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NONLINEAR SIGNAL RECONSTRUCTION BASED
ON THE DECOMPOSITION INTO CHAOTIC COMPONENTS
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The paper proposes a signal reconstruction technique based on the decomposition
into chaotic components. The considered approach can be usefully associated with the
filtering, forecasting and control algorithms when only a small number of data samples is
available. The developed decomposition algorithm involves sequential component extraction
and recursive computation of the cost function. Some related questions are also discussed:
choice of the class of chaotic maps, computational complexity of parameter estimation.

Keywords: signal reconstruction, chaotic map, parameter estimation, multiextremal cost
function.

Introduction

Chaos and nonlinear dynamics provide modeling techniques [1, 2| for different
applications [3]. Consider the problem of signal reconstruction from a small number of data
samples. One of the most common approaches is decomposition into additive components
[4, 5]. In this paper chaotic maps [6] are used as models of the components. This approach
can improve the accuracy of state estimation [7] and short-term forecasting [8].

The model of data signal. The data signal is reconstructed as a linear combination of
chaotic components:

m
yk:zaixi,k+am+l +Um,k:7 k:1727"'7N7 (]-)

i=1
where y;, — data signal; x;x, ¢ = 1,2,...,m — chaotic components; v,, , — approximation
errors; a;, 1 = 1,2,...,m+ 1 — weight coefficients; ¢ — component index; k — time step; m
— number of components; N — number of data samples.

The components z;, ¢ = 1,2,...,m are given by chaotic maps:

xi,k:f(xi,k—la)‘i)a 1= 1727"'7m7 (2>
where \;, 7 = 1,2,...,m are parameters of the maps. The values of the variables z;,
t=1,2,...,m at the time step & depends on the initial conditions x;¢, 7 =1,2,...,m:

zik = [F(@ios M), 1 =1,2,...,m.
Notation f* denotes k iterations of the map f:

fro, ) = fUF(f - fz0,A) .. )

k
The problem is to estimate the weight coefficients a;, i« = 1,2,...,m + 1, initial
conditions x; 0, ¢ = 1,2,...,m and parameters \;, « = 1,2,...,m.
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Choice of the class of chaotic maps. A one-dimensional map f : X — X is chaotic on
X if f satisfies the following conditions [9]:

1. f has sensitive dependence on initial conditions: there exists 6 > 0 such that, for
any x € X and any € > 0, there exists y € X such that |z — y| < e and }fk(x) — fk(y)’ >0
for some k£ > 0.

2. f is topologically transitive: for any pair of open sets U,V C X there exists &k > 0
such that f5(U) NV # .

3. Periodic points of the map f are dense in X: there exists at least one periodic point
in any neighborhood of any =z € X.

The choice of the class of chaotic maps (2) depends on the characteristics of the data
signal yg, such as fractal dimension [10] and autocorrelation function [11]. Different classes
can be defined by the sufficient conditions given in [12]. In [13], one-parameter families of
chaotic maps are defined as ratios of polynomials. A new class of maps (Vertigo family),
which are extensions of chaotic maps on the unit interval, is introduced in [14]. Chaotic
signals passed through linear filters [15] can also be used as a components of the linear
combination (1).

1. The Algorithm of Parameter Estimation

The proposed algorithm is based on sequential component extraction, i.e. sequential
reconstruction of the component models (2). Consider the estimation of the initial
condition z,,( and parameter Am for the component x,, ;.. It is assumed that the estimates
Zi0, )\Z, =1,2,. — 1 have been already obtained. Estimates 2, o, )\ are obtained
via minimization of the cost function

N
Fn(Tm0, Am) = Z Ok (Y — Gr(Tm0, Am)Ci)* (3)
k=1
The matrix Gy, consists of the values z; 4, i = 1,2,...,m at the time step k:
sz(l‘m,Oy/\m) = [ Tik -+ Tm—1k xm,k(xm,m)\m) 1 } .

Notation %, (%m0, Am) means that the variable z,,; depends on the cost function
arguments (initial condition z,,( and parameter \,,):

T = fk(-rm,m Am)

The elements ¢;x, ¢ = 1,2,...,m + 1 of the coefficient vector
T
Cr = [ Clk -+ Cmk Cmilk ]
correspond to the weight coefficients a;, i = 1,2,...,m + 1 of the linear combination (1).

For certain values of the initial condition z,, ¢ and parameter \,,, the coefficient vector cy,
is calculated recursively:

¢, = cp—1 + Li(yx — Gicr—1), (4)
L, = PkflGrlf(GkPkfng + Tm)fly (5)
P, = (I—-L;Gy)Pi_y, (6)
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where I is the identity matrix of dimension (m + 1) x (m + 1); r,, is the prior estimate of
the variance of the approximation errors v, ;. Equations (4)-(6) represent the recursive
least square estimation [16]. It is also a special case of the Kalman filter applied to the
state-space model

Cr = Ci—1, Y = Gl + Uy -

In this interpretation, the variables c;, Gy, L, and Py are the state vector, measurement
matrix, filter gain and estimation error covariance, respectively.

Recursive computation assumes that the accuracy of the value of ¢ increases with
the number of time steps. Therefore the cost function (3) is weighted by the coefficients
0, € [0, 1]1

Ealiey

szl—ef y (7)

where 8 > 0. Due to the recursive form of (4)—(6), it is also reasonable to calculate the
cost function (3) recursively:

F, = Fy_1 + 0,(yr — Grep)?,

where Fy = 0. Minimization of the cost function (3) provides estimates Z,, o, ;\m for the
component z,, . Then the weight coefficients of the linear combination (1) are updated:

~

a; = C; N, i:1,2,...,m+1,

where ¢y, i = 1,2,...,m + 1 are obtained via (4)-(6) for the found estimates 2.0, Am
of the initial condition z,,( and parameter \,,.

2. Numerical Example

Consider the data signal produced by the Henon map [6]

Y =1 — oayp_y + qoyk_o,

which is chaotic for oy = 1.4, ay = 0.3. The initial conditions yy = 0, y; = 0.5, the number
of data samples N = 30. The logistic maps are used as models of the components z; ;,
1=1,2,...,m:
.CEZ'JC = )\ixi7k,1(1 — .CEZ'7]€,1), = 1, 2, oo, (8)
If m = 1 the initial value of the coefficient vector is set to zero: ¢y = [ 00 ]T. If
m > 1 the previously obtained estimates are used to set the initial value:

. . .~ 1T
coz[al ver Qme1 O am} .

The prior estimate of the variance of the approximation errors

2
3)me
2

<U”’”1)2 >1
E— m
2 ) M

where 0, 0, , are the sample standard deviations. Thus, it is assumed that the extraction
of the component z,, ; reduce the standard deviation of the approximation errors v, j by
a factor of 2.

T =
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Particle Swarm Optimization (PSO) [17, 18, 19] is applied to find the global minimum
of the cost function (3). In (7) parameter 8 = 10. Fig. 1, 2 show the multiextremal cost
function Fy(z1,0, A1) that corresponds to the reconstruction of the first component z .
The set of 100 particles is used to find the global minimum. Fig. 3 shows the final positions
of the particles after 500 iterations of the PSO.

Finally, the data signal y; is reconstructed as the linear combination of m = 3
components (Fig. 5). The estimated parameters of the model (1), (8) are given in Table.
Fig. 4 shows the recursive computation of the weight coefficients.

Table
Estimates of the model parameters
7 by Zio a;
1] 3.71597947 | 0.28017384 | 3.46155612
2 | 3.76572989 | 0.24220516 | 0.81497019
3 | 3.82845562 | 0.24131992 | -0.32950922
4 - — -2.27867173

In order to estimate the quality of the approximation, consider n = 100 examples with
different initial conditions yo € [—0.25,0.25], y; € [—1, 1]. The values of yq, y; are generated
by the function rand of Matlab. The relative error of the approximation is calculated as
follows:

€ = 2V 5 100%,
Oy

where o,,,, 0, are the sample standard deviations of the approximation errors v, and
data signal yy, respectively. Fig. 6 shows the dependence of the average relative error ¢,
on the number m of components.

Conclusion

The proposed algorithm is based on sequential component extraction. The extraction
of each component requires the minimization of the cost function that depends only on
two variables: the initial condition and parameter of chaotic map. The weight coefficients
of the linear combination are calculated recursively together with the value of the cost
function. The main difficulty is that the cost function becomes extremely complex and has
a large number of local minima. Thus, it is necessary to use global optimization algorithms.
At the same time, nonlinear properties of chaotic maps can provide the required accuracy
even for a small number of components.

The work was supported by Act 211 Government of the Russian Federation, contract

Ne 02.A405.21.0011.
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PEKOHCTPYKIINA HEJIUHENHON MOJEJIN CUTHAJIA
B BUJE PA3JIOYKEHN A TT0 CUCTEME XAOTUYECKUX
ITPOIIECCOB

A.C. Illeaydvko

st mocTpoeHust HeJTMHEHHON MOJIE/TN CUTHAJIA, MIPEJIIaraeTCs NCII0Ib30BaTh PA3JI0Ke-
HUE IO CUCTEME Xa0THIECKUX IPOIeccoB. PaccMarpuBaeMblii 1101X0/] OPUEHTUPOBAH HA IIPH-
MEeHEHHEe B aJropuTMax (QUIbTPAIMH, TPOTHO3UPOBAHUS W YIIPABJIEHUS B YCJIOBHUSIX, KO-
r7a JAOCTYIHO HEOOJIbIoe Yncjo m3Mepenwmii. PaspabaTbiBaeMblil aJirOPUTM PA3JIOKEHUS
HCHOJIb3YeT IMOCJIEJ0BATEJIbHOE BbIIEJIEHUE COCTABJIAIONINX W PEKYPPEHTHOE BBIYUCJ/IEHUE
3HAYEHUs 1eJIeBoil (pyHKIMU. PaccMOTpEHBI BOIPOCHI BHIOOpA KJIACCA XAOTHUIECKUX OTOD-
PaKeHUil, CJI02KHOCTD 331441 OIIEHUBAHUS I1apaMeTPOB MOJIEJIN, CBsA3aHHAS C MHOT'O9KCTpe-
MaJIbHOCTBIO I€JIEBOiT (DYHKIHH.

Karouesvie cro6a: pekoHCmpykyus, Cu2nag, Ta0OMueckoe 0mobpatcenue, oUeHUBaHUE
naApaMempos, MHO20IKCMPEMANOHASA UEACEAS PYHKUUA.
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