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THE HOFF EQUATIONS ON A GRAPH WITH
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We consider the Hoff equations on a graph. For these equations, we prove the unique

solvability of the multipoint initial-final value problem, and construct an analytical solution.

As an example, we consider the Hoff equations on a double-edge graph with a three-point

initial-final value condition. The article, in addition to the introduction and bibliography,

contains two parts. The first part presents theoretical information about Sobolev type

equations, as well as construction of a solution to an abstract Sobolev type equation with the

multipoint initial-final value condition. In the second part, we apply the obtained abstract

results to a specific Hoff model.

Keywords: Sobolev type equations; relatively bounded operator; multipoint initial-final

value condition; Hoff model on a graph.

Introduction

Let G = G(V,E) be a finite connected oriented graph [1], where V = {Vi} is the set
of vertices, and E = {Ei} is the set of edges such that each edge Ej has length lj ∈ R+

and cross-sectional area dj ∈ R+. At vertices V of the graph G, define the conditions of
"continuity" and "flow balance", respectively:

uj(0, t) = uh(0, t) = um(lm, t) = un(ln, t),

Ej , Eh ∈ Eα(Vk), Em, En ∈ Eω(Vk),
(1)

∑

j:Ej∈Eα(Vk)

djujx(0, t)−
∑

n:En∈Eω(Vk)

dnunx(ln, t) = 0, (2)

where Eα(ω)(Vk) is the set of edges that are incident to the vertex Vk, t ∈ R+. If the
graph consists of the single non-cyclic edge (i.e., the graph has only two vertices), then
condition (1) is absent, and condition (2) is equal to the Neumann condition. If the edge is
cyclic (i.e., the graph has the single vertex), then conditions (1), (2) are equal to matched
conditions. Also, note that in the context of conditions (1), (2), "to be absent" does not
mean "to be zero". For example, if all edges are oriented such that the vertex Vk is a
"gutter" (i.e., there is no edge such that Vk is a beginning of the edge), then the first two
equalities in (1) and decreasing one in (2) are "absent", and are not zero.

On the graph G with conditions (1), (2), consider the linear Hoff model [2]

λjujt + ujtxx = αjuj + f, (3)

which simulates the dynamics of buckling of I-beams in the structure under high
temperature conditions. Here uj = uj(x, t), (x, t) ∈ (a, b)×R+, characterizes the deviation
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of the j-th beam from the equilibrium position; the parameters λj ∈ R+, αj ∈ R

characterize the material properties of this beam, fj ≡ fj(x, t) corresponds to the external
load on the j-th beam.

In the corresponding spaces, problem (1) – (3) is reduced to the linear Sobolev type
equation [3, 4]

Lu̇ = Mu+ f, (4)

for which we define the multipoint initial-final value condition [5]

P0(η (t)− ξ0) = 0, Pr(η(τr)− ξr) = 0, r = 1, p, (5)

where Pr are relatively spectral projectors, which we will define later; τr ∈ R, (τr−1 < τr),
r = 1, p. Let us give some explanations. Initial-final value problem (5) describes the
following situation. Suppose that some object, for example, the structure of I-beams,
moves in near-Earth space. At different times, only some projections of this object can be
observed from the surface of the Earth. We want these projections to coincide with the
given when observing. The mathematical model of this situation is defined by the Hoff
equations given on a geometric graph and supplemented by an initial-final value condition.

Note that various questions for the Hoff equation in a bounded domain were studied
by various researchers (see the reviews in [6, 7]). On a graph, the Hoff equation was first
investigated by G.A. Sviridyuk and V.V. Shemetova [8]. As a result, the simplicity of
the phase space of the Cauchy problem for the Hoff equations on a graph is proved. The
inverse problem for the Hoff equations on a graph was solved in [9]. Later, the paper [10]
establishes the conditions of stability and asymptotic stability of the zero solution to the
Cauchy problem of the Hoff equations on a graph. The optimal control of the solutions to
the initial-final value problem for the Hoff equation was investigated in [3].

The goal of the paper is to prove the unique solvability of multipoint initial-final value
problem (5) for problem (1) – (3).

1. Generalized Splitting Theorem

Let U and F be Banach spaces, the operators L ∈ L(U;F) (i.e., L is linear and
continuous) and M ∈ Cl(U;F) (i.e., M is linear, closed, and densely defined). In addition,
suppose that the operator M is (L, p)-bounded, p ∈ {0} ∪N (see [11] for terminology and
results), then there exist degenerate analytic groups of resolving operators

U t =
1

2πi

∫

γ

RL
µ(M)eµtdµ and F t =

1

2πi

∫

γ

LL
µ(M)eµtdµ

defined on the spaces U and F, respectively. Moreover, U0 ≡ P and F 0 ≡ Q are projectors.
Here γ is a contour bounding the domain D containing the L-spectrum σL(M) of the
operator M ; RL

µ(M) = (µL−M)−1L is the right, and LL
µ(M) = L(µL −M)−1 is the left

L-resolvents of the operator M . For degenerate analytic group, the terms of the kernel
kerU . = kerP = kerU t for any t ∈ R and the image imU . = imP = imU t for any t ∈ R

are correct. Let U0 = kerU ., U1 = imU ., and F0 = kerF ., F1 = imF ., then U0⊕U1 = U and
F0⊕F1 = F. Denote by Lk (Mk) the restriction of the operator L (M) on Uk (domM ∩Uk),
k = 0, 1.
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Theorem 1. [11] (Splitting theorem). Let the operator M be (L, p)-bounded, p ∈ {0}∪N.
Then (i) the operators Lk ∈ L(Uk;Fk), k = 0, 1;

(ii) the operators M0 ∈ Cl(U0;F0), M1 ∈ L(U1;F1);
(iii) there exist the operators L−1

1 ∈ L(F1;U1) and M−1
0 ∈ L(F0;U0).

Suppose that H = M−1
0 L0 ∈ L(U0), S = L−1

1 M1 ∈ L(U1). Consider the following
condition:

σL(M) =

m
⋃

j=0

σL
j (M), m ∈ N, moreover, σL

j (M) 6= ∅, there exists

a closed countour γj ⊂ C bounding the domain Dj ⊃ σL
j (M)

such that Dj ∩ σL
0 (M) = ∅, Dk ∩Dl = ∅ for all j, k, l = 1, m, k 6= l.



















(A)

Then, the following theorem is correct.

Theorem 2. [5, 6] Suppose that the operator M is (L, p)-bounded, p ∈ {0} ∪ N, and
condition (A) holds. Then

(i) there exist the degenerate analytic groups

U t
j =

1

2πi

∫

γj

RL
µ (M)eµtdµ, j = 1, m;

(ii) U tUs
j = Us

jU
t = Us+t

j for all s, t ∈ R, j = 1, m;

(iii) U t
kU

s
l = Us

l U
t
k = O for all s, t ∈ R, k, l = 1, m, k 6= l.

Suppose that U t
0 = U t −

m
∑

k=1

U t
k, t ∈ R.

Remark 1. Consider the units Pj ≡ U0
j , j = 0, m, of the constructed (according

to condition (A)) degenerate analytic groups {U t
j : t ∈ R}, j = 0, m. Obviously,

PPj = PjP = Pj , j = 0, m, and PkPl = PlPk = O, k, l = 0, m, k 6= l. By analogy,
we can construct the projectors Qj ∈ L(F), j = 0, m, (see [9] for more details) such that
QQj = QjQ = Qj , j = 0, m; QkQl = QlQk = O, k, l = 0, m, k 6= l.

The projectors Pj, Qj, j = 0, m, are called relatively spectral projectors.
Consider the subspaces U1j = imPj , F

1j = imQj, j = 0, m. By construction,

U1 =

m
⊕

j=0

U1j and F1 =

m
⊕

j=0

F1j .

Denote by L1j the restriction of the operator L on U1j , j = 0, m, and denote by M1j the
restriction of the operator M on domM∩U1j , j = 0, m. It is easy to see that Pjϕ ∈ dom M ,
if ϕ ∈ dom M . Therefore, the domain dom M1j = dom M ∩ U1j is dense in U1j , j = 0, m.

Theorem 3. [5, 6]. (Generalized splitting theorem). Suppose that the operators
L ∈ L(U;F) and M ∈ Cl(U;F), and the operator M is (L, p)-bounded, p ∈ {0} ∪ N,
moreover, condition (A) holds. Then

(i) the operators L1j ∈ L(U1j;F1j), M1j ∈ L(U1j ;F1j), j = 0, m;
(ii) there exist the operators L−1

1j ∈ L(F1j;U1j), j = 0, m.
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Suppose that condition (A) holds. Fix τj ∈ R, (τj < τj+1), the vectors uj ∈ U, j = 0, m,
and the vector-function f ∈ C∞(R;F). Consider the linear inhomogeneous Sobolev type
equation

Lu̇ = Mu+ f. (6)

A vector-function u ∈ C∞(R;U) that satisfies equation (6) is called a solution to equation
(6). A solution u = u(t), t ∈ R, to equation (6) that satisfies the conditions

Pj(u(τj)− uj) = 0, j = 0, m, (7)

is called a solution to the multipoint initial-final value problem for equation (6).

Theorem 4. [9] Suppose that the operator M is (L, p)-bounded, p ∈ {0}∪N, and condition
(A) holds. Then for any f ∈ C∞(R;F), uj ∈ U, j = 0, m, there exists the unique solution
to problem (6), (7), moreover, the solution takes the form

u(t) = −
p
∑

q=0

HqM−1
0 (I−Q)f (q)(t) +

m
∑

j=0

U
t−τj
j uj +

m
∑

j=0

∫ t

τj

U
t−τj−s

j L−1
1j Qjf(s)ds. (8)

2. Linear Hoff Model on a Graph

Remind that G = G(V,E) is a finite connected oriented graph, where V = {Vk} is
the set of vertices, and E = {Ek} is the set of edges, moreover, each edge Ej has length
lj ∈ R+ and cross-sectional area dj ∈ R+. At the vertices V of the graph G, define the
conditions of "continuity"

uj(0, t) = uh(0, t) = um(lm, t) = un(ln, t),

Ej , Eh ∈ Eα(Vk), Em, En ∈ Eω(Vk),
(9)

and "flow balance"
∑

j:Ej∈Eα(Vk)

djujx(0, t)−
∑

n:En∈Eω(Vk)

dnunx(ln, t) = 0, (10)

where Eα(ω)(Vk) is the set of edges that are incident to the vertex Vk, t ∈ R+. Supply
conditions (9), (10) with the linear Hoff equations

λjujt + ujtxx = αjuj + f. (11)

Consider problem (9) – (11). Based on the results of [3, 4], consider the Hilbert space
L2(G) = {g = (g1, g2, ..., gj, ...) : gj ∈ L2(0, lj)} with the scalar product

〈g, h〉 =
∑

Ej∈E

dj

lj
∫

0

gjhjdx,

and the Banach space U = {x = (u1, u2, ..., uj, ...) : uj ∈ W 1
2 (0, lj) and (2) holds} with the

norm

‖u‖2U =
∑

Ej∈E

dj

lj
∫

0

(u2
jx + u2

j)dx.
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According to the Sobolev embedding theorems, the functions that belongs to W 1
2 (0, lj) are

absolutely continuous. Therefore, the space U is defined correctly.
Denote by F the conjugate space to U with respect to the duality 〈·, ·〉. The formula

〈Au, v〉 =
∑

j

dj

lj
∫

0

(ujxvjx + bjujvj)dx, u, v ∈ U,

defines the operator A : U → F, where bj ∈ R+ are arbitrary constants. From the results
of [3, 4], it follows that A ∈ L(U;F), moreover, the spectrum σ(A) is positive, discrete,
finite-multiple, and converges only to +∞.

Construct the operators

〈Lu, v〉 =
∑

j

dj(λj + bj)

lj
∫

0

ujvjdx− 〈Au, v〉 , (12)

〈Mu, v〉 =
∑

j

αjdj

lj
∫

0

ujvjdx. (13)

By construction, L, M ∈ L(U;F).

Lemma 4. [3, 4] For any αj 6= 0, j ∈ N, such that αj have the same sign, the operator
M is (L, 0)-bounded, and the relative spectrum σL(M) of the operator M is real, discrete,
converges to 0, and takes the form

σL(M) =

{

µij =
αj

λj − νi
: i, j ∈ N\{λj − νi = 0}

}

, νi ∈ σ(A).

We are interested in the solutions to problem (9) – (11) satisfying multipoint initial-
final value conditions (5). The relative spectrum σL(M) of the operator M satisfies
condition (A). Therefore, in (5), the projectors Pk =

∑

i:µij∈σk

〈·, ϕi〉ϕi, k = 0, l, and ϕi

are the eigenfunctions of the operator A that form a basis of the space U. Consequently,
the multipoint initial-final value conditions (5) take the form

∑

i:µij∈σ
L
0
(M)

〈(u(0)− u0), ϕi〉ϕi =
∑

i:µij∈σ
L
k
(M)

〈(u(τk)− uk), ϕi〉ϕi = 0, k = 1, l, (14)

moreover,

U t
k =

∑

i:µij∈σ
L
k
(M)

′eµijt( · , ϕi)ϕi, k = 1, l (15)

Similar to the scheme used in [5, 6], the following theorem is correct.
Theorem 7. For any αj 6= 0, j ∈ N, such that αj have the same sign, τk ≥ 0,

uk ∈ U, k = 0, l, multipoint initial-final value problem (9), (10), (14) for equation (11) has
the unique solution u ∈ C∞((a, b);U), moreover, the solution takes the form

u(t) = −

p
∑

q=0

(M−1
0 L0)

qM−1
0 (I−Q)f (q)(t) +

l
∑

i=0

U t−τi
i ui +

l
∑

i=0

∫ t

τi

U t−s
i L−1

1i Qif(s)ds. (16)
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Example 1.
Let G1 be a graph consisting of two edges that connect three vertices and have the

common beginning, lengths l1 and l2, and cross-sectional areas d1 = d2 = 1, see Fig. 1.

•
X1

��⑦⑦
⑦⑦
⑦⑦
⑦

X2

��
❅❅

❅❅
❅❅

❅

• •

Fig. 1. Graph G1

On the graph G1, based on the results of [12], we have that the Sturm-Liouville
problem































X1” + λX1 = 0,
X2” + λX2 = 0,
X1(0) = X2(0),

X ′

1(l1) = 0,
x′

2(l2) = 0,
X ′

1(0) +X ′

2(0) = 0

has eigenvalues λk =

(

πk

l1 + l2

)2

, k = {0} ∪ N, which correspond to the following

eigenfunctions:

Xk(x) = (Xk
1 (x), X

k
2 (x)) =

(

C1 cos
πk

l1 + l2
x, C2 cos

πk

l1 + l2
x

)

, k = {0} ∪ N.

Moreover, taking into account the normalization condition, we have that

C2 =

√

2

(l1 + l2)(1 + ctg2 πkl1
l1+l2

+ 1
πk
ctg πkl1

l1+l2
+ 1

2πk
sin 2πkl2

l1+l2
(ctg2 πkl1

l1+l2
− 3))

,

if sin πkl1
l1+l2

6= 0, and otherwise, i.e. for sin πkl1
l1+l2

= 0, we obtain that

C1 =

√

2

l1 + l2
.

Therefore, if the edge lengths are l1 = l2 = π, then the eigenfunctions corresponding
to the eigenvalues take the form

X0(x) =

(

√

1

π
,

√

1

π

)

, λ0 = 0,

X1(x) =

(

√

1

π
sin

x

2
,−

√

1

π
sin

x

2

)

, λ1 =
1

4
,

X2(x) =

(

√

1

π
cosx,

√

1

π
cosx

)

, λ2 = 1,
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X3(x) =

(

√

1

π
sin

3x

2
,−

√

1

π
sin

3x

2

)

, λ3 =
9

4
,

X4(x) =

(

√

1

π
cos 2x,

√

1

π
cos 2x

)

, λ4 = 5.

On the graph G1, consider the linearized Hoff equations

λujt + ujtxx = αuj, j = 1, 2

with the conditions of "continuity" and "flow balance"















u1(0, t) = u2(0, t),
u1x(l1, t) = 0,
u2x(l2, t) = 0,

u1x(0, t) + u2x(0, t) = 0.

Supply the problem with the three-point initial-final value condition

∑

i:µi∈σ
L
0
(M)

〈(u(0)− u0), ϕi〉ϕi =
∑

i:µi∈σ
L
1
(M)

〈(u(τ1)− u1), ϕi〉ϕi =

=
∑

i:µi∈σ
L
2
(M)

〈(u(τ2)− u2), ϕi〉ϕi = 0,

where

σL
0 (M) =

{

µi =
α

λ− λi
: i > 4

}

,

σL
1 (M) =

{

µi =
α

λ− λi
: i = 1, 3

}

=

{

4α

4λ− 1
,

4α

4λ− 9

}

,

σL
2 (M) =

{

µi =
α

λ− λi
: i = 0, 2, 4

}

=

{

α

λ
,

α

λ− 1
,

α

λ− 4

}

.

According to Theorem 1, the solution takes the form

u(t) =
∑

µi∈σ
L
0
(M)

eµi(t−τ0)〈u0, ϕi〉L2(G)ϕi+

+
∑

µk∈σ
L
1
(M)

eµk(t−τ1)〈u1, ϕi〉L2(G)ϕi +
∑

µi∈σ
L
2
(M)

eµi(t−τ2)〈u2, ϕI〉L2(G)ϕi.

The work was supported by Act 211 Government of the Russian Federation, contract
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УРАВНЕНИЯ ХОФФА НА ГРАФЕ С МНОГОТОЧЕЧНЫМ

НАЧАЛЬНО-КОНЕЧНЫМ УСЛОВИЕМ

С. А. Загребина, Е. А. Солдатова

В статье рассматриваются уравнения Хоффа на графе. Для этих уравнений дока-

зана однозначная разрешимость многоточечной начально-конечной задачи и построено

аналитическое решение. В качестве примера рассмотрены уравнения Хоффа на двух-

реберном графе с трехточечным начально-конечным условием. Статья, кроме введения

и списка литературы, содержит две части. В первой части приведены теоретические

сведения об уравнениях соболевского типа, а также построено решение абстрактного

уравнения соболевского типа с многоточечным начально-конечным условием. Во вто-

рой полученные абстрактные результаты применяются к конкретной модели Хоффа.

Ключевые слова: уравнения соболевского типа; относительно ограниченный опе-

ратор; многоточечное начально-конечное условие; модель Хоффа на графе.
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