the spectral problem, the first attempt initiated in [10].
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1. Eigenvalue problem

Let operators T, L : ${ — § are determined by using the following formulas
9 0? 0?
T = aA — BA A=_—+-—, L=X-A 1
whereas
U= {u e WF?20,b) : u(0) = u(b)},
F={ueW} keo N,
domT = {u € W5*2(0,b) : u”(0) = u"(b) = 0} () &L

Let P — operator of multiplication by a function p € C?%(0,b).

Consider the operator T+ P. We denote by {v,}2%, = oL(T'+ P), where v,, numbered
in decreasing order of their real parts given algebraic multiplicity.

Using [11] we introduce the L—resolvent set of the operator T

pH(T) ={neC: (uL - T)"" € L(F;U)};

L-resolvent of the operator T" Ro(p) = (uL —T)™%; R(p) = (uL —T — P)~' — L-resolvent
of operator T'+ P.
It is clear that L—eigenvalues of the operator T’

L B«
/’Ln_ATl )\n_azv (2)

where {\,}5°, = o(A) — the eigenvalues of the Laplace operator generated by the
Dirichlet boundary value problem:

Au = a*u, u(0) = u(b) =0,
A\, = —n* n € N.

Consider the direct spectral problem: we know the eigenvalues 1" and perturbation p.
We need to find the L— eigenvalues of the perturbed operator 7'+ P. For the operator L
we have

(a2 - )‘8)9087 a? F Aoy As = _n27

0, a? =\, a®> # —n?,
therefore:
1 2 ()08 2
, a 7£ )\5, y @ 7£ )‘57
Ry () = 1= ps Ry (p)ps = q H = Ha
0’ a2 = As7 O, &2 - )\5,
! a? # \ s a? # \
o s 2 )\S 9 S . s 2 )\S 9 S
Ro() = { = p)l@® =A) 2 Ro()ps = § (1)@ = A) .
Bt — aa®’ A fat — aa” o

Operators Ry(p), RE (1), u € p(T), are nuclear, since the series of eigenvalues of these
operators are converge. Let v, ={pu € C: |u— pin| =1, 1 =np — g , where 8 € R,.
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1.1. Approximate calculation of the eigenvalues

The relative eigenvalues vy, of the operator T4 P are defined by determining nontrivial
solutions of the equation

(T'+ P)u=vlLu (3)

that satisfies certain homogeneous boundary conditions.

To find the eigenvalues of the operator 7'+ P we use the method of Galerkin. We
introduce the sequence {H,,}>° , of finite-dimensional spaces H,, C H, which will be full
in H. Let an orthonormal basis in the space H, is known and it consists of functions
{¢r}2 . The functions ¢, must satisfy the boundary conditions of problem. According to
the Galerkin method, we seek an approximate solution of the spectral problem (3) in the
form of

Up = Zak(n)gok, ke N. (4)
k=1

Operator T'+ P is a discrete, consequently, its resolvent is completely continuous.

Theorem 1. [12]| If the operator T = AalK 15 completely continuous in the Hy, then the
Galerkin process is convergent in the problem of determining eigenvalues.

Using ideas from the works [12], [13] we can prove the next theorem.

Theorem 2. Let operators T, L : U — F' are defined by formulas

d2
T = aA — BA?, A:E, L=a*—A, (5)

and besides
U={uecWi?0,b) :u(x) =0,z € (0,b)},
F= W2k(07b)7k S {0} UN,u = W2k+2(07b)7
domT = {u € WJ**(0,b) : u"(0) = u"(b) =0} N U.

Let operator P be the operator of multiplication on the function p € C?(0,0).
If the system of the coordinate functions {py}32, is the basis H, the Galerkin method,
which is applied to the spectral problem (3) of determining the eigenvalues is convergent.

If we solve the problem by the Galerkin method, then solution is presented in the form
of

n

o(x) = Z ay sin W—];x (6)

k=1

Further we substitute (6) to (3) and construct a discrepancy:

N(z) =L [Z ak@k(iﬁ)] :

N(l‘) = QUgy — B(umx)Q + Pu — VCL2U + Vg
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Next, if we will demand that the discrepancy of the basis functions be orthogonal, we
obtain:

/bN(fE)sok(x)dx =0,

b
50 /ak(aum — B(tae)?* + Pu — va*u + vig,) sin(%kx)dx = 0.

As a result, when our homogeneous system of equations for the coefficients in the
expansion will be solved, we’ll have approximate eigenvalues.

1.2. Computational experiment

The program in Maple 16 was developed. With the help of this program we can
determine the approximate L—eigenvalues of the operator T'+ P using the eigenvalues of
the operator T and potential p, that we know. Numerical experiments confirm the good
computational accuracy. In some experiments, the outrage has been put equal to zero. In
this case, was shown high correlation with the results obtained analytically

The results of computational experiments are presented in tables 1 and 2.

Table 1

The Numerical Solution of the Problem (3),
when p=0,a=0,6=1,a=0,b= %,a2 = 2.

Ne Vg

1 || —14.22222222
2 || -62.06060606
3 || —142.0273973
4 || -254.0155039
o || —398.0099502
6 || —574.0069204
7 || —782.0050891
8 || —1022.003899
9 || -1294.003082
10 || —1598.002497
11 || —1934.002064
12 || —2302.001735
13 || —2702.001478
14 || -3134.001275
15 || -3598.001110
16 || —4094.000976
17 || —4622.000865
18 || -5182.000771
19 || -5774.000692
20 || -6398.000625
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Table 2

The Numerical Solution of the Problem (3),
for p=sin(4r),a =0,8=1,a=0,b= 7,7 =1.
Vg
-899.0011099
—728.0013699
-575.0017331
-440.0022624
—-323.0030769
—224.0044248
—~143.0068966
-80.01219512
-35.02702703
-8.100000000

=

© 00 O UL Wi
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2. Inverse spectral problem

We will consider the inverse spectral problem: we know the eigenvalues of the operator
T and the perturbation p. We need to find the eigenvalues of the perturbed operator T+ P.
One dimensional case was considered in [10]. Further we will consider two-dimensional case,
where A = 8‘9;2 + {;9 22

It can be shown that the equation

p=ao— alp),
where »
SRNESS BICE
a(p) = (-1 WWZZ‘” ok,
1 , 1
alp) = 5z [ ASHRO)PRN) =5 | spZRo J(PRy(N)Hd,

has a unique solution p.
This solution can be found by using the method of successive approximations

30 =Y @lplen @)= 5 | ASPRAN(PRNFIN

We figure out az(a).

ay(ag) = QLM/ ASP[Ro(A)(P1Ro(N))?]dA =

Try

Z O‘O‘ﬁt?@g) (Oéo(p]?(pt Z Z a0¢t790j

it J#t k=1
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As a result, we obtain a more convenient formula for constructing an algorithm

4@ ZZ 0409015,%0] f

j#t k=1

2.1. Computational experiment

Alas, there is no single numerical solution for the problem of determining the potential.
We have developed a program in Maple 16. Use this program you can you can determine
the approximate potential explicitly, so that the spectrum of the perturbed operator will
coincide with this sequence.

We give an example illustrating the work of the program.

(A= Ay, = aAu — BA*u + f,
Operators T, L : {1 — § are determined by formulas

T=aA—BA% A= & | & L=X—A 7
= B ) _a +827 - Y ()

where a = 1%,)\ = 21,8 = % Suppose also, &, = pu, + 0.0001,n < 10. There is the
potential p € Ly(0; ) such that for any n € N
gn =Up (8)

{Vmn} = o®(T + P). An approximate potential which we have reconstituted using the
program by the first ten members of the sequence {,} shown in Figure.

Fig. Reconstituted potential
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CIIEKTPAJILHBIE 3AIAYN JJI9 OJHONM MOJIEJIN
TUIPOUHAMUKNI

u. C. Cmpenemosa, JI. M. @amxyasuna, I. A. 3axuposa

Pabora mocesimena nccre10BaHAIO ABYX CIEKTPATBHBIX 38/1a9: 3a/a1d€e Ha COOCTBEHHBIE
3HAYEHUsT W OOpATHON CIEKTPAJBHON 3ajate st OJHON MaTeMaTUIeCKOH MOJEeINn THIPO-
JMHAMUKH, 8 UMEHHO MaTeMAaTHYeCKON MOJIeJTN IBOJIONUN CBOOOJIHON IMOBEPXHOCTU (PHUIb-
Tpyfomelics kuakoctru. OCHOBHBIM METOJOM DEIeHUs] 3aJa9i Ha COOCTBEHHBIE 3HAUEHUS
BeIOpan Meron amepkuna. [IpuBemena TeopeMa 0 CXOAUMOCTH MeTOMa [ ajlepKuHa TTpUMe-
HUTEJHHO K JAaHHON 3amade. s MaHHON CIeKTpaJabHON 3amadu pa3paboTaH aJropuTM U
Ha ero ocHoBe B cpejsie Maple Hammcana mporpamMma, MO3BOJISIIONIAsS BBITUCISITH COOCTBEH-
Hble YHCJIa BO3MYIIEHHOTO oreparopa. JIjas oOpaTHOi crieKTpabHON 3a7a41u B KAdeCTBe
OCHOBHOT'O BBIOPaH pe30JIbBEHTHBIN MeToxd,. JIist JaHHON CeKTpaJbHON 3a1aum TaK»Ke Pas3-
paboTaH aJropuTM M Ha €ro ocHOBe B cpeae Maple mHammcana mporpamMa, MO3BOJIAIONIA
MIPUOJIMKEHHO BOCCTAHOBUTH TOTEHITHAJ 110 U3BECTHOMY CIIEKTPY BO3MYIIIEHHOTO OTIEPATOPA.
Teoperuieckue pe3yabTaThl MPOULIIOCTPUPOBAHBI C TOMOIIHIO BBEIYUCIUTEILHBIX IKCIIEPH-
MEHTOB J[JIsT MOJIEJLHBIX 3a/ad. MHOTrOUYNC/IeHHbIE TTPOBEIEHHBIE SKCIIEPUMEHTDI TOKA3a TN
BBICOKYIO BBIUUC/IUTENBHYIO 9 (MEKTUBHOCT pa3pabOTAHHBIX aJIOPUTMOB.

Karuesvie caosa: 603mywertbili onepamop, Ouckpemmvili camoConparcertbill onepa-

mop, cobcmeennvie 3Haverus, ypasHerue Jl3exuepa.
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