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The article considers the preprocessing stage of nonlinear parameter estimation. The
original data is generated from the Lorenz system, and the measurements are corrupted
by an additive noise. Preprocessing of measurements is based on the application of
singular spectrum analysis (SSA). The algorithm decomposes time series into additive
components. SSA allows to extract components with different dynamics, such as trend,
periodic components and noise. In this way, SSA can be used to filtering the measurements.
The only parameter of the algorithm is the window length that controls the smoothing
level. It is important to choose a proper window length to minimize the error, which defines
the difference between the original and the filtered data. Numerical simulations shows that
the dependence of the error on the window length has a single minimum, and the optimal
values are different for each series of measurements.
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Introduction

Nonlinear dynamical systems are used for time series modelling and forecasting
in natural science, engineering and economics [1]. In all of these fields, the main
computational problem is the estimation of the model parameters from experimental
data [2]. This article considers the parameter estimation problem for the Lorenz system,
which is one of the most widely studied examples of deterministic chaos [3]. The Lorenz
system is described by the following equations:

ẋ1(t) = −p1x1(t) + p1x2(t),

ẋ2(t) = p2x1(t)− x2(t)− x1(t)x3(t),

ẋ3(t) = −p3x3(t) + x1(t)x2(t),











(1)

where xi(t), i = 1, 2, 3 are the state variables, and pi, i = 1, 2, 3 are the model parameters.
Originally, the system (1) was derived from a model of convection in the atmosphere. But
in the past decade, the Lorenz system has been successfully used for secure communication
and image encryption [4].

To describe the estimation problem, consider the state space representation of the
nonlinear system:

ẋ(t) = f(x(t),p), (2)

where x(t) ∈ R
nx is the state vector, and p ∈ R

np is the vector of model parameters. It
is assumed that the parameter vector p is unknown and the measurements of the state
vector are corrupted by additive noise:

yk = xk + vk, k = 1, 2, . . . , N. (3)
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In this notation, xk ∈ R
nx is the state vector at discrete time step k, yk ∈ R

nx is the
measurement vector, vk ∈ R

nx is the noise vector, and N is the number of measurements.
In the following numerical simulations, the fourth-order Runge-Kutta method is used to
obtain the discrete outputs xk, k = 1, 2, . . . , N of the system (2) [5]. The problem is to
find the unknown parameter vector p from measured data (3). Various techniques have
been proposed for parameter estimation of nonlinear systems [2]. Since the accuracy of
the estimation depends on the noise level, it is possible to improve the results by filtering
the measurements.

This article considers preprocessing of measurements using singular spectrum analysis
(SSA), which is a useful tool for time series analysis [6, 7, 8]. In [9, 10] SSA was
applied to the analysis of time series from the Lorenz system (1). Since the input of
the SSA is a one-dimensional data, the algorithm is independently applied for each series
yi,k, k = 1, 2, . . . , N of measurements. The algorithm decomposes time series into additive
components. It is assumed that the filtered data x̃i,k, k = 1, 2, . . . , N is the first component
that corresponds to the largest singular value of the trajectory matrix. The only parameter
of the algorithm is the window length L that defines the dimension of the trajectory matrix
and controls the smoothing level. Since the aim of preprocessing is not only to reduce the
noise level, but also to minimize the difference between the original and the filtered data,
it is important to choose a proper window length.

1. The Algorithm of SSA

Consider a one-dimensional time series yk, k = 1, 2, . . . , N . As mentioned above, the
only parameter of the algorithm is the window length L, such that 1 < L < N .

Step 1 (Embedding of time series). The result of embedding is the trajectory matrix

Y =











y1 y2 . . . yN−L+1

y2 y3 . . . yN−L+2
...

...
. . .

...
yL yL+1 . . . yN











. (4)

Step 2 (Singular value decomposition). Consider the matrix

S = YYT.

The matrix S can be presented as follows:

S = UΛUT,

where U is the matrix of eigenvectors ui, i = 1, 2, . . . , L, and Λ is the diagonal matrix of
the corresponding eigenvalues λi, i = 1, 2, . . . , L. It is assumed that the eigenvalues are
ordered by decreasing value:

λ1 ≥ λ2 ≥ . . . ≥ λL ≥ 0.

Let n ≤ L be the number of non-zero eigenvalues. The singular value decomposition of
the trajectory matrix (4) can be defined as

Y =
n

∑

i=1

Xi, (5)
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where Xi is the elementary matrix given by

Xi =
√

λiuiv
T
i , vi =

YTui√
λi

, i = 1, 2, . . . , n.

Step 3 (Grouping). Consider the set I = {1, 2, . . . , n} of indices of the elementary
matrices. The result of grouping is disjoint subsets Ij ⊆ I, j = 1, 2, . . . , m such that

I =

m
⋃

j=1

Ij.

Let XIj be the sum of the elementary matrices Xi with indices from the set Ij:

XIj =
∑

i∈Ij

Xi.

Thus, singular value decomposition (5) of the trajectory matrix Y can be written as
follows:

Y =
m
∑

j=1

XIj . (6)

Step 4 (Diagonal averaging). Let A be the matrix of dimension L × M . Diagonal
averaging converts the matrix A into times series xk, k = 1, 2, . . . , N , where N = L+M−1.
The conversion is defined by the following equations.

If L < M then

xk =















































1

k

k
∑

i=1

ai,k−i+1, k = 1, 2, . . . , L,

1

L

L
∑

i=1

ai,k−i+1, k = L+ 1, L+ 2, . . . ,M,

1

N − k + 1

L
∑

i=k−M+1

ai,k−i+1, k = M + 1,M + 2, . . . , N.

If L ≥ M then

xk =















































1

k

k
∑

i=1

ak−i+1,i, k = 1, 2, . . . ,M,

1

M

M
∑

i=1

ak−i+1,i, k = M + 1,M + 2, . . . , L,

1

N − k + 1

M
∑

i=k−L+1

ak−i+1,i, k = L+ 1, L+ 2, . . . , N.

Diagonal averaging is applied to each matrix XIj of the decomposition (6). Thus, time
series yk, k = 1, 2, . . . , N can be decomposed into m additive components:

yk =

m
∑

j=1

x
(j)
k , k = 1, 2, . . . , N.
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2. Numerical Simulations

The aim of the numerical simulations is to evaluate the dependence of the difference
between the original and the filtered data on the window length. In order to obtain averaged
results, the tests are run 100 times. Each test consists of the following steps.

Step 1. The original data is generated from the Lorenz system (1) with the parameters
p1 = 10, p2 = 28, p3 = 8

3
. The fourth-order Runge-Kutta method is used with step size

h = 0.01 [5]. In the first test, the initial values are xi(0) = 10, i = 1, 2, 3. The first 100
outputs are considered as the transient states, and the next outputs are considered as the
original data. The number of measurements is N = 400. In the next tests, the time interval
is moved forward by 100 steps. (Fig. 1).

Fig. 1. Choosing the time intervals in the tests

Step 2. The measurements are defined by (3), where each coordinate of the noise
vector vk has normal distribution, zero mean and standard deviation σ = 4. The function
randn of Matlab is used as a pseudo-random number generator.

Step 3. SSA is independently applied for each series yi,k, k = 1, 2, . . . , N of
measurements. In the grouping step, the set I of indices is divided into two subsets I1 = {1}
and I2 = {2, 3, . . . , n}, which correspond to the trend and noise, respectively. The obtained
trend is considered as the filtered data x̃i,k, k = 1, 2, . . . , N (see examples in Fig. 2–4).
The difference between the original and the filtered data is evaluated by the mean-square
error defined as

δi =

√

√

√

√

1

N

N
∑

k=1

(xi,k − x̃i,k)
2
.

This step is performed for each value of L from 5 to 25. Thus, the result of a single test is
dependences of the errors δi, i = 1, 2, 3 on the window length L.

Fig. 5 shows the averaged results. The optimal values are L∗

1 = 11, L∗

2 = 9, L∗

3 = 8.
This values are used for the examples shown in Fig. 2–4.
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Fig. 2. Preprocessing of measurements of the coordinate x1,k

Fig. 3. Preprocessing of measurements of the coordinate x2,k

Fig. 4. Preprocessing of measurements of the coordinate x3,k
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Fig. 5. The dependences of the errors on the window length L (the results are averaged
over 100 tests)

Conclusion

In this article, SSA was applied to time series, which are measurements of the outputs
of the Lorenz system. It is assumed that the filtered data is the first components of
decompositions (SSA is independently applied for each series of measurements). The result
of the numerical simulations is the dependences of the errors, which defines the difference
between the original and the filtered data, on the window length L. It is shown that each
dependence has a single minimum, and the optimal values of L are different for each series.

SSA can be used for preprocessing of measurements to reduce the noise level. But it
is important to choose a proper window length, which provides the smallest difference
between the original and the filtered data. In addition, SSA has the following advantages.

1. The window length L is the only parameter of the algorithm.

2. The algorithm does not assume that the decomposition components must belong to
a certain class.

3. It allows to extract components with different dynamics, such as trend, periodic
components and noise.

4. SSA can be applied to short time series (N < 100).

The work was supported by Act 211 Government of the Russian Federation, contract
no. 02.A03.21.0011.
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ПРИМЕНЕНИЕ СИНГУЛЯРНОГО СПЕКТРАЛЬНОГО
АНАЛИЗА ДЛЯ ПРЕДВАРИТЕЛЬНОЙ ОБРАБОТКИ
ИЗМЕРЕНИЙ В ЗАДАЧЕ ОЦЕНИВАНИЯ ПАРАМЕТРОВ
СИСТЕМЫ ЛОРЕНЦА

П. Е. Оликер, А. С. Шелудько

В статье рассматривается этап предварительной обработки измерений в задаче
оценивания параметров нелинейной модели. Исходные данные являются реализацией
системы Лоренца, а измерения – результатом добавления аддитивных ошибок. Предва-
рительная обработка измерений основана на применении сингулярного спектрального
анализа (SSA). Результатом алгоритма SSA является разложение временного ряда на
аддитивные составляющие. Алгоритм позволяет выделять составляющие с различной
динамикой (тренд, периодические колебания, шум), и, таким образом, может быть
использован для фильтрации измерений. Единственным параметром алгоритма SSA
является длина окна, которая определяет степень сглаживания. При этом важно вы-
брать оптимальную длину окна, которая минимизирует отклонение данных, получен-
ных после фильтрации, от исходных. Результатом проведенных вычислительных экс-
периментов является график зависимости отклонения от длины окна. Показано, что
данная зависимость имеет единственную точку минимума, а оптимальные значения
длины окна различны для каждой серии измерений.

Ключевые слова: сингулярный спектральный анализ; фильтрация временных ря-

дов; нелинейная система.
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