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The system of Navier — Stokes equations simulates the dynamics of a viscous
incompressible fluid. The problem on the existence of solutions to the Cauchy — Dirichlet
problem for this system is one of the most difficult mathematical problems of the present
century. However, the question on the existence of solutions to the Cauchy — Dirichlet
problem for the system of Navier — Stokes equations still remains unsolved. This article
shows how to obtain eigenvalues for the system in the case of an axisymmetric domain.
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Introduction

The system of Navier — Stokes equations

%ZVV%L‘FVP,V'UZO (1)

with the Dirichlet condition
u(x,t) = 0, (x,t) € 02 x R (2)
simulates the dynamics of a simple viscous incompressible fluid. Here u = (uy, ug, - -+ , uy,),

u; = u;(x,t), n = 2,3 is the vector function corresponding to the fluid velocity; the scalar
function v € R, characterizes the viscosity of the fluid, respectively. In various aspects,
equations (1) were studied in [1], [4], [5]. We present the Galerkin method for the system of
the Navier — Stokes equations in the case of an axisymmetric domain with the multipoint
initial-final value condition

Pi(u(r;) —u;) =0, j=0,n. (3)
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1. Derivation of System of Navier — Stokes Equations

Consider the equation of motion of a continuous medium in the Cauchy form:

4 L
pd—::divﬂ—l—f. (4)

Equation (4) can be obtained from the second Newton’s law in the d’Alembert form:

/V(ﬁ — a@)pdV + /SﬁndS = 0. (5)

Here V' is a bounded three-dimensional volume of a continuous medium, S is its sufficiently
smooth surface, p is a density of elementary volume dV. The vectors F and @ denote
external force and total acceleration per unit mass of volume V', respectively. The vector
P, corresponds to the normal component of the surface force acting on the surface element

ds.
Represent the vector p,, in the form

Pn = P1 cos(ii, 1) + Pa cos(ii, x9) + P3 cos(ii, x3), (6)

where pj, is the stress vector on the elementary area, which is perpendicular to the axis
Ozxy, and k = 1,2, 3. In turn, each vector p; can be represented as

ﬁk = (pk17pk27pk3)7 k= 1727 3. (7>

Here py, is the normal component of the vector py, and the other two components
correspond to the tangent components. Substitute (7) into (6) and obtain

where the matrix II = llpk ||, K, 1 = 1,2,3 is called a tensor of elastic stresses, and the

vector 77 = (ny, ng, n3), ng = cos(f, xx) corresponds to the unit normal.
Consider (5) and use (8) in order to represent the second term as

/ PodS = / 17idsS. (9)
S S

Apply the Gauss-Ostrogradsky formula to (9) and obtain

/ Mi7dS = / div [dV. (10)
S |4

Here the vector

S Ok < Oprn O

div i — k1 k2 B\
o (; 8xk 72 aZL‘k ’ aZL‘k
Finally, substitute (10) into (5) and obtain

dv

/V(j?%—divﬁ—pa)dV:O. (11)
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Here ]? = pﬁ is the vector of external mass forces, and the vector

dv — ov ov

_:_+ —  =a
at ot Fom, ¢

corresponds to the dynamic full acceleration. Since the volume V' is arbitrary, (4)
immediately follows from (11).
Next, consider the matrix

— 1 8vk (9’01
D=|l-|=—+—— kl=12
H?(@leraxk)H’ ’ 9

which is called a strain rate tensor. The physical meaning of the component

9vr
al'k

of the tensor D is the change in the velocity of translational motion of the area element
perpendicular to the axis Oz, k= 1,2, 3. If the tensors D and II are such that

I = —p[+21/5,

then the continuous medium is called Newtonian fluid.
Assume that the fluid is incompressible, i.e.

divv =0,

then we have

divIl = — grad j+

= —gradp'+ vAv. (12)

Assume that the density p = 1, substitute (12) into (4) and obtain the system of
Navier — Stokes equations 2]

—

G o= vV —(T-V)T—Vp+ T,
- V.7, (13)

which describes the dynamics of a viscous incompressible fluid.

HereV:(a 0 9

dxy’ Oy’ Oxy
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2. Galerkin Method for System of Navier — Stokes Equations

Following E.N. Lorentz [3], we consider system (1) to be invariant under a shift
along one of the horizontal coordinates, i.e. we consider the values u; = wu;(x,t),1 =
1,2,3,p = p(x,t) to be constant along the coordinate x5, and consider the value uy(x,t)
to be constant. In this case, the incompressibility equation V - u = 0 takes the form

3u1 3u3
I 14
633'1 + 833'3 ’ ( )
therefore, we can define a stream function up to an additive constant by the equations
ov ov
. — = us. 15
633'1 U (9]73 “ ( )

Replace the notation of the coordinates x; and x3 with the more standard z; = x and
x3 = z and represent system (1) as

ur — yV2u, + Vp,

%t =vViuy + Vp, (16)
% - Z/V2U3 + Vp,
2 2 2
{8(28‘913}3 = ’/(aflg;g + %Tg) — Vp, (17)
92v 920 920
otdxr1 V(8x1613 + 6—1%) + vp7
8\11
Vi = V', 18
o = Y (18)

Consider the Dirichlet problem

U(z,0,t) = W(x, H,t),
U(0,z,t) = V(L, z,t), (19)
V2U(0, z,t) = V2U(L, 2, t)
for equation (18) in the rectangle [0, L] x [0, H].
Following E.N. Lorentz [3], we find the three-dimensional Galerkin approximation to

problem (19) for equation (18). To this end, as the basis functions of the Galerkin method,
we take the eigenfunctions of the following problem:

—V2¢ - /\¢7 [07 L] X [07 H]a
¢($,0) = ¢(x7 H) =0,

60,2) = 9L ). .
¢'(0,2) = ¢ (L, 2).
All non-trivial solutions to problem (20) can be divided into three families:
oy = {sin Tz - sin Mw} Lk eN,
61k = {sin % LIPS cosm I,k €N, (21)
= {sinZz}, leN.
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We take the Galerkin approximation to the solution to problem (19) for system (20) in
the form

It is easy to see that (22) satisfies boundary conditions (19).
Substitute (22) into (18) and obtain

1 4. 1 4)\?
7T2 (ﬁ + ﬁ) XOén = —V7T4 <ﬁ + ﬁ) XO[11. (23)
The first equation (23) immediately implies
X = —aX, (24)
where
(1 4
a=vr | 3 + 72 (25)

3. Numerical Experiments

In the first experiment, we take the following values of the auxiliary parameters:
A=1;,=2a=—1;x =1;v =2 (see Fig. 1).
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Fig. 1. Graphic of the solution to problem (1) — (3) at the time ¢t = 1

In the second experiment, we take the following values of the auxiliary parameters:
A=1;=4a=-2;x=1,v =2 (see Fig. 2).
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Fig. 2. Graphic of the solution to problem (1) — (3) at the time ¢t = 1
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YUNCJIEHHOE PEIIIEHUE JINMHEMHOM CUCTEMBI
VPABHEHU HABBE-CTOKCA B OCECUMMETPUYHO
OBJIACTU

A. C. Konxunra

Cucrema ypasuenuii Hasbe — Crokca Mojenupyer JUHAMUKY BsI3KOU HECXKUMAEMOI
xkuakoctu. [Ipobmema cymectBoBanust pemrennit 3amadun Komwm - dupuxie misa aToit cu-
CTeMBI BOIILJIA B CIIUCOK HAMOOJICE TAXKEJBIX MATEMATHIECKHUX MPODJIEM HBIHEITHErO BEKA.
OjtHAKO JI0 CUX TTOP HE PEIIeH BOIIPOC O CyIIeCTBOBAHUN perennit 3aaa4un Komu — Jupuxiie
qtst cucreMbl ypasuenuii Hasbe — Crokca. [Ipobiiema cymiecTBoBaHUsI pellieHnii 3Toii 3a1a49u
0Ka3aJ1aCh HACTOJIBKO TPYIHON, YTO OHA BOILIA B CIMCKHA HAMDOJIEE TSXKEJBIX MATEMATHU-
JecKuxX IpobJjieM HBIHEITHEr0 BeKa U 3a ee pellleHre Ha3HadyeHa HArpaja B OJWH MUJIJINOH
J0JUTapoB. B TaHHON cTaThe MOKA3aHHO KAK [TOJIYIUTh COOCTBEHHBIE 3HAYECHUSI JIJIsT CUCTEMBI
B CJIy4Yae OCH CUMMETPHUYHON 00JIacTH.

Karoueswie crosa: cucmema ypasruenuli Hasve-Cmokca; memod Lanepkuna; muo2omo-
YEUHOE HAYANDHO-KOHEYHOE YCAOBUE.
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