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Direct spectral problems play an important role in many branches of science and
technology. In a hight number of mathematical and physical problems is required to find
the spectrum of various operators. The inverse spectral problems also have a wide range of
applications. To solve them, we often find a solution to the direct problem. The method of
regularized traces effectively al lows us to find the eigenvalues of the perturbed operator.
This method is not feasible to the operator with a non-nuclear resolution. This is related to
the selection of a special function that transforms the eigenvalues of the operator. Currently,
there is an active search for methods that makes it possible to calculate the eigenvalues of
a perturbed operator with a non-nuclear resolvent. In this paper, we consider a direct
spectral problem for an operator with a non-nuclear resolvent perturbed by a bounded
one.The method of regularized traces is chosen as the main method for solving this problem.
Broadly speaking, this method can not be applied to this problem. It is impossible to
take advantage of Lidsky’s theorem because the operator has a non-nuclear resolvent. We
proposed to introduce the relative resolvent of the operator. In this case, the operator L
was chosen so that the relative resolvent of the operator is a nuclear operator. As a result
of applying the resolvent method to the relative spectrum of the perturbed operator, we
obtain the relative eigenvalues of the perturbed operator with the non-nuclear resolvent.

Keywords: perturbed operator, discrete self-adjoint operator, direct spectral problem,

relative resolvent.

Introduction

The work is devoted to the study of the direct spectral problem for operator,
whose resolvent is not a nuclear operator. Given problems play a huge role in various
areas of mathematics, physics and engineering, as well as used for the formulation and
solution of inverse spectral problems, which in turn also have an extensive area of
applications. To solve this problem the resolvent method developed by V.A. Sadovnichy
and V.V. Dubrovsky [1], is applied to relative or L-resolvent of operator [2|. This approach
was used in [3] to the operator with nuclear resolvent. Note that the nuclear operators
play inportant role in construction of space of "differentiable noises" (see [4], [5]).

The origins of the theory of regularized traces, in which developed the method used,
refer to [6]. In [7] formulas for regularized traces of abstract operators with the nuclear
resolvent and limited perturbation were obtained. Analogues of these formulas were
obtained for unbounded perturbations in [8]. The conditions for limited perturbation had
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been replaced by condition on it’s subordination with regard to perturbed operator. The
formulas obtained in this article are correct for the operator with non-nuclear, but compact
resolvent and unlimited perturbation. The main difference from other works devoted to
spectral problems is the fact that there are no conditions on the resolvent of operator, but
on the relative resolvent. Perturbing operator relies limited.

1. Necessary statements

Let operators M and L act in the separable Hilbert space $. M — discrete, self-
adjoint and positive operator, L — linear, closed, continuously invertible operator. Let the
operator P is bounded operator acting in the same space $). Ro(u) = (uL — M)~! is the
L-resolvent of operator M, R(p) = (uL — M — P) is the L-resolvent of perturbed operator
M + P. {)\,}°2, denotes the eigenvalues of operator M, {1, }>2, = oL(M) — L-spectrum
of operator M, {v,}>°, = o%(M + P) — L-spectrum operator M + P.

Lemma 1. |9] If | P||s < r/2, where 0 < r < g, then operator M + P discrete, and
(1) if Ro(N\) € &, then R(\) € §,, 1 < g < o0,
(ii) if \r € C\ Q,,, then ui €C\ Q,,, s=1, 14, v; — the multiplicity of the eigenvalue ).

Lemma 2. If u €, [|[PRo(u)|ls = q < 1, then equality is true

LR(p) = LRo(p +ZR0 P)*LRy(n) (1)

Proof.
Consider the identity uL — T — P = (I — pRo(p))(nL — T'). Because ||[PRo(u)|| < 1,
then here exists a linear bounded operator

R(p) = (uL —T — P)™" = Ro(p) (I — pRo(p)) ™"

It follows R(u) = Ro(p)B(u), where B(u) is a bounded operator. Because the T is discrete,
then Ry(p) it is completely continuous, therefore, R(u) is also a completely continuous
operator, that is, the operator 7'+ P it is a discrete. From this relation it also follows that
R(u) — nuclear operator, for which we have the expansion in the norm convergent series:

R(p) = Ro(p) + > [Ro(p) PI* Ro(),

hence, by multiplying the previous identity in the L to the left, we get

LR() = LRo(n +ZR0 PI*LRy(11).

Lemma 3. Let u € p“(T), then the following estimate:

v
p(p, o™(T))’

here p(p, oL(T)) it means the distance from the point u before L-spectrum of operator T

LRy (1)l < (2)
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Proof.
Let A € p¥(T). From [2] it is known the representation of T' operator’s L-resolvent in
the form of a Neumann series Ro(\) = Ro(p) > oo (it — A)*(LRo(p)).
Obviously, the number of the right side is absolutely convergent, at least for those A,
which satisfy the condition |A — pu| <

IILR -
Hence we obtain

1
[ LRo(p)]| < (i oL (1))’

Consider the difference in norm of Riesz projectors

s | (R0 —Fotyae| < [ IR PRGN < | IR GOLIIRG o] < 1,

therefore all root subspaces of T'+ P have the same dimension as the operator 7', therefore,
the spectrum of 7'+ P will be a single.

(I
Theorem 1. Let M - discrete, self-adjoint positive operator, L — linear, closed, is
continuously invertible operator, and If1 bounded operator. Ry(p) — nuclear operator and
P2 vp=A{p:|p—tm=rn}, = mmn{unH s fon — Hn—1}, 7o = inf, 7, then it
S a spectml identity:

Vp = /\n + (L_IPSOTL; @n) + A, (3)

where .

S E L SplRo () PP LR ()

=> pSp[Ro () PI* LRy (1) dpe.

k=2 Tn
Proof.
Consider the series (5)
LR(p) = LRo(p) + Y _[Ro(1t)P]*LRo(p).
k=1

Multiply the right and left sides of this equation by 5 and integrate the resulting
equation along the contour -,. We get

e RO e du+z / [Ro() PI*LRo (1) dp.

We find the matrix trace of both sides of the resulting equality, with the use of nuclear
operators T'u T + P.

oo

dlu ,unSpP = Un Z(Pnsosv SDS) =

s=1

1 1
Sp— | pLRy(n)dp = Sp~—
Py /%u o =Spy | MZ

= /“L”Z <((ps7 SOn (,On,Q05> = an < <:037§0n Som @s)) = HUn-

s=1 s=1
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Similarly
1
SPT/ pLR(p)dp = vy,.
i J,,

We calculate the first correction of perturbation theory:

o / SppRo(u) PLRo(11) / uZ Ro(j) PLRy (1) pur 92)dpt =
/ Z 1PL ! L oy, @5)dp =
27TZ " ,us 1 sy ¥Ps
L 'PLL Yy, o, / L7 Py, ps)du =
2m uz . us)2 s, Ps) 27”2 PEPE sy @s)dp

1 « 7
=— ) (L7'Pps, ¢, / ————dp = (L7 Py, on).
2mi 2 ) v (1= ps)? ( )

s=1
We obtain the following spectral identity:

(e 9]

— ot (L Powon) + 5> [ w(Ral)P) LRo(a).

k=2 Y n

We show that «,, — 0 mpu n — oco. Consider

=3 (;3 / 1Sp[Ro (1) PI*LRo(1)dp = Z

k=2

k+1
27r /“SP[Ro(u)P]kLRo(u)du.

k=2 Tn

We estimate the number of members at k£ > 2. d(u) — distance from the point p € C to
the relative spectrum 7.

/\Sp[PRo(u)]’“LRo(u)lldulS/ 1P Ro ()1~ I P Ro o) 1| LRo () | dpel | <

< IPFIRGL [ s il

Tn

||
w db ()
centered at p, (similarly in the other quarters). Let p = re*, torma d(p) > 7sin 8 and

circuit vy,d(p) = %”

We estimate the integral f

Tn
lying in the first quarter of a circle of radius )

0

0 9
dul [ rle”]dB rdp B dp _
[Yn d’fT(u) _/m = /rsinﬁdk—z(reiﬁ) N / sin Bdk=2(rei)
0 0 0

:/ dpg ) < const 0_ Tn

sin B(Lz)k—=27 = (In)k-2’ [r2 '
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We find that
3 (_”W/ SplRo (1) P1* L Ro ()| <
8 omik %MP oM o\M)a| >
< const||Ry(ry)] Z HLRO 1) < const||Ro(r) |1 || LRo(r)]|-
k=

The theorem is proved.

O
In the future, it is planned to study perturbation theory corrections «,,. Namely, under

what conditions do they tend to 0, and from which number. A numerical method will also
be developed to calculate the relative eigenvalues of the perturbed operator with a non-
nuclear resolution.
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CHHEKTPAJIBHOE TOXKJIECTBO J1JIS1 OIIEPATOPA
C HESJIEPHO! PE30OJIBBEHTOM

E. B. Kupuaaos

[Ipsimbre criekTpabHBIE 339 UTPAIOT BayKHYIO POJIb BO MHOTHUX OTPAC/ISIX HAYKHU U
TEXHUKN. B OrpOMHOM KOJIMYeCTBE MATEMATHIECKNX U (PU3UIECKUX 3aa1UaX Tpedyercs: Ha-
XOJIUTH CIIEKTD DPA3JIMYHBIX OIEePATOPOB. Tak 2Ke MIMPOKYIO 00JACTh IPUMEHEHHS UMEIOT
oOpaTHbIe CIeKTpaJIbHbIe 33/a9u. JIJIs X pelreHns 9acTo Hy»KHO HAXOJUTH PeIleHHe Mps-
MOl 3ajaun. DPMEKTUBHO O3BOJISIET HAXOJAUTH COOCTBEHHBIE YMCJIa BO3MYIIEHHOI'O OIle-
paTopa MeTOJI, PeryJisipH30BaHHbIX cjieJ0B. Ho /1t o1iepaTopoB ¢ HesiiepHON pe30IbBEHTOM
JIAHHBII METOJ, IIPUMEHSIETCH TIKEJI0. DTO CBI3aHHO C IMOAOOPOM CIEIUATBHON (DYHKITHIH,
Ipeobpazyromeil COOCTBEHHbIE THUCIa OmepaTopa. B HacTosImee BpeMsi BEIETCs aKTUBHBII
IIOMCK METO/IA, [TO3BOJIAIONIETO BBIYUC/IATH COOCTBEHHBIE YMCJIA BO3MYIIEHHOI'O OIEPATOPA
C HesJIEPHOI Pe30JIbBEHTOM. B JJaHHOI cTaThe paccMaTpUBAETCs MPsiMast CIEKTPAJIbHAs 3a-
Jlada JJisl OIepaTopa ¢ HsJIePHOI Pe30JIbBEHTOM BO3MYIIEHHOIO OIPaHNYeHHBIM. B KadecTsBe
METOJ[a PEIIEHUs UCIIOJIB3YETCS METOJ, PEryISPU30BaAHHBIX cjie10B. Ha mpsiMyro aToT MeTos,
[IPUMEHUTH K JAHHOW 3ajiade He ymaercs. Hesb3st BOCIOIB30BATHCS B XO/E DEIIeHUs Teo-
pemoit JIujgckoro, T.K. omepaTop MMeeT HesIepHYIO pe3osbBeHTy. [Ipemraraercs BBecTu B
paccMoOTpeHne OTHOCUTENLHYIO pe30abBeHTY oreparopa. [Ipu srom oneparop L BuiOpan Ta-
KM 00pa30M, 9TO OTHOCUTE/IbHAS PE30JIbBEHTA OIIepaToOpa SABJISIETCS SIIePHBIM OIIEPATOPOM.
B pesysbrare npuMeneHns: pe30JIbBEHTHOIO METO/IA K OTHOCUTE/IBHOMY CIIEKTPY BO3MYIIEH-
HOTO OII€PATOPA TOJIYIAeM OTHOCHTEIbHBIE COOCTBEHHBIE UHCJIa BO3MYIIEHHOTO OMEPATOPA
C HANEPHOU pPEe30JIbBEHTON.

Karouesvie cr08a: 603MYyweHHvlll onepamop, ouckpemmvlill camMocoOnPANCEHHbIT Onepa-

mop, npAamas CneXMmMpasbHaa 3040(1%0,7 OMHOCUMENDBHAA PE3ONDEBEHINA.
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