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An optimal control problem for the higher order Sobolev type equation with a relatively
polynomially bounded operator pencil is considered. The existence and uniqueness of a
strong solution to the Cauchy problem for this equation are proved. Sufficient conditions
for the existence and uniqueness of an optimal control of such solutions are obtained.
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Introduction

Consider the complete Sobolev type equation of higher order
Az™ = B, 12"V 4+ 4 Bz +y + Cu, (1)

where the operators A, B, 1,...,By € L(%;9), C € L(i;9), the function
u:[0,7) CRy =4 y:[0,7) CRy — Y (7 < 00), X,2 and U are some Hilbert spaces.
Consider the Cauchy problem

2™ (0) =z, m=0n—1 (2)

We are interested in the optimal control problem of finding of a pair (&, @), where & is
a solution to problem (1), (2), and the control @ belongs to .4, and satisfies the relation

J(Z,0) = ming uyexxu,,J (T, u). (3)

Here J(z,u) is some specially constructed performance functional, where &, is a closed
convex set in the space L of controls.

First the study of optimal control problems for linear Sobolev type equations was
engaged by G.A. Sviridyuk and A.A. Efremov [1]. Optimal control of solutions to the
Cauchy problem for linear Sobolev type equations was considered in [2]|. This research was
continued by disciples of G.A. Sviridyuk including N.A. Manakova [3], A.V. Keller [4] and
etc. The results by A.A. Efremov initiated the study of controllability issues for Sobolev
type equations [5]. Other aspects of controllability of Sobolev type equations were studied
in [6].

1. Polynomially A-bounded operator pencils and projections
By B denote the pencil formed by the operators B,,_1, ..., By.
Definition 1. The sets

p*(B) ={peC: (u"A—p" "By —...— uBy — By) ' € L(; %)}
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and o*(B) = C\p*(B) are called the A-resolvent set and the A-spectrum of pencil B,
respectively.

Definition 2. An operator function
Rﬁ(é) = (WA= p"'Byy—...— puBy — By)™!
of a complex variable p with domain pA(E) is called A-resolvent of pencil B.

Definition 3. An operator pencil B is said to be polynomially bounded with respect to
operator A (or simply polynomially A-bounded), if there exists a € Ry such that for each
p € C the inequality (|u| > a) implies the inclusion (Ry(B) € L(); X)).

Introduce the additional condition

/umRﬁ(é)du =0,m=0,n-—2, (A)
R

where the contour v = {u € C: |u| =71 > a}.

Lemma 1. [2] Let a pencil B be polynomially A-bounded, and let condition (A) be satisfied.
Then operators

I P By ey
P = [ Bi(B)p" Adp, Q= 5— /u AR, (B)dp
v vy

are projections in spaces X and %), respectively.
Set X = ker P, 9" = ker@Q, X! = im P, 9! = im Q. It follows from Lemma 1 that

X=X"ax!, 9=9"@'. By A* ((BF), respectively,) denote the restriction of the
operator A ((B;), respectively,) to X, k=0,1; [ =0,n — 1.

Theorem 1. [7] Let the assumptions of Lemma 1 be satisfied. Then
(i) A" € LX), k=0,1;
(ii) BF e L(XF;9F), k=0,1,1=0,1,...,n—1;
(iii) there exists an operator (A)™1 € L(YH X1);
(iv) there exists an operator (BY)™' € L(Y; X).

Let us construct the operators Hy = (BJ)™'A° H,, = (BJ)~'B°

nems M = 1,n—1,
Sp=(AYIBL m=0,n—1.

Definition 4. Introduce the family of operators {K;, Kg, .., K7} as follows:

K;=0,s#n Ky =1, K| =Hy, K}=—-H, 4,...,K{ = —lHnH,s,...,K{I =—H,
K(:IL — _[((?71]?07 K(? — Kéfl - K;l—lHn—:l) ey K; — K(’;:l - K;l—lHn-f—l—S) ey
K=K} —K!' \H,q=2,3,...

Definition 5. A point oo is called: B
(i) a removable singularity of A-resolvent of pencil B,jf Kl=K!=...=K!=0;
(ii) a pole of order p € N of A-resolvent of pencil B, if K, # O, for some s, but
K, 1 =0 forany s;
(i) an essentially singular point of A-resolvent of pencil B if K} # O for any p € N.
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2. Strong solutions

Consider linear homogeneous Sobolev type equation
Az™ = B, 12"V 4+ ..+ Byz. (4)

Let a pencil B be polynomially A-bounded, and let condition (A) be satisfied. Fix a
contour v = {u € C: |u| =7 > a} and consider family of operators for all ¢t € R

1

271
¥

X! = RAB)(p" ™A — " 2B,y — ... — By ey,
where m =0,n — 1.

Lemma 2. [7/ (i) For every m = 0,n— 1 operator function X! is a propagator of

equation (/).
(i1) For every m = 0,n — 1 operator function X! is an integer function.

(iii)

O, 1 # m;

:{p,l:m, forallm:m’l:(),l,....
t=0

Definition 6. A set P C X is called a phase space of equation (4), if
(i) every solution x = x(t) of equation (4) lies in P, i.e. z(t) € PVt eR.
(ii) for an arbitrary x,,,m = 0,n — 1 € P there exists a unique solution to problem (2),

(4).

Theorem 2. [7] Let a pencil B be polynomially A-bounded, condition (A) be satisfied and
oo be a pole of order p € {0} UN of A-resolvent. Then the phase space of equation (4)
coincides with the image of projector P.

Proceed to linear inhomogeneous Sobolev type equation
Az™ = B, 12"V 4 4 Byz + . (5)

Consider sets

p dl+m

=0

where m = 0,n — 1.

Theorem 3. [7] Let a pencil B be polynomially A-bounded, condition (A) be satisfied and
o0 be a pole of order p € {0} UN of A-resolvent. Let a vector functiony : (—7,7) — ) be
such that y* = (I — Q)y € CP*"((—7,7);Y°) and y* = Qy € C((—7,7);Y'). Then for an
arbitrary x,, € M7, m = 0,n — 1 there exists a unique solution to problem (2), (5) for
t € (—7,7) given by

p q
—ZK;(BS)—l%yO(t Xt xh +/Xt S (AN Tyl (s)ds. (6)
q=0
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Definition 7. A wvector function v € H™(X) = {x € Ly(0,7;X) : 2™ € Ly(0,7;X)}
is called a strong solution to equation (5), if it makes the equation an identity almost
everywhere on interval (0, 7). A strong solution x = x(t) of equation (5) is called a strong
solution to problem (2),(5) if condition (2) holds.

This is well defined by virtue of the continuity of the embedding
H™(X) <= C™ ([0, 7]; X). The term "strong solution" has been introduced to distinguish
a solution to equation (5) in this sense from solution (6), which is usually said to be
"classical". Note that classical solution (6) is also a strong solution to problem (2), (5).

Let us construct the spaces

HP() = {v € Ly(0,739) : v € Ly(0,7:9),p € {0} UN}.
The space HP™"(9)) is a Hilbert space with inner product

ptn

(v, w] = Z/O <U(Q),w@>@ dt.
q=0
Let y € HP™™(%)). Introduce the operators
P q
Ay(t) = — ZOKQ(BS’)”;%?JO@),

q:

t

AQy(t) - fXth_—Sl(Al)ilyl(S)d&t € (_7—7 T)
0

and the functions

i
L

k(t) = X! x

1
mem*
0

3
Il

Lemma 3. Let a pencil B be polynomially A-bounded, and condition (A) be satisfied.
Then

(i) Ay € L(HP™(); H"(X));

(i) for an arbitrary x,, € MF, m =0,n — 1, vector-function k € C"([0, 7); X);

(iii) Ay € LIHP™(Y); H™(X)).

Theorem 4. Let a pencil B be polynomially A-bounded, let condition (A) be satisfied.
Then, for an arbitrary x,, € M}, m =0,n—1 andy € HPT™(Q)) there exists a unique
strong solution to problem (2), (5).

3. Optimal control

Consider the Cauchy problem (2) for linear inhomogeneous Sobolev type equation
(1), where functions z, y, u lie in the Hilbert spaces X, ) and i, respectively.
Introduce the control space
o pt+n

H (ﬂ) = {’LL € LQ(OaT;ﬂ) : u(ern) € LQ(OaT;ﬂ)7 u(q)(o) = 07 q= Oap}a
p € {0} UN. It is a Hilbert space with inner product

ptn

W] = ’ @ @Y qt.
[v, w] ;/o <U w >@
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o ptn o ptn
In the space H (i) we single out a closed convex subset H, (i), which is called

the set of admissible controls.

o ptn
Definition 8. A vector function i € H, () is called an optimal control of solutions to

problem (1), (2), if relation (3) holds.

o p+n
Our aim is to prove the existence of a unique control & € H, (), minimizing the

performance functional

p+n

J(z,u) = ,uZ/ 2@ — 792t + I/Z/ <Nqu(‘1),u(q)>u dt. (7)
q=0"0 q=0"0

Here p,v > 0, p+v =1, N, € L(Y), ¢ =0, 1, ..., p+ n, are self-adjoint positively
defined operators, and Z(t) is the target state of the system.

Theorem 5. Let the assumptions of Theorem 4 be satisfied. Then for an arbitrary
T €MP, m = 0n—1and y € HPT™(9)) there exists a unique optimal control of
solutions to problem (1), (2).

Proof.
By Theorem 4, for an arbitrary y € HP*"(2)), x,, € X, and u € HP™™(4) there exists
a unique strong solution x € H"(X) to problem (1), (2), given by

w(t) = (A1 + A2)(y + Cu)(t) + k(1), (8)

where the operators Ay, As and the vector function k are defined in Lemma 3.

Fix y € HP*"(9) and z,, € X, and consider function (8) as a map D : u +— z(u). The
map D : HPT"(4) — H™(X) is continuous. Therefore, the performance functional depends
only on u : J(z,u) = J(u).

We write out functional (7) in the form

J(u) = [lz(t,u) — i’”?qn(x) + [v, ],
where v (t) = Nu@(t), ¢ =0,...,p+n. Hence it follows that
- 2
J(u) = m(u,u) — 2M(u) + [|7 — z(t, O)HHn(x) )

where
ﬂ-(uau) = H.CE(t,u) - l’(t, 0)”?—["(%) + [Uau]

is a bilinear continuous coercive form on H?™™(4) and
)‘(u) = <'i' - .T(t, O)7 l'(t, u) - l’(t, 0)>H"(%)

is a linear continuous form on HP™™(4l). Therefore, the assumptions of theorem in [8, p. 13]
are satisfied. The proof of the theorem is complete.

O
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