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A DIRECT SPECTRAL PROBLEM FOR L-SPECTRUM
OF THE PERTURBED OPERATOR WITH A MULTIPLE
SPECTRUM
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We consider a direct spectral problem for an operator having a non-nuclear resolvent
and perturbed by the bounded operator with multiple spectrum. A similar problem was
considered earlier for an operator with a single spectrum. The method of regularized traces
is used as a method of solution. This method can not be applied directly to the problem.
We propose to introduce the relative resolvent of the operator. A spectral problem of the
form (M + P)u = Lu is obtained. In this case, the operator L is such that the relative
resolvent of the operator is a nuclear operator. As a result of applying the resolvent method
to the relative spectrum of the perturbed operator, we obtain relative eigenvalues of the
perturbed operator with non-nuclear resolvent.

Keywords: perturbed operator, discrete self-adjoint operator, direct spectral problem,

relative resolvent, multiple spectrum.

Introduction

The theory of regularized traces is based on the following fundamental result of
the linear algebra. A matrix trace of operator does not depend on the choice of basis and
coincides with the spectral trace. It is proved that this result is true for a certain class of
operators in Hilbert spaces [1].

Consider the remaining classes of operators, which have no trace. This means that such
classes of operators are not nuclear, and therefore a series of their eigenvalues converges.
For such classes of operators we search for pairs of basises such that the following relation
holds:

[e.e]

> [(Apu, n) — (Athy, )] = 0.

n=1
Therefore, we need to specify the class of operators and the corresponding pairs of basises
for which this relation holds. We choose a basis from eigenvectors of the operator, and split
the operator into the sum of two operators: A = Ay+ B. Here the operator B depends on
the operator A in some sense. The problem takes the following form:

[e.9]

Z[(A(pm (zpn) - (A%; %)] =

n=1

= [((Ao+ B)n, 0n) — (Ao + B)thn, )] =

NE

[(Apn, on) = ((Ao + B)tn, ¥n) + (Bon, pn)] =

n=1
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= ZP\” — o+ (BSOnv Spn)] =0.
n=1

The following formula of the trace

ng

lim Z(Mz =X — (Byi, i) =0

=0

is proved for operators having a nuclear resolvent and perturbed by the bounded
operator B [2]. The cases of relatively compact perturbation and non-nuclear operator
were studied in [3]: if there exist a number ¢ € [0, 1) such that the operator BA™! extends
to a bounded operator, and a number w € [0,1),w+d < 1 such that A~(1=0-9) i5 g nuclear
operator, then there exists a subsequence of numbers {n,,}>_, such that for w > %

nm Lo qyk—1
Jim (= A))+ zim/F 3 %Tr((BRO(A))’“)dA) 0.

Similar results were obtained in the case, when there exist the "large" gaps in the spectrum
of the operator A.

In this paper we use the following resolvent method. Decompose resolvent of the
perturbed operator into a series depending on resolvent of the unperturbed operator and
the perturbation operator. Then integrate along a special contour and obtain an equality
connecting the eigenvalues of the perturbed operator and the unperturbed operator.
Advantage of the method is simplicity. Also, it is easy to check the required conditions
for operators. The disadvantage is that the norm of the perturbation operator must be
sufficiently small. The resolvent method is effective for direct and inverse spectral problems
of the form

(M + P)u = \u,

where the operator M is linear and selfadjoint, and the perturbation operator P is linear
and bounded. Hereinafter, the condition for the boundedness of the perturbation operator
is replaced by the condition that the operator depends on the operator M.

A direct and inverse spectral problem of the type

Mu = M\Lu

for an operator with a single spectrum was first considered in the papers [4], [5]. The direct
spectral problem for one-dimensional Dzeczer equation was solved in [4]. The main result
of the paper is the next theorem.

Theorem 1. Let M = aA — A2, A=L L=qa>—A, and

- d$27

F =W5(0,7),k € N[_{0},

U= {W3*(0,7) : u(0) = u(r) = 0},

domM = {u € Wy*(0,7) : u"(0) = () =0} (| U.
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Let P be an operator of multiplication by, in general, the complex-valued function p €
C?(0, ), satisfying the following condition.:

Consider the operator M + P. Denote {v,}32, = o(M + P), where v, are numbered in
order of nonincreasing of their real parts, taking into account the algebraic multiplicity.
If the conditions

1. p/(0) = p’(ﬂ),

2.|P| <2

3. p(x) € 0[20 .

hold, then the following formula for the relative regqularized trace of the perturbed operator

M + P is true:
o) 2 i

n=1

The spectral problems for the Dzieczer equation were considered in [6]. The problems
were solved using the Galerkin method. Let us note the main results of the paper.

Theorem 2. Let operators M,L : U — F be defined by the formulas

2
M = aA — BAZ, A:%, L=a>—A
a

and
U={uecWF?0,b) :u(x) =02 € (0,b)},

F =W§(a,b),k € {0} JN,u=W}"(0,0),
domM = {u € W§*(0,0) : u"(0) = u"(b) = 0} | JU.

Let operator P be an operator of multiplication by the function p € C*(0,b). If the system
of functions {pr}, is a basis in H, then the Galerkin method, which is applied to the
spectral problem (M + P)u = vLu of finding the eigenvalues, converges.

The following formula holds for the inverse spectral problem (recovery of the potential):

P=ag— (ZZ OéoSOt,SOJ )%’f

At k=1

Direct and inverse spectral problems play an important role to solve the problems of
hydra dynamical stability, as well as to consider vibrations of a membrane and elastic
bodies in the shell theory, in the quantum mechanics, to study an electrical oscillations in
a long-distance line, in the geophysical models of the terrestrial sphere, in the cosmology.
The resolvent method allows effectively solve such problems, if the perturbed operator
has a nuclear resolvent and is perturbed by a bounded operator. Note that this method
is extremely difficult for an operator with a non-nuclear resolvent, because in this case
we need to search for a special function that transforms eigenvalues of the operator. It
is possible to solve problems with an unbounded perturbation operator, but the operator
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must be in some sense depended on the perturbed operator. The paper is devoted to the
study of the direct spectral problem for an operator with a multiple spectrum whose
resolvent is not a nuclear operator. A similar problem for an operator with a single
spectrum was considered in the paper [7]. In order to solve the considered problem, the
resolvent method developed by V.A. Sadovnichy and V.V. Dubrovsky [8] is applied to the
relative or L-resolvent of the operator [9]. In the paper [4] this approach was applied to
the operator with nuclear resolution.

1. Necessary Statements

Let M be a discrete, selfadjoint, positive, semi-bounded from below operator, L be
a linear, closed, continuously invertible operator. The operators M and L act in the
separable Hilbert space $). Let P be a bounded operator acting in the same space . Denote
L-resolvent of the operator M by Ro(u) = (uL — M)™!, and L-resolvent of the perturbed
operator M + P by R(u) = (uL — M — P). Let {\,}22, be eigenvalues of the operator M
numbered in order of nonincreasing of their real parts, taking into account the algebraic
multiplicity, {u,}5°, = 0¥(M) be L-spectrum of the operator M, {v,}>°, = 0¥(M + P)
be L-spectrum of the operator M + P. The eigenvalues of the operator M + P are numbered
in order of nonincreasing of their real parts, taking into account the algebraic multiplicity.

Lemma 1. 7] If || P|| < r/2, where 0 <1 < rq, then the operator M + P is discrete, and
(1) if Ro(N\) € &, then R(\) € G, 1 < g < o0,
(i) if A, € C\Q,.,,, then us € C\Q,., s = 1,m,, n, is multiplicity of the eigenvalue \,,.

The proof of the following lemmas repeats the proof proposed in the paper [5] and
does not change for a multiple and a single spectrum of the operator M.

Lemma 2. (7] If for u € v, ||PRo(u)|| = q < 1, then the following equality holds:
LR(p) = LRo(p) + Y _[Ro(1t)P]* LRo(p). (1)
k=1

Lemma 3. [7] Let u € p“(M), then the following estimate holds:

1
| LRo(p)| < m>

where p(u, o™ (M)) is a distance between the point y and L-spectrum of the operator M.

(2)

Theorem 3. Let M be a discrete, selfadjoint, positive, semibounded from below operator,
L be a linear, closed, continuously invertible operator such that L=' is a bounded operator,
Ro(p) be a nuclear operator and P < %, then there is a spectral identity:

qu = Nnfn + Z 1P90n>90n + Qn, (3)

where

X 1\k
=) (22 / pSp[Ro () P1* LRo (1) dy.
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Proof.
Consider the series (5)

LR(p) = LRo(p) + Y _[Ro(1t)P]*LRo(p).
k=1

Multiply the right and left sides of this equality by
equation along the contour +,. We have

55 and integrate the resulting

L) = 5 | pLRos du+2 / (Ro (1) PJ* LRolp)dp.

2m o

In order to search for the matrix trace of both sides of the obtained equality we use
nuclearity of the operators T and T + P.

o0

Sp— / pLRo(p)dp = Sp2m MZ B du= ZMZSPP Zunz P, ¢7) =
Mn 00
—Zunz<%,¢n wn,sos) ZuiZ(ws,wn som%) Zun—nnu

Similarly,

1 NMn
Sp— | uLR(wdp =S 1.
Py /%u (w)dp ;Vn

Calculate the first correction of the perturbation theory:

o SpuRO(mu)PLRO( / ”Z (Ro(p) PLRo (1) s, @s)dp =
)
=5 L'PL L™ o, @5)dp =
i L= [t
L'PLL ¢, p,)dp =
27” MZ TR Psr @s)dp

—1
Ps:sd:
27”2/“ e Ps5 Ps)dp

= Z(L Pl l).

g=1

We obtain the following spectral identity:

1 oo
qu = Tftn + Z TP o0 + 5 Z/ 1 (Ro(1)P)* LRo(p)-
k=2
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Show that «,, — 0 for n — oco. Consider

Qo = ]; % /7 (Sp|Ro(11) P)* LRy (p1)dps = ; % /7 1Sp[Ro(10) P]* LRy (11)dy.

The main idea of the further proof is based on the paper [2|. Estimate terms of the series
for £ > 2. Denote the distance between the point © € C and the relative spectrum 7" by

d(p).
/ ISP Ro(j2)J* LRo (1) dpa| <

S/ 1P Ro (1)1~ H P Ro (o) 1| LRo (o) | dpel | <
Tn

|dp|
< 1PIFRop0) / L LRy
ldu|

Estimate the integral fv F=100 in the first quarter of the circle having radius 73+ with center

at the point g, (in the remaining quarters similarly). Let u = re®, then d(u) > 7sin 8

and on the contour v,d(u) = .

du|  [° rle®|dB
/% () ‘/o F1(reap)

</0 rdf _/0 ag _/9 dpg ) < const
= Jo TSmBEGeR)  Jy smBEGen) )y smpzr? S (3R
v We obtain that

where 0 = .
2y B+

; <
2mik o

X 1)k+1
Z( U / pSp[Ro (1) P1* LRo()dps

= |IPI*
< const|| Ro(rn)[l1 Y ()2 ILRo(p)|| < const|| Ro(rn)|l1[|LRo(rn)]-
k=2 ‘2
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ITPAMAA CITEKTPAJIbHAA 3ATAYA IJIAd L-CITEKTPA
BOSMVYIIEHHOI'O OIIEPATOPA C KPATHBIM
CIIEKTPOM

E. B. Kupuanaos, I A. 3axuposa

B nammoit pabore paccMaTpuBaeTcs IpsiMasi CIIEKTPaJIbHAS 3ajada iUl OlepaTopa C
HSIZIEPHOI PE30JIbBEHTOM BO3MYIIEHHOTO OIPAHMYEHHBIM OIEPATOPOM, MMEIOIIM KPaTHBIHA
cuexTp. IToxoxkast 3a/ada paccMaTpuBaJach paHee JJis OMEPaTOpa ¢ OJTHOKPATHBIM CIIEK-
TpoM. B KadecTBe MeTOia pPeIleHusl MCIOJIb3yeTCsl METOJ PEryJispU30BaHHBIX cjenoB. Ha
IpPSMYIO 9TOT METOJ[ MPUMEHHWTh K JAHHON 3amade He yhaercs. llpemjiaraercs BBecTH B
paccMOTpEHnEe OTHOCUTEIBHYIO PE30JIbBeHTy omneparopa. [lomydaeM CreKTpasibHYIO 33139y
Buga (M + P)u = Lu. IIpu srom oneparop L BeIOpaH TakuM 06pa30M, 4TO OTHOCHTE]b-
Hasl PE30JIbBEHTA OIEPATOPa SIBJISIETCS sIIEPHBIM OIIEpATOPOM. B pesysibrare IpUMeEHEHUs
PE30JIbBEHTHOIO0 METO/Ia K OTHOCUTEILHOMY CIIEKTDPY BO3MYIIEHHOI'O OII€PATOpPa HOJIyTaeM
OTHOCHTEJIbHBbIE COOCTBEHHBIE YMCJIa BO3MYIIEHHOTO OIEPATOPA C HEesIEPHOI Pe30IbBEHTOM’.

Karouesvie cro6a: 603MyweHHbll onepamop, Juckpemmvltl CamoconPANCcerHbil onepa-
Mop, NOMEHUUAN, KPAMHBT CNEXMP
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