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OPTIMAL CONTROL OF SOLUTIONS
TO THE SHOWALTER-SIDOROV PROBLEM
IN A MODEL OF LINEAR WAVES IN PLASMA
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In this article an optimal control problem for a high order Sobolev type equation
is investigated under the assumption that the operator pencil is relatively polynomially
bounded. The results are applied to the study of the optimal control of the solutions to
the Showalter—Sidorov problem for a model of linear waves in a plasma in an external
magnetic field. Showalter—Sidorov conditions are a generalization of Cauchy conditions.
As it is well known, the Cauchy problem for Sobolev type equations is fundamentally
insoluble for arbitrary initial values. We use the phase space method developed by
G. A. Sviridyuk, a theory of relatively polynomially bounded operator pencils developed
by A. A. Zamyshlyaeva. The mathematical model considered in the article describes
ion-acoustic waves in plasma in an external magnetic field and was first obtained by
Yu. D. Pletner.
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Introduction

Let Q = (0,a) x (0,b) x (0,¢) C R3. In this article we study the optimal control of
solutions in a mathematical model of linear waves in a magnetized plasma [1], [2]. In the
cylinder €2 x R consider equation

DPx(s,t
(A — A)xtttt(s,t) = (A — )\/)xtt(sv t) + a% + U(S,t), S & Q, t - ]R (].)
3
with the boundary condition
x(s,t) =0, (s,t) €02 xR. (2)

Model (1), (2) describes ion-acoustic waves in plasma in an external magnetic field.
The parameters in the equation relate the ion frequency, the Langmuir frequency, and the
Debye radius. The function x(s, t) represents the generalized potential of the electric field,
and the function u(s,t) is an external influence.

The optimal control problem for (1), (2) will be investigated in the framework of the
theory of relatively polynomially bounded pencils of operators [3]. Consider an abstract
Sobolev type equation of high order

Az™ = B, 12"V + .+ Byx +y + Cu, (3)

where the operators A, B,_1,...,By € L(X%;9), C € L(;92), the functions
w:[0,7) CRy =4 y:[0,7) CRL =9 (7 < ), and X, ), U are Hilbert spaces.
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Set the Showalter—Sidorov condition [4]
P (z"™(0) - 2,,) =0, m=0,n— 1, (4)

where P is a relative spectral projector in space X. We are interested in the optimal control
problem of finding a pair (#, ), where Z is a solution of (3), (4), and the control @ € L4
satisfies the relation

J(z,0) = (x,ugaleriuadj(x’u)' (5)
Here J(z,u) is some specially constructed penalty functional, $l,4 is a closed convex set in
the space 4 of controls.

The basis of many non-classical models of mathematical physics are Sobolev type
equations [5] — [10]. The study of the optimal control problem for linear first order Sobolev
type equations was first started by G.A. Sviridyuk and A.A. Efremov [11]. Optimal control
for semilinear Sobolev type equations was considered in [12]. Our approach is based on
results [13| — [15]. In the article, instead of Cauchy conditions, the more general Showalter—
Sidorov conditions are considered. Other equations with Showalter—Sidorov conditions
were studied in [16] — [18].

The article consists of three parts. The first one contains the main principles of
the theory of relatively polynomially bounded operators pencils and projectors. In the
second part, we present a theorem on the existence and uniqueness of a strong solution of
the Showalter—Sidorov problem for a nonhomogeneous high order Sobolev type equation,
which was previously proved by the authors earlier [19]. In the third section, we reduce
the problem under study to an abstract optimal control problem for a nonhomogeneous
Sobolev type equation of high order with the Showalter—Sidorov condition. The possibility
of using of abstract results is shown and theorem of existence of a unique optimal control
is proved.

1. Polynomially A-Bounded Operator Pencils and Projectors
By B denote the pencil formed by operators B,,_1,..., By.
Definition 1. The sets

pA(B)={neC: (u"A—p" "By —...— By — By)"" € L(Y; X)}

and 0*(B) = C\p*(B) are called an A-resolvent set and an A-spectrum of pencil B,
respectively.

Definition 2. The operator function
AN n n—1 -1
R)(B)= (p"A—p"""By 1 —...— uB — By)

of a complex variable with domain pA(E) is called an A-resolvent of pencil B.

Definition 3. The pencil B is called polynomially bounded with respect to operator A
(or polynomially A-bounded), if there exists a constant a € Ry such that for each yu € C
the inequality (|p| > a) implies the inclusion (R/}(B) € L(; X)).
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Introduce an additional condition

/umRﬁ(é)du =0,m=0,n-—2, (A)

gl
where the contour v = {u € C: |u| =7 > a}.

Lemma 1. [3] If the pencil B is polynomially A-bounded, and condition (A) is satisfied,
then the following operators

— 1 A n—1 _ L n—1 A
P=_— [ R,(B B\ Adp, Q = 2m./u AR, (B)dp
vy v

are projectors in X and ) respectively.

Put X° =ker P, P° = ker @, X! =im P, P! = im Q. It follows from Lemma 1 that
X=X"aXx' 9P=9°dY. By A* (BF) denote the restriction of the operator A (B;)
to Xk, k=0,1; [=0,n— 1.

The following assertion was proved in [3].

Theorem 1. Let the assumptions of Lemma 1 be satisfied. Then
(i) A € L(X*D%), k=0,1;
(ii) BF € L(X*F; ), k=0,1,1=0,1,...,n—1;
(111) there exists an operator (A')~!' € L(D'; X1);
(iv) there exists an operator (BY)™' € L(Y; X°).

Construct operators Hy, = (B))7'A° e L), H,=(B))'B) e L), ...,
H, 1= (BB, € £(0) and Sy — (A)"1BL € L(81)), Sy = (AD1B! € £(sh), ...,
S, 1 = (ANIBY e L),

Definition 4. Introduce the family of operators {Kl, ...,K(’;} as follows:
=0, s#n, K =1,
Kl =Hy, K}=-H,,...,K{ =—-H, ,..., K= H,_,,
K =K! Hy, K} =K]_, — KI' Hl,.. K:=K,"{ —K! H,1,..
K;:K”l K Ho 1, q=1,2,....

°

Then the A-resolvent of pencil B can be represented as a Laurent series [20]

(WA= p"'Byy—...— puBi — Z’qun (B '(I— Q)+

+ > (" S+ S+ 80) Ly Q.

Using this representation, we classify the character of the infinity point for the A-
resolvent of the operator pencil B.

Definition 5. The point oo is called:
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e a removable singular point of the A-resolvent of pencil é, if Ki=0,s=1,2,...,n;

e a pole of order p € N of the A-resolvent of pencil é, if there exists p : K, # O,
s=1,2,...,n, but K1 = O for any s;

e an essentially singular point of the A-resolvent of pencil B, if Ki # O for anyq € N.

Definition 6. The pencil B is called (A, p)-bounded, if it is polynomially A-bounded and
oo is a pole of order p € {0} UN of A-resolvent of pencil B.

2. Strong Solutions

Consider linear homogeneous Sobolev type equation
Az™ = B, 12"V 4+ .+ Byz. (6)

Definition 7. The mapping V* € C>(R; L(X)) is called a propagator of (6), if for all
x € X the function x(t) = V'z is a solution of (6).

Assume that the pencil B is polynomially A-bounded, and condition (A) is satisfied.
Fix a contour v = { € C: |u| =r > a} and for all ¢t € R consider the family of operators

1 —
X}; =5 Rf(B)(M"*kflA — u"*k*QBn_l — Bk+1)e“tdu,
mi J,

where £k =0,n — 1.

Lemma 2. (3| Let the assumptions of Lemma 1 be satisfied. Then
(i) for every k = 0,n — 1 the operator function X} is a propagator of (6);
(ii) for every k = 0,n — 1 the operator function X} is an entire function;
(iii) & X! P l=Fk k=0n—1,1=01,...

=0 { O, I #k;
Definition 8. The set B is called a phase space of equation (6), if

(i) every solution x = x(t) of (6) lies in B, i.e. x(t) € P Vt € R,

(i) for arbitrary x,, € P, m = 0,n — 1 there exists a unique solution to (6), satisfying

2™ (0) = z,,, m =0,n — 1. (7)

Theorem 2. [3] If the pencil B is polynomially (A,p)-bounded, and condition (A) is
satisfied, then the phase space of equation (6) coincides with the image of projector P.

Proceed to linear inhomogeneous Sobolev type equation
Az™ = B, 12"V 4+ Byx +. (8)

Consider sets

p 0 ldl—I—m
P={reXx: I-Pa=-> K'B)" T

=0

(I-Q)y(0)}, where m =0,n — 1.
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Theorem 3. [3| If the pencil B is polynomially (A, p)-bounded, condition (A) is
satisfied, the function y : [0,7) — ) is such that y° = (I — Q)y € CP™([0,7);D")
and y' = Qy € C([0,7);Y'), then for arbitrary x,, € M™, m = 0,n — 1 there exists a
unique solution to problem (7), (8) for ¢ € [0,7) given by

ZK” BY)~ ) + ZXt Pz, + /Xt (ALYl (s)ds. (9)

Corollary 1. Ifthe pencil B is polynomially (A, p)-bounded, and condition (A) is satisfied,
then for arbitrary x,, € X, m = 0,n — 1 and y € HP()) there exists a unique solution

to problem (4), (8) fort € (—7,7) given by (9).

Definition 9. The vector-function x € H"(X) = {z € Ly(0,7;X) : 2 € Ly(0,7; %)}
is called a strong solution to (8), if it turns the equation to an identity almost everywhere
on interval (0, 7).

This is correctly defined by virtue of the continuity of the embedding
H™"(X) — C"1(]0,7]; X). The term "strong solution" has been introduced to distinguish
a solution of (8) in this sense from classical solution. Note that classical solution (9) is also
a strong solution to problem (8).

Construct the spaces

HP(9) = {v € Ly(0,7;9) : v € Ly(0,7;9),p € {0} UN}.
The space HP™(Q)) is a Hilbert space with inner product

ptn

[v, w] Z/<v (Q)>SD dt.

Let y € HP*™(9). Introduce the operators

Ary(t) ZK” (Bo)~ dtq y'(1),

Agy(t) /Xt $(t—s)(AY Yl (s)ds, t € (—7,7),

and the function ,
.

k(t) = X! Py,
0

m=

Lemma 3. |[3| If the pencil B is polynomially (A, p)-bounded, and condition (A) is
satisfied, then

(1) Ay € LIHPT™(); H"(X));

(ii) for arbitrary x,, € M, the vector function k € C™([0,7); X);

(i11) Ay € L(HPT(D); HM(X)).
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Theorem 4. [19] If the pencil B is polynomially (A, p)-bounded, condition (A) is satisfied,
then for arbitrary x, € M',m =0,n—1 andy € HPT™(Q)) there exists a unique strong
solution to (7), (8).

Corollary 2. If the pencil B is polynomially (A, p)-bounded, condition (A) is satisfied,
then for arbitrary x,, € X m = 0,n—1 and y € HPT™(Q)) there erists a unique strong
solution to (4), (8).

3. Optimal Control
Introduce the control space

o ptn

H () ={ue Ly(0,7;80) : u?™™ & Ly(0,7;:4),u?(0) = 0,q = 0, p},

p € {0} UN. It is a Hilbert space with inner product

p+n 7,

[v,w] = Z/<U(Q),w@)>udt.
q=0 0

o ptn o ptn
In the space H (U) we single out a closed convex subset H, (1), which will be

called the set of admissible controls.

o pTn

A vector function u € H, (4) is called an optimal control of solutions to (3), (4), if
relation (5) holds.

o pt+n
Our aim is to prove the existence of a unique control & € Hy (i), minimizing the

penalty functional

p+n 7,

J(z,u) = MZ/ 2@ — 79 |2dt + VZ/ <]\7qu(q),u(q>>u dt. (10)
q=0 0 q=0 0

Here p,v > 0, p+v =1, N, € L(U), ¢ =0, 1, ..., p+ n, are self-adjoint positively
defined operators, and Z(t) is the target state of the system.

Theorem 5. [19] If the pencil B is polynomially (A, p)-bounded, and condition (A) is
satisfied, then for arbitrary x,, € M,k =0,n—1andy € HPT™(Q)) there exists a unique
optimal control to solutions of (3), (7).

Corollary 3. If the pencil B is polynomially (A, p)-bounded, and condition (A) is satisfied,
then for arbitrary x,, € X m = 0,n—1 and y € HP™(2)) there exists a unique optimal
control to solutions of (3), (4).

In order to reduce (1), (2) to (3) put
X={rcWI(Q):2(s) =0,5 €09}, D =WiQ),

where WZ(€) is Sobolev space. Define operators A = A — X\, By = (N — A), By = —ozaa—;,
3
Bs = B; = Q. Operators A, Bs, By, By, By € L(X;9) for all [ € {0} UN.
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Denote the eigenfunctions of the Dirichlet problem (2) for the Laplace operator

by ir = {sin%sin%ﬁmsin@}, 1, 7, k € N, and denote the eigenvalues by

V= = ()" + ()" + (2)°): Since {pur} © (@), we obtain
p'A — 1> By — i? By — pBy — By =

[e§) Tk 2
- Z [(Nije = Dt + e = M) — (7) | < @ijks + > Pijis
g k=1
where < -,- > is the inner product in L?((2).

Lemma 4. [21]| Let one of the following conditions be fulfilled:
(1) A& a(A);
(i) (A€ a(A)) AN (NF#N).
Then the pencil B is polynomially (A, 0)-bounded, and condition (A) is satisfied.

The A-spectrum of pencil B is made up of solutions s, to the equation

i\ 2
Nk — Mt + Nige — N)p® — a (%) = 0. (11)
Construct a projector P:
I, if (i) is fulfilled;

T— S (i) pun it (i) is fulfilled.

Aijk=A

pP=

The Showalter—Sidorov conditions take the form

g < 2(+0) — 2o, @i > pijr =0,
Zki]-wé)\ < :L‘t(',O) — Z1, Pijk > ik = 0,
Donern < T+ 0) — @2, @i > pijr =0,
ka;ﬁx < @t (+, 0) — @3, Pijk > @ik = 0.

(12)

Theorem 6. Let the assumptions of Lemma 4 be satisfied. Then for arbitrary x,, € X,
m = 0,3, there exists a unique optimal control of the solutions (&,9) for the equation (1)
with conditions (2), (12), minimizing functional (10).

Proof.
By Lemma 4 the pencil B is polynomially (A, 0)-bounded condition (A) is satisfied,
then theorem 5 for the given problem is valid.

0
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OIITUMAJIBHOE YIIPABJIEHWUE PEINTEHNAMNM 3A/TAYN
IIIOYOJITEPA-CIJIOPOBA B MOJEJIA JINHENHBEIX
BOJIH B IIJTASME

A. A. Bamviwasesa, O. H. I[vinaenxosa

B pabore ucciaemoBana 3amgata ONTHMAJILHOTO YIIPpABJICHUS [ ypaBHEHUST COOOIEB-
CKOT'O THIIA BBICOKOTO TOPSJIKA B IPE/ITOJIOKEHIN OTHOCUTEHHO MMTOJIMHOMHUAJIHLHONR Orpa-
HUYEHHOCTH IIyYKa OIEepaTOpPOB. Pe3y/ibrarsl MpUMEHEHbI K KCCIEJOBAHUIO ONTHMAJIBHO-
ro ymnpasjenus pererusyu 3aga4au [loyosrrepa—CumopoBa jijist MOe/ M JIMHERHBIX BOJIH
B IJIa3Me BO BHEIHEM MarHuTHOM moJie. YcjioBus [Tloyosnrepa—CuopoBa siBIIsIIOTCst 0606~
menneM yeaosuit Komm. Kak n3sectro, 3amaua Komm myisa ypaBuerunit cobo1eBCKOTO THITA,
SIBJISIETCSI MTPUHIAITHAJIBHO HEPA3PEITUMOl [PU MMPOM3BOJILHBIX HAYAJBHBIX 3HAYEHUsIX. B
paboTre mpuMeHsieTcst MeTo (Pa30BOT0 ITPOCTPAHCTBA, pasdpaboranublit I. A. CeupuaokoM,
TeOpHUsi OTHOCUTEJIBHO IOJIMHOMHUAJILHO OIPAHUYEHHBIX IIyYKOB OIepaTOpOB, pasdpaboTaH-
nasg A. A. BambinuisieBoit. MaremaTudeckasi MOJIE/Ib, PACCMOTPEHHAS] B CTAThE, OIUCHIBAET
MOHHO-3BYKOBBIE BOJIHBI B IIJIa3M€ BO BHEITHEM MATHUTHOM II0JI€, BIIEPBbIE ObLIA TOJIY9eHa
1O. 1. Tlnernepom.

Karouesvie cr06a: YpasHeNUA COOOAEBCKO20 MUNA 6bICOK020 NOPAJKA; MOOEAL AUHE-
HOET 80AH 6 naadme; 3adaya [Hoyoamepa—Cudoposa; OMHOCUMENDHO NOAUHOMUANADHO 020~

HUYEHH B nyvwox onepamopos; CuAbHHIE PEUEHUA; ONMUMAANDHOE YNPABAEHUE.
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