
MSC 97M50 DOI: 10.14529/jcem180105

COMPUTATION OF PARAMETERS OF THE PISTON
MOTION IN THE TUBE UNDER THE GAS PRESSURE
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Mathematical models of a pneumatic system consisting of a tube closed on one side and
open on the other side are under consideration. The tube has the piston that limits a certain
volume of compressed gas. To find the parameters of the piston motion under pressure of
the expanding gas, the mathematical model of the system is constructed in several ways:
using ordinary differential equations and using partial differential equations (the equations
of gas dynamics). In addition, the corresponding boundary conditions are determined. All
the equations that make up the mathematical model are reduced to a dimensionless form. To
perform calculations, methods of finite differences and characteristics are used. Calculations
are carried out until the piston reaches the open end of the pipe or until the piston begins
to slow down. Then, the results obtained with the help of the methods under consideration
are compared according to the criteria of speed and accuracy. Recommendations are given
on the appropriateness of using each method of constructing a mathematical model.
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Introduction

Existing methods of mathematical modeling of pneumatic systems are not totally
acceptable. This is due to the fact that only some of the simplest problems can be solved
applying these models for calculations by precise analytical methods. Various numerical
methods are used for more complex problems. A numerical method allows to get only an
approximate solution of the problem. The methods are compared with each other according
to the of accuracy and speed criteria. Therefore, some methods are more preferred for
solution in comparison with others. So, it is necessary to examine each method and decide
which one is preferable.

In [1], a mathematical model of piston motion in the pipe taking into account the
clearance between the piston and the pipe and the friction forces in the system is
considered. The problem is solved using the finite difference method, using the Newton-
Raphson numerical method. In [2] the problem of piston motion is solved by the method
of characteristics. In [1] and [2] it is recommended to divide the solution area into sections
with a small space step. This article compares the methods of solving the problem: 1) when
dividing the space into parts, 2) when the gas is evenly distributed over the space. It is
shown that the accuracy of the solution with the help of 1) and 2) differs by insignificantly
small value.

Consider a "tube-piston" class of systems designed to create an accelerated piston
motion. In general, such systems consist of two major parts: a sealed on one end cylinder
which contains compressed and heated gas, and the movable piston which is driven inside
the cylinder under the action of compressed air. In this case the piston speed until it
reaches the end of the cylinder (the maximum speed) is crucial (Fig. 1) [3, 4]. In addition,
it is necessary to take into account the possible gas heating in the process of piston motion.
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Fig. 1. The "Tube-piston" system

1. Methodology

1. Consider the system of equations of one-dimensional gas dynamics in Lagrange
variables. The unknown functions are: u (gas velocity), ǫ (deformation), a (sound velocity).
The equations of continuity, motion and energy equations take the following form [3-8]:
The equation of continuity (compatibility)

∂ǫ

∂t
=

∂υ

∂x
, (1)

– motion equation

∂υ

∂t
−

a2

γ · (1 + ǫ)2
·

∂ǫ

∂x
+

1

γ · (1 + ǫ)
·

∂a2

∂x
= 0, (2)

– energy equation
∂a2

∂t
+

γ − 1

1 + ǫ
· a2 ·

∂υ

∂x
= γ(γ − 1) · q. (3)

2. Set the initial and boundary conditions. In any section at the initial time (t = 0)
density, pressure and temperature are the constant, and velocity and deformation are equal
to zero, so

ρ(x, 0) = ρ0, p(x, 0) = p0, T (x, 0) = T0;

ǫ(x, 0) = 0, v(x, 0) = 0, a(x, 0) = a0.

On the left end (x = 0) gas tights to the closed end of the tube and does not move

υ(0, t) = 0. (4)

On the right end the piston moves under the influence of gas pressure and counter-pressure

Mυt = (p− P )F.

Since

p =
ρ0a

2

γ(1 + ǫ)
,

Then, for x = l we have ǫ = ǫ(l, t), υ = υ(l, t), a = a(l, t) and

M
∂υ

∂t
= (

ρ0a
2

γ(1 + ǫ)
− P ) · F. (5)

3. Make a reduction to dimensionless form.
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Let

t′ =
ta0

l
, x′ =

x

l
, v′ =

v

a0
, a′ =

a

a0
, µ =

ρ0F l

Mγ
, η =

Pγ

ρ0a
2
0

, q′ =
ql

a3
. (6)

Equations (1)–(4) retain their form but only by t, x, v, a, q we mean t′, x′, v′, a′, q′.
Condition (5) takes the form:

∂υ

∂t
= µ(

a2

1 + ǫ
− η). (7)

After solving (1)–(4), (7) we change parameters t, x, v, a to t′, x′, v′, a′, and then these
primed parameters are replaced with the help of (6) to initial parameters t, x, v, a. These
manipulations are performed for simplicity. Note that for t = 0, we obtain a = 1.

4. Introduce the finite difference method.
According to the template (Fig. 2).

ρi ui = ρiui +
ρi+1ui+1 + pi+1 − ρi−1ui−1 − pi−1

2h
· τ ;

ρi = ρi +
ρi+1ui+1 + pi+1 − ρi−1ui−1

2h
· τ ;

pi +
γ − 1

2
ρiu

2
i = pi +

γ − 1

2
ρiu

2
i +

γρi+1ui+1 +
γ−1
2
pi+1u

3
i+1 − γρi−1ui−1 −

γ−1
2
pi−1u

3
i−1

2h
· τ.

Fig. 2. Template

Recall that

β = 1 + ux, v = ut.

Considering equation of consistency, motion and Clapeyron, we obtain

1

γ − 1
·

∂

∂t
(p · β) +

1

ρ0
· p ·

∂

∂t
· β = q · ν + qs,

or by differentiating the product, dividing by ρ · β and collecting terms, we obtain

γ

β
·

∂β

∂t
+

1

p
·

∂p

∂t
=

p0(qv + qs) · (γ − 1))

p · β
.
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Set the initial and boundary conditions. At the initial time (t = 0) in any section the
density, pressure and temperature are constant, and the velocity and distortion are equal
to zero, so

ρ(x, 0) = ρ0, p(x, 0) = p0, υ(x, 0) = 0, β(x, 0) = 1.

On the left end (x = 0) gas tights to the closed end of the tube and does not move

υ(0, t) = 0.

On the right end (x = l0) the piston moves under the influence of gas pressure and
counter-pressure. Therefore, when x = l0 we have β = β(l0, t), υ = υ(l0, t), p = p(l0, t) and

Mvt = (p− P ) · F.

Make a reduction to dimensionless form
Let

a0 =

√

γ
p0

ρ0
.

Assuming that

t′ =
ta0

l0
, x′ =

x

l
, υ′ =

v

a0
, p′ =

p

p0
,

µ =
ρ0 · F · l0

M · γ
, P ′ =

P

p0
, q′ =

q · l0γ · γ − 1

a30
, qs′ =

qs · l0γ · γ − 1

a30
. (8)

Now by t, x, v, p, q, qs we mean t′, x′, v′, p′, q′, qs′.
In dimensionless variables we obtain
– the continuity equation:

∂β

∂t
=

∂v

∂x
,

– motion equation:
∂v

∂t
+

1

γ
·

∂p

∂x
= 0,

– energy equation:
γ

β
·

∂β

∂t
+

1

p
·

∂p

∂t
=

q · v + qs

p · β
,

– initial conditions (t = 0):

p(x, 0) = 1, υ(x, 0) = 0, β(x, 0) = 1,

– conditions on the bottom of the tube (x = 0):

v(0, t) = 0,

– conditions on the right end of piston takes the form (x = 1):

∂v

∂t
= µ · (p− η).
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After solving (1)–(4), (7) it is necessary to replace parameters t, x, v, p by t′, x′, v′, p′,
and then the "primed" parameters using equations (8) must be replaced by the initial
parameters t, x, v, a again. These manipulations are performed for simplicity purposes.

Comment. Let

g(t) =

∫ t

0

q(τ) · υ(τ) + qs(τ)

p(τ) · β(τ)
dτ.

Move to quadratures in equation (3). We get

p = p0(
β0

β
)γ · eg(t).

Making some rearrangement of the factors, we obtain the representation

p =

∫ t

0

q(τ) · υ(τ) + qs(τ)

β(τ)
dτ.

2. Results

The mathematical model has been constructed with the help of ordinary differential
equations, based on Newton’s second law, ideal gas law and Poisson adiabatic equation
[9-10]:

xγ d
2x

dt2
= 1

and initial condition: if x = l0,
dx
dt

= 0. Where x1, x2, x3 are motion coordinates of
the piston in space, t is time, γ = cp

cv
= i+2

i
, i is the number of degrees of freedom of

the molecule, cp and cv are heat capacities of a unit mass of gas at constant pressure and
constant volume respectively [9].

The mathematical model constructed with the help of partial differential equations is
based on the equations of gas dynamics [11-16]:

Fig. 3. The pneumatic system

– the continuity equation:

∂

∂t
ρ+

∂

∂xk
(ρuk) = 0,

where ρ is density of gas at time t, u is piston speed;
– motion equation:

∂

∂t
(ρui) +

∂

∂xk
(ρukui) +

∂

(∂xi)
= 0,
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where p is the pressure of gas at time t;
– energy equation:

∂

∂t
(p+

γ − 1

2
· ρ · u2) +

∂

∂xk
(γ · p · uk +

γ − 1

2
· ρ · uk

· u2) = 0

with boundary conditions: when x = 0 the gas and the piston are at rest, so u = 0
(Fig. 3); when x = l, in accordance with Newton’s second law:

M
∂2u

∂t2
= pF − patmF.

Comparison of mathematical models which are based on ODE and the equation of gas
dynamics was made. The solution obtained using gas dynamics equation is more precise:
the deviation from the exact analytical solutions for simple problems is not more than 0.4–
1.1% (whereas in the case of ordinary differential equations – to 1.2%), but the method
works slower by 3–4% (Fig. 4). Comparison of finite difference methods and method of
characteristics by testing methods on different sets of data, shows that the difference
between solutions using these methods is 1–1.1%. Comparison of mathematical models
based on ODE and the equations of gas dynamics with gas heating (heating 2e+07 J/kg)
was also made. The solution obtained using ordinary differential equations: the time
0.00240744 seconds, deformation 11.5002 path 0.500009 m, speed 235.899 m/sec., pressure
1.65846 atm. The average time of method operation is 0.06 seconds.

Fig. 4. Time versus the piston velocity Dependency Graph

The solution obtained using the gas dynamics equations: time 0.00240744 seconds,
the deformation 11.5002, path 0.500009 m, speed 235.899 m/sec, pressure 1.65846 atm.
The average time of method operation is 7 seconds.
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The data show that the method of gas dynamics equations allows to obtain a more
precise solution of the problem and it is almost 117 times faster. The solution obtained by
gas dynamics equations is slightly different in terms of accuracy – 0.02 m/sec. At the same
time the finite difference method is more preferable than the method of characteristics.
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guidance, encouragement and advice he has provided throughout my time as his student.
The work was supported by Act 211 Government of the Russian Federation, contract
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ВЫЧИCЛЕНИЕ ПАРАМЕТРОВ ДВИЖЕНИЯ ПОРШНЯ
В ТРУБЕ ПРИ ДЕЙСТВИИ ДАВЛЕНИЯ ГАЗА

Н. C. Мидоночева

Рассматриваются математические модели пневматической системы, состоящей из
трубки, закрытой с одной стороны и открытой с другой стороны. Труба содержит пор-
шень, который ограничивает определенный объем сжатого газа. Чтобы найти парамет-
ры движения поршня под давлением расширяющегося газа, строится математическая
модель системы несколькими способами: с использованием обыкновенных дифферен-
циальных уравнений и с использованием уравнений в частных производных (урав-
нений газовой динамики). Кроме того, были определены соответствующие граничные
условия. Также необходимо учесть, что все уравнения, составляющие математическую
модель, сводятся к безразмерной форме. Расчеты выполняются с помощью методов
конечных разностей и характеристик. Вычисления выполняются до тех пор, пока пор-
шень не достигнет открытого конца трубы или пока поршень не начнет замедляться.
Затем результаты, полученные с помощью рассматриваемых методов, сравниваются
по критериям быстродействия и точности. Затем приводятся рекомендации относи-
тельно целесообразности использования каждого метода построения математической
модели.

Ключевые слова: математическая модель; сжатый газ; пневматическая систе-

ма.
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