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NUMERICAL SOLUTION OF OPTIMAL CONTROL
PROBLEM FOR THE MODEL OF LINEAR WAVES
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The article considers the optimal control in the mathematical model of ion-acoustic
waves in plazma in an external magnetic field. For this model, on the basis of theoretical
results, an algorithm for numerical solution was developed based on the modified
Galerkin method and the Ritz method. The algorithm was implemented in Maple. Using
the developed program, the result of a computational experiment is presented. The
mathematical model considered in the article was first obtained by Yu.D. Pletner.
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Introduction

In the cylinder 2 x R, consider equation

, D*x(s,1)
(A—=A)xyye(s,t) = (A=A )xtt(s,t)%—ozw +u(s,t),s = (s1,89,83) € Qt€0,7], (1)
3
with the boundary condition
z(s,t) =0, (s,t) € 0N x[0,7]. (2)

Here Q = (0,a) x(0,0) x (0, c¢) C R3. Equation (1) describes ion-acoustic waves in plasma in
an external magnetic field [1], [2]. The function x(s,t) represents the generalized potential
of an electric field, u(s, t) is an external influence, the constants in the equation relate the
ionic frequency, the Debye radius, and the Langmoor frequency.

In suitable Hilbert spaces X, ), 4, problem (1), (2) can be reduced to the Sobolev
type operator-differential equation

Az™ = B, 12"V + .+ Byx +y + Cu, (3)

where the operators A, B,,_1, ...,By € L(X;9), C € L(;Q)), the functions u : [0,7) C
Ry—4 y:[0,7) CRy - (7 < o0).
Consider the Showalter — Sidorov conditions

P (z"™(0) - 2,,) =0, m=0,n— 1, (4)

where P is a spectral projector in space X. Therefore the optimal control problem is to
find a pair (#,4), where & is a solution to (3), (4), and the control @ € .4 satisfies the
relation

J(z,4) = min J(x,u). (5)

(z,u)eXxUgq
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Here J(x,u) is the penalty functional, (.4 is a closed and convex set in the control space
.

The paper [3]| proves the existence and uniqueness of a strong solution and optimal
control of solutions to problem (3), (4). Based on these results, this article proposes an
algorithm for finding optimal control of solutions to the Showalter — Sidorov problem for
the model under consideration. The Showalter — Sidorov conditions are a generalization
of the Cauchy conditions [4]. The paper [5| proposes a numerical algorithm for finding a
solution to the optimal control problem for linear Sobolev type equation of the first order.
Further it was developed in [6 — 11].

1. Numerical Algorithm

Based on the obtained theoretical results, we develop and implement in Maple 15.0 an
algorithm for finding optimal control of solutions to the Showalter — Sidorov problem for
the model of ion-acoustic waves in plasma in an external magnetic field. The program uses
the phase space method [12, 13|, the modified Galerkin method, and the Ritz method.
Describe an algorithm of the numerical method. The block diagram of the algorithm of
the numerical method is shown in Fig. 1.

Step 1. Enter the coefficients of the equation of ion-acoustic waves in plasma A, A\q, «,
the number of terms of the Galerkin sum N, the number of terms in the form of optimal
control components M, initial values g, x1, x2, 3, the lengths of the segments a, b, ¢ on
which the solution is sought and the time interval ¢ € [0, 7].

Step 2. In the cycle, compile the required approximate solution x(sy,$s,ss,t)
in the form of the Galerkin sum Zgj’kzl a;j(t) sin 2L gin 7252 gip Thss - gnq
compile the approximate control wu(si,ss,s3,t) in the form of the Galerkin sum
Z%,kz:l w;jn(t) sin TEL gin 782 gipy Thss

Step 3. Based on the entered data, generate a differential equation with respect to
unknowns a;;x(t) and w;jx(t).

Step 4. In order to find the components w;;x(¢) of optimal control, represent them in
the form

wijr(t) = u(0) + Mt + Z cx sin (W?lt) (6)

T
=1

based on the Ritz method.

Step 5. Multiply the generated differential equation by functions ¢;;x, i = I,N,j =
1,N, k=1, N. Obtain a system of differential equations for the coefficients of the Galerkin
approximation of the solution x(s, sq, s3,1).

Step 6. Begin the cycle by ¢, j, k from 1 to N.

Step 7. Check if A\ belongs to the spectrum of the Laplace operator.

If step 7 is true, then go to step 8, overwise go to step 12.

Step 8. Check if A = \ji.

If step 8 is true, then go to step 9, overwise go to step 10.

Step 9. Solve an algebraic equation for a;jx(t).

Step 10. Using the Showalter — Sidorov conditions obtain two initial conditions for the
components of the solution.
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Enter the coefficients
of the equation, the number
of Galerkin approximations N,
the number of terms M
in the form
of optimal control components

Represent the solution in the
form of Galerkin sum

v

Substitute the solution
into the equation

Represent the control
components in the form of
Galerkin sum

Take inner product of
equations by eigenfunctions

Generate an initial condition
for the corresponding
equation

y

Solve the Homogeneous
Differential Equation
with the corresponding
initial data

Fig. 1. The block diagram

i
Y

yes

Substitute the found Galerkin
coefficients into an
approximate solution

A

Enter the penalty functional
and the target state of the
system

Construct a closed convex
set in the space of controls

Find the minimum of the
functional on the admissible
set in the space of controls

Construct the solution to the
optimal control problem

Solve the corresponding
algebraic equation

of the algorithm for the numerical solution of the problem
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Step 11. Solve of the differential equation of the second order for the current number
i, J, k.

Step 12. Using the Showalter — Sidorov conditions obtain four initial conditions for
the components of the solution.

Step 13. Solve of the differential equation of the fourth order for the current number
i, J, k.

Step 14. End of cycle by 1, 7, k.

Step 15. Assign the planned observation, construct the penalty functional J. Substitute
the solution of the system of equations into J.

Step 16. Construct a closed and convex subset of admissible controls as a restriction
on u;j(t).

Step 17. Determine the minimum point of the functional J in terms of the coefficients
in the control components.

Step 18. Substitute the coefficients into optimal control (s, t) and solution Z(s,t).

Step 19. Display the graphs of projections functions of the solution #(sy, 9, s3,t) and
the optimal control a(sy, $2, 83, 1).

The calculations were made in a computer math system Maple 15.0. The program
allows

e to find Galerkin approximations of the solution to the equation of ion-acoustic waves
in plasma;

e to take into account the Showalter — Sidorov conditions;
e to find a solution to the optimal control problem (a couple of functions (z,u));
e to find the minimum value of a given functional;

e to plot the obtained numerical solution.

At the first stage of the implementation of the algorithm, the generation of the equation
of ion-sound waves in plasma, the form of the solution x(si,ss,ss3,t) and the optimal
control u(sy, sq, s3,t) are carried out using the cycle for(). At the second stage of the
algorithm, the inner product formula is used. At the third stage, the initial values are found
from the Showalter — Sidorov conditions as the coefficients of the functions z9(s1, s2, s3),
29 (s1, S2, 83), ¥3(s1, S2,83), 29(s1, $2, s3) in their expansions in the eigenfunctions {w;jx},
the functional and components of optimal control are compiled. The resulting system
of equations is analytically solved with the initial conditions by connecting the PDFEtools
package using the Solve() procedure. At the fourth stage of the program, on a given closed
and convex subset of admissible controls, minimum point of the functional as a function
of several variables is found by using the package Optimization namely the procedure
Minimize(). Then the components of functions z(s1, $2, 83, 1), u(s1, S2, $3,t) are displayed.

2. Computational Experiment

The following examples illustrate the operation of the program. For convenience and
clarity, the below computational experiments were considered on interval (0, ), since in
this case the eigenfunctions of the Dirichlet problem for the Laplace operator have the
simplest form. In the first example, we consider the solution to the problem in the case

when A € o(A).
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Example 1. [t is required to ﬁnd a solution to (3), (4) in [0, 7] x [0, 7] x [0, 7] for
the given coefficients A = 25,)\’— ,a=2N=2M=2,a=b=c=m.
Consider the Showalter — Sldorov conditions

< QOkafE(Sla 592, 8370) - xkz(sla 52, 83) >= 07 k= 07 37 (7>

where

xo(81, S2, $3) = sin (1) sin (sg) sin (s3),

x1(s1, S2, 83) = %sin (s1)sin (s2) sin (s3),
To(S1, S2, S3) = —% sin (s1) sin (s2) sin (s3),

x3(81, S2, $3) = sin (s1) sin (s2) cos (s3).

The eigenfunctions are ¢;;, = sin (is1)sin (jso) sin (ks3), s1 € [0, 7], s € [0, 7], 53 €

[0, 7], so
2

x(Sl, 52, 53, t) = Z aljk(t) sin (isl) sin (jSQ) sin (k83)7 (8>

irj k=1
2
u(sy, S2, S3,t) = Z wijk(t) sin (is1) sin (js2) sin (ks3). 9)
irj k=1
Substitute (8), (9) into equation (1) with condition (7) and obtain a system of
differential equations consisting of 8 equations with 32 conditions derived from (7).
Construct the penalty functional and set the desired state of the system
- 2 . .
Z(t) = —sin (1) sin (sg) sin (s3)
™
. 2
and the subset of admissible controls i, = {u € £ : 377, uZ () < 1} and get the
solution to the problem.

=

52

=

\\\\“

S 1 \ \\"ll' .;\\\ ““
"\!.‘-

ik

s

Fig. 2. The graphs for (sy, 52, %,0) and 2(sy, 52, %, 1)

The solution graph for fixed variables s3 = § and t = 0 or ¢ = 1 is shown in Fig. 2,

and the graph of the control function is given in Fig. 3.
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Fig. 3. The control function graph 4(s1, sg, §,0)

The minimum value of the functional .J,,;,, = 31, 07.

Example 2. It is required to find a solution to (3), (4) in [0, 7] x [0,7] x [0, 7] for
the given coefficients A\ =N = —-12,a =2, N =2, M =2, a=b=c=.
Consider the Showalter — Sidorov conditions

< QOk:afE(Sla S2, 8370) - xkz(sla 52, 83) >= 07 k= 07 37

where
xo(81, S2, 83) = — sin (s1) sin (s2) sin (s3),
x1(81, S2, $3) = sin (s1) sin (s2) sin (s3),
(1, $2, 83) = 15 Sin (s1) sin (s2) sin (s3),
x3(s1, S2, $3) = %sin (s1)sin (s9)sin (s3).

The eigenfunctions are ;;;, = sin (is;)sin (jsq)sin (kss), s1 € [0,7],s2 € [0, 7], s3 €
0, 7], so

2
x(s1, S2, S3,t) = Z aijk(t) sin (isq) sin (jsq) sin (kss3),

i,j,k=1
2
u(sy, S, 83,t) = Z wijk(t) sin (is1) sin (js2) sin (ks3).
i k=1

Since A = XN = A9 = —12, after substitution we get a system consisting of 7
differential equations and 1 algebraic equation

1 1 1
Q9292 = —C21 + —Co2 + <Ca3.

8 8 8

Construct the penalty functional and set the desired state of the system

Z(t) = sin (s7) sin (s2) cos (s3)
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and the subset of admissible controls

2
Uog = {u e il Z ug(t) <1}

1,5,k=1

get the solution to the problem.
The solution graph for the fixed variables s3 = § and ¢ = 0 or ¢t = 1 is shown in Fig. 4,
and the graph of the control function is given in Fig. 5.

A
Tl
ol oty
A
A
A

o

° i
A
a:.o.t::g:.::‘tg\
i
s

Fig. 5. The control function graph (s, s2, %,0)

The minimum value of the functional J,,;, = 32, 89.
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YN CJIEHHOE PEHNIEHUE 3A/TAYY OIITUMAJIBHOI'O
YIIPABJIEHU A OJ1d MOJEJIN JIMHENHBIX BOJIH
B IIJTASME

A. A. Bamviwasesa, O. H. I[vinaenxosa

B crarbe paccMOTpeHO ONTHMAJIBHOE YIIPABJIEHHE B MATEMATUIECKON MOJIeIN HOHHO-
3BYKOBBIX BOJIH BO BHEIITHEM MArHUTHOM moJie. JIjis JaHHON MOJiesid Ha OCHOBE TeopeThde-
CKHUX Pe3yJIbTATOB ObLII pa3pabOTaH aJrOpUTM JIJIsi YUCJEHHOTO PEIeHus 3a/1a91, OCHOBAH-
HBII Ha MOauUIMPOBaHHOM MeToe ['amepkuna n metoae Purma. MunnMmyM GyHKIIHOHATA,
OIIpeJIeJIsieTCsl KaK MUHUMYM 110 KO3 UIMeHTaM B KOMIIOHEHTaX yIIpaBjeHus. AJIropurM
peaym3oBan B cpejge Maple. [Ipu momomu pa3paboTaHHON IPOrpaMMbl IIPUBEIEH PE3YJib-
TaT BBIYUC/IUTEIBHOIO SKCIepuMenTa. MaremMarudeckas MOJIE/Ib, PACCMOTPEHHAsI B CTaThe,
BriepBbie ObL1a momydena 0. 1. Tliernepom.

Karouesvie crosa: ypasHnerus coboae8CK020 MUNG 8bLCOK020 NOPAIKA; MOOEAD AUHETHDIT
B0 8 NAA3ME; ONMUMAALHOE Ynpasaerue; memod [arepkuna; wuciennoe pewenue.
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