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We consider an analog of the linear Hoff equation in quasi-Sobolev spaces with
multipoint initial-final value condition. The research is based on the abstract results
obtained for the Sobolev type equation with multipoint initial-final value condition in the
quasi-Banach spaces of sequences. The unique solvability of the studied problem is obtained.
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Introduction
We consider a solvability in quasi-Sobolev spaces for an analog of the linearized

homogeneous Hoff equation [1]

(λ+ Λ)ut = αu, λ, α ∈ R (1)

with the so-called multipoint initial-final value condition∑
k:µk∈σL

j (M)

⟨u(τj)− uj, ek⟩ek = 0, j = 0, n, (2)

where τj ∈ R+(τ0 = 0, τj < τj+1, j = 0, n− 1) and ek = (0, 0, . . . , 0, 1, 0, . . . ), such that 1
takes the place with number ′′k′′.

Our research is based on the results obtained by authors for the problem

Lu̇ = Mu+ f, (3)

Pj(u(τj)− uj) = 0, j = 0, n, (4)

such that the equation (1) with the condition (2) is reduced to this problem, where Pj are
relatively spectral projectors which will be defined further.

On the one hand, history of the problem (3), (4) for n = 1 begins in [2], where the
problem is called Verigin problem. On the other hand, independently in [3] the problem is
called the conjugating problem. However, in both cases, spectral projectors of the operator
L are considered instead of the relatively spectral projectors Pj. In addition, it is assumed
that L is self-conjugate. First results of researches of the problem (3), (4) are presented
in [4], where the special case of the problem (3), (4) is considered. Note that this case
has more rigid conditions for L-spectrum of the operator M than our case. The term
"initial-finite value problem" was proposed by S.A. Zagrebina (see, for example, [6]). In
[7] the problem (1), (2) is considered in Sobolev spaces. Article contains three parts besides
introduction and references. The first part presents necessary concepts and examples, given
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by G.A. Sviridyuk and J.K. Al-Delfi in [8] and M.A. Sagadeeva and F.L. Hasan in [9]. Also,
the results from [10], which are continuation of a series of papers by S.A. Zagrebina, are
presented. The second part contains main results of the research of an analog for the
linear Hoff equation in quasi-Sobolev spaces of sequences with the multipoint initial-final
value condition. Here the abstract results, obtained earlier in the quasi-Banach spaces of
sequences, are used. Results of researches of quasi-Sobolev spaces obtained by J.K. Al-Delfi
[11] are taken into account.

1. Multipoint Initial-Final Value Problem in Quasi-Sobolev Spaces

Definition 1. Let U be a real-valued lineal; an ordered couple (U; U ∥ · ∥) is called a
quasinormed space, if

(i) for all u ∈ U the inequality U ∥ u ∥ ≥ 0 holds, where U ∥ u ∥ = 0 if and
only if u = 0, where 0 ∈ U

(ii) for all u ∈ U and for all α ∈ R the equality U ∥ α · u ∥ = |α| · U ∥ u ∥ holds;

(iii) for all u, v ∈ U the inequality U ∥ u+ v ∥ ≤ C(U ∥ u ∥ + U ∥ v ∥) holds,
where the constant C ≥ 1 and also doesn’t depend neither on u, nor on v.

Definition 2. A complete quasinormed space is called a quasi-Banach space.

Example 1. Consider spaces

lmp =

{
x = {xk} :

∞∑
k=1

(
λ

m
2
k ∥xk∥

)p

< +∞

}
,

where m ∈ R, λk is nondecreasing sequence of positive numbers such that lim
k→∞

λk =

+∞. Note that lmp are quasi-Banach spaces for p ∈ (0,+∞), but they are Banach spaces
for p ∈ [1,+∞). (This fact was proved in [8, 11])

Consider the Laplace quasi-operator Λx = λkxk, x ∈ lmp . An operator Λ : lm+2
p → lmp

is linear, bounded and continuous invert for all m ∈ R, q ∈ R+.

Let U and F be quasi-Banach spaces, operator L ∈ L(U;F) be lineal and continuous,
operator M ∈ Cl(U;F) is lineal, closed and densely defined in space U, and also the operator
M is (L, p)-bounded [9]. We consider the linear homogeneous Sobolev type equation

Lu̇ = Mu (5)

Lemma 1. [9] Let operator M be (L, p)-bounded, then operators

P =
1

2πi

∫
γ

(µL−M)−1Ldµ ∈ L(U) and Q =
1

2πi

∫
γ

L(µL−M)−1dµ ∈ L(F)

are projectors.

Suppose that U0 = kerP , F0 = kerQ, U1 = imP , F1 = imQ. Let Lk (Mk) be a restrict
of the operator L (M) on Uk (domM ∩ Uk), k = 0, 1. Lemma 1 provides that U = U0 ⊕ U1

and F = F0 ⊕ F1.
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Theorem 1. (the splitting theorem by G.A. Sviridyuk) Let operator M be (L, p)-bounded.
Then

(i) operators Lk,Mk ∈ L(Uk;Fk), k = 0, 1;

(ii) there exist operators L−1
1 ∈ L(F1;U1) and M−1

0 ∈ L(F0;U0).

Theorem 2. Let operator M be (L, p)-bounded, p ∈ {0}∪N. Then there exists the unique
resolving group of the equation (5), which has the form

U t =
1

2πi

∫
γ

(µL−M)−1Leµtdµ, t ∈ R,

where γ = {µ ∈ C : |µ| = r > a} is a closed contour.

The unique resolving group of the equation (5) can be not unique holomorphic
degenerate group of this equation. Consider the condition

σL(M) =
n∪

j=0

σL
j (M), n ∈ N, and σL

j (M) ̸= ∅, there exists

a closed contour γj ⊂ C, which bounds the domain Dj ⊃ σL
j (M),

such that Dj ∩ σL
0 (M) = ∅, Dk ∩Dl = ∅ ∀j, k, l = 1, n, k ̸= l.

(6)

Theorem 3. Let operator M be (L, p)-bounded and the condition (6) is satisfied. Then
there exists holomorphic degenerate groups of the equation (5).

Corollary 1. Under the conditions of Theorem 3,
(i) U tU s

j = U s
jU

t = U s+t
j for all s, t ∈ R, j = 1, n;

(ii) U t
kU

s
l = U s

l U
t
k = O for all s, t ∈ R, k, l = 1, n, k ̸= l.

Let U t
0 = U t −

n∑
k=1

U t
k, t ∈ R be holomorphic degenerate group of the equation (5)

Remark 1. Consider group unit elements Pj = U0
j =

1

2πi

∫
γj

(µL−M)−1Ldµ, j = 0, n,

constructed by the condition (6) for the holomorphic degenerate groups U t
j : t ∈ R, j = 0, n

of the equation (5). It is obviously that
(i) PPj = PjP = Pj, j = 0, n;
(ii) PkPl = PlPk = O, k, l = 0, n, k ̸= l.

Assume that the subspaces U1j = imPj, F1j = imQj, j = 0, n. Then U1 =
n⊕

j=0

U1j and

F1 =
n⊕

j=0

F1j. Let L1j be a restriction of the operator L to the U1j, j = 0, n, and M1j be a

restriction of the operator M to the domM ∩ U1j, j = 0, n.
Let us take τj ∈ R+(τ0 = 0, τj < τj+1, j = 0, n− 1), vectors uj ∈ U, j = 0, n,

vector-function f ∈ C∞((0, τ);F) and consider the linear non-homogeneous Sobolev type
equation (3).
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Definition 3. A vector-function u ∈ C∞((0, τ);U), satisfying to the equation (3), is
called a solution of the equation (3). A solution u = u(t), t ∈ (0, τn) of the equation
(3), satisfying to the multipoint initial-final value condition (4) is called a solution to the
multipoint initial-final value problem for the equation (4).

Theorem 4. [9] (The generalized spectral theorem). Let operators L ∈ L(U;F) and M ∈
Cl(U;F), and operator M be (L, p)-bounded, and the condition (6) is fulfilled. Then

(i) operators L1j,M1j ∈ L(U1j;F1j), j = 0, n;
(ii) there exist operators L−1

1j ∈ L(F1j;U1j)

Theorem 5. [9] Let operator M be (L, p)-bounded, and the condition (6) is fulfilled. Then
for every f ∈ C∞((0, τ);F)), uj ∈ U, j = 0, n there exists the unique solution to the
problem (3), (4), which has form

u(t) = −
p∑

q=0

(M−1
0 L0)

qM−1
0 (I−Q)f (q)(t) +

n∑
j=0

U
t−τj
j uj +

n∑
j=0

∫ t

τj

U t−s
j L−1

1j Qjf(s)ds. (7)

Therefore, the uniqueness of solution to the problem (3), (4) is proved in [9].

2. The Analogue of Hoff Equation in Quasi-Sobolev Spaces
Consider the analogue of the linear Hoff equation

(λ+ Λ)ut = αu, λ, α ∈ R, (8)

in the quasi-Sobolev spaces U = lr+2
q and F = lrq where r ∈ R and q ∈ R+. Let operators

L = λ+ Λ and M = αI, then the operators L,M ∈ L(lr+2
q , lrq).

Let sequence {λk} ⊂ R+, be such that lim
k−>∞

λk = +∞. Degrees of the Laplace quasi-

operator Λnu = {λn
kuk}, n ∈ N are lineal continuous operators from the quasi-Sobolev

space lr+2
q to the quasi-Sobolev space lrq (0 < q < 1, r ∈ R).

Lemma 2. Let lr+2
q , and lrq, where r ∈ R and q ∈ R+. Then for all λ ∈ R and α ∈ R\{0}

the operator M is (L, 0)-bounded, moreover L-spectrum of the operator M has the form

σL(M) =

{
µ ∈ C : µk =

α

λ+ λk

, k : λk ̸= λ

}
.

Let the condition (6) be fulfilled, then Lemma (2) provides

Theorem 6. Let λ ∈ R, α ∈ R\{0}, and the condition (6) is fulfilled. Then for every
analytic vector-function g : [0, τ ] → lrq , as well as for every uj ∈ lr+2

q , j = 0, n, there exist
the unique solution u ∈ C1([0, τ ]; lr+2

q ) to the problem (8) of the form

u(t) =
∑

l∈N;λl=−λ

⟨g(t), el⟩
α

el +
∑

µk∈σL
0 (M)

(
eµkt⟨u0, ek⟩+

∫ t

0

⟨g(s), ek⟩
λ+ λk

eµk(t−s)ds

)
ek+

+
n∑

j=1

∑
µk∈σL

1 M

(
eµk(t−τ)⟨uj, ek⟩ −

∫ t

τ

⟨g(s), ek⟩
λ+ λk

eµk(t−s)ds

)
ek.

Where µk is from L-spectrum of the operator M.
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МНОГОТОЧЕЧНОЕ НАЧАЛЬНО-КОНЕЧНОЕ УСЛОВИЕ
ДЛЯ УРАВНЕНИЯ ХОФФА В КВАЗИСОБОЛЕВЫХ
ПРОСТРАНСТВАХ

Н.Н. Соловьева, С.А. Загребина

Данная работа посвящена исследованию аналога линейного уравнения Хоффа в
квазисоболевых пространствах с многоточечным начально-конечным условием. Иссле-
дование проведено на основе абстрактных результатов, полученных для уравнения
соболевского типа с многоточечным начально-конечным условием в квазибанаховых
пространствах последовательностей. Приведена идея доказательства существования и
единственности решения поставленной задачи, а также приведен его вид.

Ключевые слова: многоточечная начально-конечная задача, квазибанаховы про-
странства последовательностей, теорема о расщеплении, уравнение Хоффа.
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ловьёва // Южно-Уральская молодежная школа по математическому модели-
рованию: сб. тр. III Всерос. науч.-практ. конф. – Челябинск, 2016. – С. 175–180.

11. Аль-Делфи, Дж.К. Квазисоболевы пространства lmp / Дж.К. Аль-Делфи // Вест-
ник ЮУрГУ. Серия Математика. Механика. Физика. – 2013. – Т. 5, № 1. –
С. 107–109.
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