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The aim of this paper is to tabulate all prime not oriented links in the thickened surface
of genus 2 having diagrams with no more than 4 crossings. A preliminary set of diagrams is
constructed based on the table of prime link projections in the surface of genus 2. In order
to remove duplicates and prove that all the rest links are not equivalent, as well as to prove
that all tabulated links admit no destabilisations, we use an invariant called the Kauffman
bracket frame, which is a simplification of the generalized Kauffman bracket polynomial.
The idea of the invariant is to consider only the values and order of coefficients and do not
take into account the powers of one of the variables. Finally, we prove that each tabulated
link can not be given by a connected sum under the hypothesis that the sum of complexities
of the terms that form the connected sum is not more than the complexity of the connected
sum.
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Introduction

In the knot theory, one of the oldest and the most important problems is to recognize
a knot (or a link), i. e., to associate the considered object with a unique tabulated one.
This problem involves the problem on complete classification of knots and links ordered
taking into account some their properties. Most of the classifications obtained during last
150 years are devoted to classical knots and links, see [12, 19, 6]. Today, developing of
the theory of global knots and links leads to tabulation of knots and links in manifolds
different from the 3-dimensional sphere. However, in contrast to the case of knots and links
in the 3-dimensional sphere, there is a gap between global knots and links in the sense of
tabulation. In order to show this gap, compare presence of classifications of global knots
and links.

As regards tabulation of global knots, note that knots in the solid torus [9] and the
thickened Klein bottle [18], as well as prime knots in the lens spaces [10] are tabulated.
In the knot theory, recent classifications consider only the so-called prime objects, which
can not be obtained by some known operations from already tabulated objects. Knots
in the thickened surfaces and virtual knots have been of particular interest during last
20 years. Hence, some classifications of such knots were also obtained. In particular, the
works [11, 20] present perfect classifications of virtual knots ordered taking into account
the number of classical crossings and obtain a list of some characteristics of each knot.
However, in these classifications, such important properties of a knot as primality and

20 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

genus are not taken into account. Recall that genus of a virtual knot is the minimal genus
of the thickened surface which can contain the considered knot. We propose to tabulate
virtual knots with respect to both numerical characteristics, i. e. not only the number
of classical crossings as usual, but also the genus of a knot, see the articles [1, 5| for
classifications of prime knots in the thickened torus and the thickened surface of genus 2,
respectively. In a sense, such classifications can be considered as classifications of prime
virtual knots of genus 1 and 2, respectively.

As regards tabulation of global links, note classifications of links in the projective
space |7] and prime links in the thickened torus [2, 3]. Also, note a classification of virtual
links of special type, namely, alternating virtual links [21], see also [22] for the associated
database, which include alternating virtual knots as well.

In this paper, we tabulate prime not oriented links in the thickened surface of genus
2. Namely, we obtain a table of prime diagrams, i.e. classification of prime links, based on
the result of the first step [4], i.e. a classification of prime link projections in the surface
of genus 2 having no more than 4 crossings. Following [5], we apply the Kauffman bracket
frame § () at the steps devoted to cancellation of duplicates and proof of the fact that
all the rest links are not equivalent and admit no destabilisations and representations as
connected sums. Such an invariant is obtained as a simplification of the surface bracket
polynomial (-) [8], which generalises the Kauffman bracket [14] (see also [13] for the original
version called the Jones polynomial). The idea of the invariant is to consider only the values
and order of coefficients and do not take into account the powers of one of the variables.
Finally, we show that each tabulated link can not be given by a connected sum under the
hypothesis that the sum of complexities of the terms that form the connected sum is not
more than the complexity of the connected sum.

The paper is organized as follows. In Section 1, we present some background material.
Section 2 is devoted to a definition of the Kauffman bracket frame § (-) [5]. In Section 3,
we present main steps of the tabulation of prime links in the thickened surface of genus
2 and prove the main theorem that there exist no more than 38 pairwise not equivalent
prime such links having diagrams with no more than 4 crossings.

1. Background Material

Let T and T, be a 2-dimensional torus and a 2-dimensional surface of genus 2,
respectively. Further, for shortness, we omit the words «a 2-dimensionals.
We call a simple closed circle C' C Ty cut, if the complement T5\C' consists of two
components, and not cut, if the complement 75\C' consists of the unique component.

& S -

(a) (b)

Fig. 1. (a) A surface T, endowed with oriented pairs «meridian-longitude» of its handles, (b)
destabilization of the surface T5 of genus 2

For any oriented not cut circle C' C T, and two fixed oriented pairs «meridian-
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longitude» of handles of the surface 75 (within the paper, see Fig. 1(a)), the numbers
a and c (respectively, b and d) are calculated as intersection numbers of the circle C' and
the corresponding meridian (respectively, longitude) of the surface T5. Then the circle C
is associated with the ordered set of four numbers (a, b, c,d), where a,b,c,d are called
the coordinates of the circle C'. In a fix basis, i.e. for the fixed four circles, homology
classes of which form a basis in the first homology group (for instance, see Fig. 1(a)),
the homology class of the circle C' is uniquely defined by the coordinates of C'. Since
direction of orientation of C' is arbitrary, the coordinates (a,b, ¢, d) and (—a, —b, —c, —d)
are considered to be equal. The signs of the numbers a,b, c,d are positive, if the the
direction of orientation of C' coincides with the direction of the corresponding longitude
or meridian. Note that, in contrast to the case of the torus 7', where the greatest common
divisor gcd(a,b) = 1, there exist not cut circles such that ged(a,b) # 1 or ged(c,d) # 1.
For instance, we can consider the circle having the coordinates (2, 1,0, —2).

Consider a surface T, and an interval I = [0,1]. A 3-dimensional manifold
homeomorphic to the direct product T5 x [ is called a thickened surface of genus 2.

Denote by L C Ty x I an m-component link in 75 x I, which is defined as a smooth
embedding of m simple closed circles, which form a not connected 1-dimensional manifold,
in the interior of T5 x I such that the images of the circles do not intersect each other.
Note that 1-component link is said to be a knot. Two links Ly C T x [ and Loy C T x I
are called equivalent, if there exists a homeomorphism of 7" x I onto itself that takes L;
to L2.

As in the classical case, links in T, x I can be presented by their diagrams. A diagram
D C T, of alink L C Ty x I is defined by analogy with the diagram of the classical
link except that the link is projected into the surface T5 instead of the plane. For each
component of L, we refer to the part of D associated with this component as the component
of D.

Assume that D C T5 is a link diagram. A not cut circle C' C T5 is called a cancellation
circle for the pair (D, T3), if C' and D do not intersect each other. In order to perform
destabilization of the surface T5, it is sufficient to cut 7T, along a cancellation circle C' and
glue each obtained component of the boundary by a disk D?. Fig. 1(b) presents a torus T
as a result of destabilization of the surface 75 of genus 2.

Let us describe the following types of links in 75 x [ (compare with the types of link
projections in the surface T presented in [4] and types of knots in 75 x I presented in [5]).

A link L C T; x [ is called essential, if any diagram of L admits no destabilization. In
other words, any annulus A, which is isotopic to C' x I C Ty x I, where C' C T5 is a not
cut circle, has nonempty intersection with L.

A'link L C Ty x [ is called trivial, if L admits a diagram without crossings.

A link L C T, x I is said to be composite, if at least one of the following three
conditions (a), (b), or (c) is satisfied.

(a) L is a connected sum of an essential link L; C T, x I having m; components
and a nontrivial link L, C S® having m, components, which is defined by analogy with
the classical connected sum of two classical links in the 3-dimensional sphere S3. Namely,
in Ty x I (respectively, S3), remove an open 3-dimensional ball B3 that intersects L,
(respectively, Lo) by an unknotted arc. As a result, the link L; is transformed to the union
of a knotted arc and m; — 1 closed circles, ¢ = 1,2. Then, glue the resulting 3-dimensional
manifolds into one new 75 x I by a homeomorphism that identifies the obtained spherical
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boundaries such that endpoints of different knotted arcs are glued pairwise.

(b) L is a circular connected sum of essential links L; C Ty x I having m; components
and Ly C T x I having msy components, which is defined by analogy with the circular
connected sum introduced by S.V. Matveev in [17]. Namely, consider L; and L, to be such
that there exist annuli A; C Ty X I and Ay C T x I, where A; is isotopic to C; x I (here
C; is a not cut circle in T or T', respectively), and A; intersects L; transversally at exactly
one point, 1 = 1,2. Cut T3 x I along A; and T x I along Asy. As a result, the link L; is
transformed to the union of a knotted arc and m; — 1 closed circles, ¢+ = 1,2. Then, glue
the resulting thickened surfaces (a thickened torus 7° x I with two holes and a thickened
annulus A x I) into one new 75 x I by a homeomorphism that identifies the obtained
annular boundaries such that endpoints of different knotted arcs are glued pairwise.

(¢) L is a connected sum of two nontrivial links L; C 7" x [ having m; components
defined as follows. In each T' x I, remove a thickened disk D? x I, where D? C T, that
intersects a link by an unknotted arc. As a result, the link L; is transformed to the union
of a knotted arc and m; — 1 closed circles, ¢ = 1,2. Then, glue the resulting thickened
surfaces (two copies of a thickened torus 7° x I with a hole) into one new 75 x I by a
homeomorphism that identifies the obtained annular boundaries such that endpoints of
different knotted arcs are glued pairwise.

For all three cases (a), (b), and (c), note that one of two terms in the sum can be a
knot, since the result is a link anyway.

A link L C Ty x I is called split, if there exists an embedded surface in the thickened
surface Ty (a 2-dimensional sphere, a torus T, or a surface T5, which is parallel to the
boundary of T' x I'), which does not intersect L and cuts the thickened surface T into two
parts such that each part contains at least one component of L.

Alink L C T; x I is called prime, if L is essential, not composite, not split and contains
more than one component.

Let us explain the interest to tabulation of the prime links only. Indeed, nonessential
links correspond to links that are presented in already existing tables of links in the 3-
dimensional sphere S® [19], [6], thickened annulus A x I (solid torus), or thickened torus
T x I |?]. Here we note that today there exist no classification of links in the solid torus,
but, as well as in the case of knots, we consider the construction of such a classification as
an independent problem, which is beyond the scope of our interests in this article. In their
turn, composite links correspond to links, which can be obtained using already known
knots and links by connected sums described in types (a) — (¢). Finally, a split link can
be considered as a trivial union of already tabulated knots and links, while a link having
the unique component is a knot.

2. Kauffman Bracket Frame § (-)

Recall a definition of the Kauffman bracket frame § (-) [5] obtained as a simplification
of the surface bracket polynomial (-) proposed in [8], which generalises the Kauffman
bracket [14] (see also [13] for the original version called the Jones polynomial). The
Kauffman bracket frame § (-) is sufficient to prove that almost all tabulated links are
not equivalent, see Subsection 3.2. Moreover, in Subsection 3.3, we apply this invariant
as a tool to show both impossibility to realize any of tabulated links as a link in the
thickened surface having smaller genus and impossibility to represent any of tabulated
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links as a connected sum.

Assume that D C Tj is a diagram in the surface 75 of a link L in the thickened surface
T5 x I.

Following the rule presented in the center of Fig. 2(a), each angle of each crossing of D
is endowed with a marker A or B. Define each state s of the diagram D by a combination
of ways to smooth each crossing of D such as to join together two angles endowed with
the same markers, A or B, see Fig. 2(a) on the left and right, respectively. Obviously, for
the diagram D having n crossings, there exist exactly 2™ states of D.

PLLTS LN PRl PCLrS

> ’| A — smoothing ‘B/B' — smoothing :'\./‘:' :'V) :'1\7|‘:|
g ‘\(\ ‘\ \l ‘\/ 4

LS = Sum

JRLLN

~

e(i) =1,
(a) (b)
Fig. 2. (a) A- and B-smoothings of a crossing, (b) rules to define the sign (i) of the i-th crossing

Associate the union of disjoint not cut circles in each state s;, « = 1,2,3,...,2",
with a product of the corresponding variables y;, which take values in the coordinates
(aj,b;,cj,d;) of the not cut circles that form the union associated with s;, see Table 1.
Note that Table 1 includes only the coordinates (a;,b;,c;,d;) that are sufficient for the
links and basis considered in the present paper, while some new values of the variables y;
can be obtained when considering other links and / or basis.

Table 1

Values of the variables y; in terms of the coordinates (a;, b;, ¢;, d;) of not cut circles in T

(000 1) ylﬁ—(O 1,2,0) y31—(1 1 O 1) y46—(2 0 O 1)

(0 0,1 O) Y17 = (07 1,2, 1) Y32 = (17 1707 1) Yar = (2 0,1, - )
yg = (0 0, 1, 1) Y18 = (O, 1,2, 1) Y3z = (—1, 1,0, 1) Ya8 = (2, 1,0,0)
Ya = (0707 L, _1) Y19 = (07 1,2, 2) Y3a = (17 L,0, _2) Ya9 = (27 17070)
Ys = (070727 1) Y20 = (072 0, 1) Yss = (17 L, 170) Yso = (27 —1,0, 1)
Yo = (07 17070) Y21 = (0727 1, 1) Y36 = (17 -1, 170) Ys1 = (_27 1,0, 1)
Yyr = (07 1,0, 1) Y22 = (07 -2,2, 1) Ysr = (_17 1, 170) Ys2 = (27 L,0, 2)
Ys = (07 1,0, _1) Y23 = (1 07070) Y3s = (17 L1, 1) Ys3 = (27 1,0, 2)
Yo = (071707_2) Y24 = (170707 1) Y39 = (171717_1) Ysa = (2717171)
Y10 = (0717170) Y25 = (170707_1) Yao = (1717_17_1) Yss = (271717_1)
y11 = (0,1,-1,0) Y26 = (1,0,1,0) ya = (1,-1,1,1) Yse = (2,—1,1,1)
Y12 = (0717171) Y27 = (1707171) Ya2 = (17_1717_1) Ys7 = (27 1717_1)
yi3=(0,1,1,-1) yos = (—1,0,1,1) yas =(1,-1,-1,1)  yss =(2,-1,2,2)
Y14 = (07 1,-1, 1) Y29 = (17 17070) Yaqa = (17 17270) Ys9 = (27 -2,1, 1)
Y15 = (07 -1,1, 1) Yso = (17 _17070) Ya5 = (17 1,2, 1) Yoo = (27 —2,2, 1)

In order to calculate the generalised Kauffman bracket polynomial, it is necessary to
use the so-called writhe, which is defined for the oriented diagram only and is aimed to
catch the first Reidemeister move €1, i.e. addition and cancellation of a loop. Since our
aim is to tabulate not oriented link diagrams, then we consider orientation just as a tool
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to calculate the writhe. Therefore, we orient each component of the link diagram D in any
n

of two possible ways and define the writhe w(D) to be the sum w(D) = ) (i) over all
i=1

n crossings of D that are self-crossings of the components of D, where (1) is the sign of

the i-th crossing of D defined by the rules presented in Fig. 2(b). Note that, in order to

calculate the writhe w(D), we use an arbitrary orientation and consider only self-crossings

of the components, because €2, is not defined for crossings that are intersections of different

components.

The formula of the generalised Kauffman bracket polynomial is the following:

2n
X (D) = (_&>—3w(D) Z aa(si)—ﬂ(si)(_&2 _ a_2)’7(5i) Hyjj(&)' (1)
=1

J

Here a(s;) and 3(s;) are the numbers of markers A and B in the given state s;, while 7(s;)
is the number of cut circles in the surface obtained by smoothing according to the state s;,
and d;(s;) is the number of not cut circles having the coordinates (a;, b;, ¢;, d;) associated
with the variable y;, see Table 1. The sum is taken over all 2" states.

We order terms of (1) in nondecreasing order of the powers of the variable a and collect

terms having the same power of the variable a, i.e. represent (1) as > P,,a™, where P,, is

a polynomial in the variables y;. Then, we associate the polynomial (1) with an ordered
set of nonzero polynomials P, in the variables y;, which is called the Kauffman bracket
frame § (+) [5]. For instance, X (D) = —a™2ygy — 2a"3y19 — a By3y; — a Cy,yr is associated
with § (D) = (—ve2, —2y12 — Ysy7, —Yay7)-

We call the Kauffman bracket frames §(D;) and §(Ds) inverted to each other, if
the elements of § (D;) are the corresponding elements of § (D), where the polynomials
P, are taken in reverse order. Such a transformation of the Kauffman bracket frames is
said to be an inversion. For instance, § (D7) = (—¥e2, —2y12 — Y3Y7, —Yay7) is inverted to
§ (D2) = (—yay7, —2y12 — Y3Y7, —VYe2)-

By analogy with Lemma 1 [5], the following statement can be proved.

Lemma 1. The Kauffman bracket frame § () considered up to inversion, multiplication
by —1, and changes of variables y; (in the last case, some new values of the variables
y; are available) associated with changes of the corresponding the coordinates of not cut
circles in the surface Ty generated by orientation preserving homeomorphisms of Ty is an
wnvariant of links in the thickened surface Ty x I of genus 2.

3. Table of Prime Links
Theorem 1. In the thickened surface of genus 2, there exist no more than 38 pairwise not
equivalent prime links having diagrams with no more than 4 crossings, see Fig. 3.

Subsections 3.1 — 3.3 describe three steps of the proof of Theorem 1.

3.1. Construction of a Preliminary List of Diagrams on Prime Projections

Each projection obtained in [4] is converted to the set of corresponding diagrams
by enumeration of all possible ways to replace each crossing of a projection by either an
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428 429 430 431
439 433 434 435
436 437

Fig. 3. Diagrams 31, 4; — 437 of prime links in the thickened surface T x [

over- or undercrossing of a diagram. It is easy to see that each projection with n crossings
leads to 2™ diagrams. Therefore, direct construction by tabulated 14 projections [4] leads
to 23 + 14 - 2* = 232 diagrams. However, such enumeration is significantly reduced by the
following ideas, see [1] and [2].

First, any diagram is converted to the equivalent one by simultaneous switching of all
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crossings. Therefore, the set of diagrams on the projection is halved by fixing the type of
a crossing of each projection.

Second, both crossings of a bigon should have the same type. Otherwise, the number
of crossings is reduced by the second Reidemeister move €),.

Third, each component of a diagram contains both types of crossings (under- and
over-crossings) with the union of other components, otherwise we have a split diagram.

3.2. Formation of Equivalence Classes of the Constructed Diagrams

In order to compare the constructed diagrams, we use the software «Wolfram
Mathematica» to calculate the Kauffman bracket frames for each diagram obtained in
Subsection 3.1. Therefore, we find more than 17 groups formed by diagrams with the
same Kauffman bracket frames. Each group contains from 2 to 4 diagrams, and there exist
no groups having diagrams on not equivalent projections. Then, by hand, we construct
sequences of simultaneous switching of all crossings, homeomorphisms of the surface of
genus 2 onto itself and Reidemeister moves in order to prove that diagrams with the same
Kauffman bracket frame are equivalent. At this step, we also use another representation
of the considered links called virtual link diagrams [16]. Fortunately, with the exclusion
of the pair (439, 431) discussed below, the list of the Kauffman bracket frames presented
below is sufficient to prove that all tabulated links are pairwise not equivalent.

Indeed, represent each y; by the same value y and take into account only the first
and the last elements of each Kauffman bracket frame with respect to both inversion and
simultaneous change of the sign. As a result, all the Kauffman bracket frames presented in
the list above are divided into 15 groups having from 1 to 16 elements. In the framework
of each of the obtained group, it is easy to see that all the Kauffman bracket frames are
pairwise not equivalent in the sense of powers and coefficients of y in the inner elements.

Moreover, the list of the Kauffman bracket frames is sufficient to prove that all
tabulated links admit no destabilisations, see Subsection 3.3.

As mentioned above, there exists a pair of the tabulated diagrams having the same
Kauffman bracket frames: (439, 431). In order to show that the diagrams are not equivalent,
it is sufficient to calculate and compare their generalised Alexander polynomials [15], which
takes zero value for the diagram 43; only.

( 1) = (=13, —Y15 — Y26Y32 — Y24Y35, —Y13 — Y54 — Y56, —Y12)
= (Ye¥s, 2y1 + Y18Ys6, Y22 + Y23Y2s + Us, Ya6 — Y18Ye» —Y22 — Y5, —V46)
= (Y1, Y23Y25 + Ys + Y6Ys, Y1 + Ya6 + Y18Y6, Y22 — Y5, —Ya6 — Y18Y6, —Y22)
= (Y23Y25, 2Y1 + Yas, Y22 + Us + Y6Ys, —Yas + Y18Ys, —Y22 — Y5, —Y18Ys6)
= (—Y3 — Y1¥s2 — Y31 — Y2Y36, —Y30 — Y1Y31 — Yad, —Y20 + Y2U36, Y30 + Ya, Y29)
= (—Y34, —Y30 — Y1Y31 — Yaa, —Y20 — Y132 — Y2Y36, —Y30 + Yaa, Y20 + Y2Y36, Y30)
= (=
= (=
= (
= (

=~
N

Y1Y31, —Y20 — Y1Y32 — Y34, —2Y30 — Y44, Y29 — Y2Y36, Y30 T Y44, y2y36)
Y1Y32, —2Y30 — Y1931, —Y29 — Y34 — Y2Y36, Y30 — Y44, Y20 + Y2Y36, y44)
Y1Y3ys2, —2Y1Y3 — Y1Y20 — Y32 — Y33, —2Y31 — Y45 — Y26Y565 —y15y26)
Y32, Y193 — 2Y32, —2Y1Y30 — Y31 — Y45 — Y26Y56, —Y15Y26 — Y1429 — Y32 —933,—931)

=~
3

IS
—
=

( Y32 — Y33, —Y1Y30 — Y31 — Y45 — Y26Ys56, —Y15Y26 — Y1Y29 — Y32, —y31)
( Y33, —Y1Y30 — Y31 — Y45, —Y15Y26 — Y1Y29 — 2Y32, —Y31 — y26y56)

= (Ya1, 4Ya1, Y3Y30 + Yss + Yao + Yaz + Yaz + Yo6Ys, Y20U3 + 2y30 + Y30y, Y20Y4)
= (

= (

C SR S O SRl Sl O Gl O SR SR O SRl O
W

A/—\/—\AAA/—\/_\/_\AA/_\/_\/_\
oo

W
iy
w

Ya1, Y3Y30 + Y0 +Ya1 + Va3, Y20Us + Y39+ Ys0Ya+3Ya1, Yss + Y20Ys + Yaz +Ya6Ys, Yz9)
Y3Y30, Y20Y3 +Y30Ya+ 21, Yss +Y2oYa+Yao + Ya1 + Yaz +Yas, 2Y30 +2Ya1, Y26Ys)
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=
—
ot

= (Y32 + Y33 + Va5, 201Y30 + Y31 + 20u5, Y15Y26 + Ys2 + Y33 + Y1Ysa, Y1)

= (Y32, Y1Y30 + Y31 + Yus, Y15Y26 + 2Ys3 + Y1Ysa + Yas, Y1Ys0 + Y31 + Yas, Y32)

= (—y1Y33Y1Y32y32 + 2Y33 + Y1y3a + Yas, 2Y31 + 25, Y15Y26)

= (Y32 + Y33 + Y1Y34, 21Y30 + 231 + Yas, Y1sY26 + Ys2 + Yss + Yas, Yas)

= (Y3, Y21 +2y3+Ya7, Y21 +YosYos + Y3 +Yar +Ys0 +Y15Y6, Ya3Yas + Y3+ Yso +Y15Y6, Y3)
= (

= (-

= (

= (

[USSOETSNEET AT AT AN
[ I S S T
SO © oo N O

Y3, Y23Y2s +2Y3+Y15Ys, Y21 +y23y28+2y3+y47 +Y15Y6, Y21 + Y3+ Yar +Ys9, Yso)
Y15Y3 — 958 — Y1Ys, —Y3Ys6 — 2Ys — ylyﬁ Yo, —2Ya9 — Y1Y7 — Y1Ys, y1y51)

Y6, —2Y6 — Vi y67_y1593 — Y49 — Y58 — Y1Y7 — 2Y1Ys,—Y1Y51 — Y3Y56 — Y6 — Y9, —Y49)

—Y1Ys,—Ys —y1 Y6 — Y9, Y1543 — Ya9 — Y58 — Y1Y7 — Y18, ~Y1Y51 — Y3Y56 — Y6, —Y49)

TSSO AT AT AN
NN NN
W N

= (—Y15Y3, —Y3Ys6 — 2Y6, —2Ya9 — Yss — Y1Yr — Y1ys, Y1y = Yivs — Yo, —Y1Ys)
= (—¥15Y3 — Yao — Y17, —Y1Ys1 — YsYs6 — 2Ys — Y1V, Y9~ Yos — 2y1Y8, —Yo)
(—%7 —Y15Y3 — Ya9 — Y1Y7 — Y1Ys8, —Y1Ys1 — Y3Ys6 — Y6 — y1y6 Y9, Y49 — Ys8 — ylys)
= (Y1919, 2Ys50 + Y1Ys, Yorysr + 27 + 2us, 217 + Y1Y6, Ys5Ys)

= (yr, y17 + Y50 + Y1Y6, Y2rYs37 + Y1Ya9 + y5y6 + 2987 yl? + yso + y1y67 Y7)

= (=2 + i, yly23925 + y1y6y87 —6 + yi + Y33 + Y5 U5 + Y5+ yg, —4+y3)
( —1, 5+y1 +yz5 +y3 +y87 y1y23y25+y1y6y8,—5+y1 +923 +y41 +y67 1)
= (=
= (-
= (
= (-
= (
= (
(-1

M~
[\
ot

IS
)
&

28

[T
)
=)

30
31

I

—1, 5+y1 “'923“‘93 +y67 y1y23y25+y1y6y8,—5+y1 +y25 +y41 +y87 1)
Y1, —Y23Y25 — Y6Us: Y23Y2s + Ys + YeYs, Y1 + Y20 + Yas» Yeo)

Y13,—3Y13,— Y12 — Y26Y32 — Y24Y35 — Ys5— Y57 — Yal¥6,— Y13 — Y14 — Y54 — y56,—y15)
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3.3. On Primality of the Tabulated Links

In order to prove that a link is prime, it is sufficient to prove that the link is
essential, not composite and not split. As regards to the latter property, we note that
when constructing the table, we remove obviously split links, while the first two properties
can be shown as follows.

First, we use the following obvious statement in order to show that each of the links
presented in Fig. 3 admits no destabilisation, i.e. is essential.

Lemma 2. Assume that the Kauffman bracket frame § (D) of a connected link diagram
D C T, contains terms corresponding to 4 not cut circles having not equivalent coordinates
(ak, by, ek, di), k € {1,2,3,4}, such that the system of 4 linear equations of the form

bp-a—ap-b+dy-c—cp-d=0, ke{l,23,4},

where a, b, ¢, d are the variables and ay, by, ci, di are known coefficients, has only zero
solution. Then the link diagram D admits no destabilisation.

Lemma 2 is proved by analogy with Lemma 3 [5].

Following Lemma 2, we associate each tabulated diagram D with a set of 4 not cut
circles involved in the Kauffman bracket frame § (D), which is sufficient to prove that there
exists no cancellation circle for the corresponding link L C T5 x I. To this end, we use
the fact that the Kauffman bracket frames of the tabulated diagrams based on the same
projection are formed by the same set of the variables y;. In addition, it turned out that
the Kauffman bracket frames of some tabulated diagrams based on different projections
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(for instance, 3; and 44; [4]) involve the same sets of the variables y;, which are sufficient
to prove that the corresponding links are essential. More precisely, Table 2 gives the sets
of the variables y; involved in the Kauffman bracket frames that are sufficient to prove
that the corresponding tabulated links are essential.

Table 2
Sets of tabulated links associated with sets of 4 variables y;
31, 433, 4341 Y12, Y32, Y35, Y54 48 — 411, 415 — 418" Y1, Y30, Y31, Y45
dog — 431, 4371 Y1,Y8, Y25, Y41 4y — 471 Y1,929, Y30, Yaa
419 — 414, 4350 Y3, Y4, Y30, Y40 419, 4201 Y3, Y21, Y23, Y47
401 — 426 Y1,Y3, Y15, Y58 4o7, 498: Y1,Y6, Y37, Y50
41 — 43, 4321 Y1,Y5, Y6, Y25 436 Y1, Y6, Y16, Y49

In order to show that all 38 tabulated links are not composite, it is sufficient to prove
that each link can not be given by a connected sum of the type (a), (b), or (¢) under the
hypothesis that the sum of complexities of the terms that form the connected sum is not
more than the complexity of the connected sum. More precisely, we assume that there
exists no a pair of nontrivial links such that the connected sum of these links admits a
diagram having number of crossings, which is smaller than a minimal sum of numbers of
crossings of the diagrams corresponding to both links formed the pair. In the framework
of the considered problem on classification of links that allow diagrams with either 3 or 4
crossings, the impossibility to represent each of the tabulated essential link as a connected
sum of the types (a), (b), or (¢) is obvious, even taking into account that exactly one of
the terms in the sum can be a knot.

Indeed, for the connected sums of the types (a) and (b), we note that all essential
knots and links in 75 x [ have diagrams with at least 3 crossings. Therefore, the second
term in the sum should admit a diagram with no more than 1 crossing, while all nontrivial
knots and links in S® have diagrams with at least 3 and 2 crossings, respectively, and all
essential knots and links in 7" x I have diagrams with at least 2 crossings.

As regards to the connected sum of the type (c¢), we note that such a sum can be
obtained only in the case then the terms are given by the unique essential link 2; [2] in
T x I and / or knot 2; [1] having diagrams with no more than 2 crossings. Since at least
one of two terms should be a link and taking into account the specific form of the link
21, we note that the Kauffman bracket frame § (-) of the obtained connected sum admits
no terms associated with not cut circles having coordinates of the form (a, b, ¢, d), where
both pairs (a,b) and (¢, d) include odd numbers. As a result, all 38 tabulated links can not
be given by the connected sum of the type (c), since the Kauffman bracket frame § () of
each tabulated link contains a variable that belongs to the set {ys, v10, Y15, Y32}
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TABVYJIAIINS IIPUMAPHBIX 3AIEIIJIEHUN
B VTOJIIIIEHHOM KPEH/IEJIE POJIA 2, UMEIOIIINX
JTMATPAMMBI C HE BOJIEE YEM 4 IEPEKPECTKAMMU

A. A. Axumosa

B nacrosieit pabore cTpouTcst TaOIUIA TPUMAPHBIX 3AIIEIIEHUN B YTOJIIEHHOM KPEH-
Jiesie pofia 2, UMENUX JuarpaMMbl ¢ He Gosiee ueM 4 mepekpectkamu. [Ipexiie Bcero,
CTPOUTCsI TIPEIBAPUTE/IHHBIN HAOOD JUArPAMM HA OCHOBE TaDJIMIIBI TPUMAPHBIX MTPOEKITHI
3areriennit Ha Kpengese pojga 2. s Toro, 9robbl yaaauTh JyOauKaThl U JIOKA3aTh, YTO
BCe OCTaBIIUECS 3allEIJIEHNs] HeOKBUBAJIEHTHBI, & TaK¥Ke JI0Ka3aTh, YTO BCe TabJIMIHbBIE 3a-
[EIJIEHNUST HE JIOIYCKAKT JeCTaOUIN3aIINN, UCIIOJIb3YeTCsl NHBAPUAHT, HA3bIBAEMBbIil KapKac
ckoOku Kaydmama, KOTOPBI ABIs€TCA YIPOITEHnEeM ODOOIEHHOTO MOJNHOMa, CKOOKN Ka-
ydmana. Ues naBapuaHTa COCTOUT B TOM, YTOOBI MPUHUMATH BO BHUMAHHE TOJIHKO MO-
PSJIOK U 3HAYeHUs] KODMUIMEHTOB U UTHOPUPOBATH CTEIIEHU OJIHOM M3 mepeMeHHbIX. Ha
3aKJIF0YUTEBHOM IlIare JI0Ka3bIBAETCs, YTO HU OJHO U3 TaDyJUPOBAHHBIX 3alleIJIEHUN He
MOXKET OBITH IPEJICTABIEHO B BUJE CBSI3HON CyMMbI B PAMKaX I'HUIIOTE3bI, YTO HAMMEHbBIIIEE
YUCJIO TIEPEKPECTKOB CBSA3HOM CYMMBbI 3allelljIeHii He MEeHbIe CyMMbl HAMMEHBIITUX YHCEI
[IEPEKPECTKOB CJIAraeMbIX.

Karouesvie cr08a: npumapHoe 36Uenienue; Ymoswennuld xpendeas poda 2; mabyas-

yus; 0000uwerHvil nosurom ckobru Kaypmana; xaprac ckobku Kaygpmana.
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