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The problem of calculating the eigenvalues of discrete semi-bounded differential opera-
tors is one of the important problems of numerical analysis. Despite of the simple
formulation, for solving many problems that are encountered in practice, it is impossible
to propose a single algorithm for calculating eigenvalues. Known methods of calculating
the eigenvalues of linear differential operators are based on reducing problems to discrete
models, using mainly grid methods or projection methods, which reduce the problem of
finding the spectral characteristics of systems of linear algebraic equations. In view of the
fact that poor separation of eigenvalues of matrices obtained from the corresponding systems
of equations, the use of traditional methods of solving requires a very significant amount of
calculations.This often leads to the need of solving the ill-posed problems. Generally, the
choice of algorithms for approximate finding of eigenvalues of matrices is mainly determined
by their type. This greatly narrows the possibilities of using computational methods to find
their eigenvalues of matrices. It’s important to note that the problem of finding the all points
of the spectrum for high-order matrices does not have a satisfactory numerical solution yet.

Using the numerical method of regularized traces and the Galerkin method, we
previously obtained the linear formulas for calculating approximate eigenvalues of discrete
semi-bounded operators. They allow you to find approximate eigenvalues with an any
ordinal number. However, there are no computational difficulties that occur in other
methods. The comparison of the results of computational experiments has shown that the
eigenvalues found by linear formulas using the Galerkin method, as well as the known
eigenvalues of spectral problems, are in line with each other.

The article examines the possibility of using linear formulas obtained in the authors’
articles to find the eigenvalues of the Sturm — Liouville operators of arbitrary even order.
The considered examples show that the eigenvalues found from linear formulas and known
asymptotic formulas are computationally the same.

Keywords: eigenvalues and eigenfunctions; discrete, self-adjoint, semibounded operators;
the Galerkin method; asymptotic formula.

Introduction

Modern methods for calculating eigenvalues of linear differential operators are based
on reducing problems to discrete models, using mainly the grid method or projection
methods. As a result, the problems are reduced to finding the spectral characteristics of
matrices. The use of traditional methods requires a very significant amount of calculations,
due to the poor separation of eigenvalues of matrices obtained from the corresponding
systems of equations. Despite the simplicity of the wording, it is impossible to offer a
single calculation algorithm for solving problems encountered in applications. The choice
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of the algorithm for calculating the eigenvalues of matrices is determined by the type of
matrices. It’s important to note that the problem of finding an all points of the spectrum
for high-order matrices does not have a satisfactory numerical solution yet. Therefore, the
development of new methods for calculating the eigenvalues of boundary value problems
that do not use the process of reducing them to finding the eigenvalues of the corresponding
matrices is a matter of great scientific interest.

In papers [1] — [11] the numerical method for calculating the eigenvalues of discrete
semi-bounded operators, which uses linear formulas to find approximate eigenvalues with
any ordinal numbers, is developed.

Consider a discrete semi-bounded operator L on a separable Hilbert space H with
domain Dy € H, generating a boundary value problem

Lu = pu, Gulr =0, (1)

here I' is a boundary of domain Dy,.

To discretize the Dy we construct a sequence of finite-dimensional spaces {H,}5
which is complete in H. Let be an orthonormal basis {¢y}7_, of spaces H,, C H satisfies
homogeneous boundary conditions of the problem (1). To find an approximate solution to
a boundary value problem (1), use the Galerkin method, and the solution of the boundary
value problem (1) is found as a finite sum of the form

n

Up = Z ar(n) k. (2)

k=1

In this case, the constants ax(n) in (2) are found from the requirement that the expression
that is obtained after substituting u, instead of u in the equation (1),becomes orthonormal
to the system of functions {py}7_;.

In work [11] the following theorems are proved.

Theorem 1. The Galerkin method, when applied to the problem of finding eigenvalues of
the spectral problem (1), built on the system of functions {p}32,, converges.

Theorem 2. Approzimate eigenvalues of i, of the spectral problem (1) are found by
linear formulas

[in(n) = (Ln, ©n) + 0, n €N, (3)

~ n—1
where 6, = > [ux(n — 1) — mx(n)], px(n) — n-th Galerkin approximations to the
k=1
corresponding eigenvalue py, of the spectral problem (1).

Using Theorems 1 and 2, it is not difficult to show that lim 6~n = 0.

n—oo
It should be noted that to calculate the approximate eigenvalue of fi,,(ng) with the

sequence number ng, using the formulas (3), the sum of (2) consists of ny members.
Therefore, for small ng, the accuracy of calculating the eigenvalues of ji,,(ng) by linear
formulas (3) is not large. As ng increases the number of members in the sum of (2),
the accuracy of calculating fi,,(n0) by the formulas (3), which is confirmed by numerous
computational experiments.

Algorithms for finding approximate eigenvalues of the boundary value problem (1)
using the formulas (3) are simple and computationally efficient. In this case, the calculation
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of eigenvalues using the (3) formulas can start with any ordinal number, since eigenvalues
with smaller ordinal numbers are not used for their calculations. The method of finding
eigenvalues using the formulas (3) was called by the authors a modified Galerkin method.

To use the formulas (3) when calculating approximate eigenvalues of the boundary
value problem (1), you must have a system of coordinate functions {¢y}72 ,, which would
be an orthonormal basis H and satisfy the boundary conditions (1). This can be done if
the operator L is represented as L = T + P, where T is a self-adjoint differential operator
of the same order as the operator L with the domain of definition Dy . In this case, the
system of coordinate functions {¢x}32; can be taken as the system of proper functions
{vg }32; of the spectral problem

Tv = lv, Gu|r=0. (4)

Finding the eigenvalues {\;}72; and the orthonormal eigenfunctions {vj}32; of the
operator T', we write the formulas (3) as

[in(n) = A + (Pvp, vy) + 0,, Vn € N. (5)

The question of whether the system of eigenfunctions {vg}32, of the problem (4) is
the basis of the Hilbert space H must be solved separately in each case.

Based on the formulas (3) in the works [12] — [16] was developed a new method for
solving inverse spectral problems generated by discrete semi-bounded operators. When
discussing the results of research on this method at the scientific seminar Of the Institute
for mathematical research of complex systems of The Moscow state University "Time,
chaos and mathematical problems which is headed by academician of Russian Academy
of Sciences V. A. Sadovnichy, it was suggested to compare the results of calculating
eigenvalues using the formulas (3) and known asymptotic formulas. This work presents the
results of this comparison for spectral problems generated by Sturm-Liouville operators of
arbitrary even order, which are often used in solving applied problems.

1. The Sturm — Liouville Operator of Arbitrary Even Order

We investigate the possibility of using the formulas (5) to find eigenvalues in the
entire range of their ordinal numbers of the following boundary value problems generated
by differential operators of arbitrary even order, given in Ly[0, 7], of the form

(Tm + Pm)um(s) = :U’mum(s)v 0<s<m, (6>
WD (0) = u(x) =0, v =T, @
d>™ () d*up,(s)

where Tp,un,(s) = (—1)md872m, Prum(s) = ]gpmk(s)w, m > 2, m, =

0,2m — 1.
To construct an orthonormal system of functions that is the basis of the space Ls[0, 7]
and satisfies the boundary conditions (7), we consider spectral problems

Trnvm(s) = Amvm(s), 0<s<m, (8)

W (0) = o) =0, v =T )
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In [17], it is shown that (8) and (9) are self-adjoint problems whose eigenvalues A,,, and
orthonormal eigenfunctions v,, will be

- N = 07

A, = 12", v, = o,c08(ns), o, = 72T (10)
—, n>0.
T

It is known that the system of functions {o,cos(ns)}>°; is an orthonormal basis of
the space L0, 7].

We write the formulas (5) for calculating the eigenvalues of spectral problems (6), (7).
To do this, use the eigenvalues \,,, and the orthonormal eigenfunctions v,, using (10)

ﬁmn (n) = )\mn + (vana /Un) + 5mn =

m 2m—1
" Z d*cos(ns) ~
— 7’[,2 —+ JTQL / COS(?’LS) pmk (S)Tds + 5mn (11)

0 k=0

If the equations (6) take P, = pu,(s), that is, p,,, (s) =0 for k = 1,2m — 1, then for
the resulting differential equations

(T + Prmg )t () = fmum(s) (12)
with boundary conditions (7), the following theorem holds [17].

Theorem 3. Asymptotic formulas for eigenvalues pi,, of boundary value problems (12),
(7) have the form

1

[, = 12" 4 Qg+ iy, + O(w>’ n — o0, (13)

™

1
where  Q,, = —/pmo(s) cos(ns)ds, n =0, 00.
m

n

0

Let’s write the formulas (11), which are obtained from the linear formulas (5), for the
case when P,, = pp,(s)

Lo, (1) = A, 4 (PO, v) + gmn =n?m + 02 / cos2(ns)pm0 (s)ds + 6~mn =

0
™

1 o~

N W /[1 + cos(2n8)|Pmy (5)ds + O, -

T
0

or using the notation (3), write
[im, (1) = 2™ + Qg + @y, + O, ¥R € N.* (14)

If we compare the asymptotic formulas (13) to the formulas (14), they are different
in the order of errors only. Therefore, the results of calculating the eigenvalues of (12),
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(7) using the formulas (13) and (14) for any ordinal numbers using these formulas will be
computationally the same. We can assume that gmn =0 (#) when n — oo. Therefore,

the formulas (14) allow us to calculate approximate values of ,,, of boundary value
problems (12), (7) for any ordinal numbers n at m > 2.

We conduct computational experiments and investigate the possibility of using the
formulas (5) to calculate eigenvalues for small ordinal numbers of spectral problems (6),
(7). The results of the calculations were compared to the calculations performed using the
Galerkin method.

2. Computational Experiment

In the mathematical environment of Maple, based on the theoretical material
presented in the first section, computational experiments were performed to find
eigenvalues with the first ordinal numbers of spectral problems (6), (7). In the tables
below, approximate values calculated using the formulas (5) are denoted by fi,,,, and by
the Galerkin method — fi,,,. To define the functions p,,, (s) that define the perturbing
operator P,,, equation (7) used the formula

Py (8) = 8572 — ks®™ 4 2msin((m, +3)s) —m cos(2(my, +4)s) + T st = hﬂiv;‘ ‘

Here, the [-] :  — [x] function is defined as the smallest integer.

Table 1 shows the results of calculating the eigenvalues of the problems (12), (7),
which are special cases of the problems (6), (7) for m, = 0. Calculations were performed
at m=1,11.

Table 1
m =2 m=23 m =4
n ljm,n |/7m,n - ﬁmﬂ| ljm,n /-A/jmn - ﬁmﬂ| ljm,n |/7m,n - ﬁ7n,n
1]9,34-10°] 1,34-10° [7,39-10° | 1,29-10"' | 5,43-10° | 7,24-1073
2 |2,04-10t | 9,70-10"' | 6,51-10% | 1,53-10"% | 2,54-10% | 5,07-1073
3 18,59-10" | 2,31-107' |7,31-10% | 1,91-102 | 6,56-10% | 1,79-1073
4 12,60-10% | 7,94-1072 | 4,10-10% | 4,73-107% | 6,55-10* | 3,31-10~*
5 16,30-102 | 2,00-10"2 | 1,56-10* | 6,66-10"* | 3,91-10° | 2,83-107°
6 |1,30-10% | 1,62-1072 | 4,67-10* | 5,66-10"* | 1,68-10% | 2,22.107°
7 12,41-10%| 8,17-1072 | 1,18-10° | 1,99-10"* | 5,76-10% | 5,53-10°F
8 | 4,10-10% | 4,48-1072 | 2,62-10° | 7,71-107° | 1,68-107 | 1,54-10°°
9 | 6,57-10% | 2,92-1073 | 5,31-10° | 4,26-10"° | 4,30-107 | 7,08-10F
10 | 1,00-10* | 1,90-10"2 | 1,00-10% | 2,25-10=° | 1,00-10% | 3,02-107
11 | 1,46-10* | 1,29-1073 | 1,77-10% | 1,26-107° | 2,14-10% | 1,40 1077
12 | 2,07-10* | 9,10-107* | 2,99-10% | 7,44-107% | 4,30-10% | 6,95-10"%
13 1 2,86-10* | 6,59-10"* | 4,83-10% | 4,49-107% | 8,16-10% | 3,65-10"%
14 | 3,84-10* | 4,94-10~% | 7,53-10% | 2,96-10"6 | 1,48-10° | 2,02.10"%
15 | 5,06-10* | 3,74-10"% | 1,14-107 | 1,95-107% | 2,56-10° | 1,16-10"%
16 | 6,55-10* | 2,09-10~* | 1,68-107 | 1,32-1076 | 4,29-10° | 6,92-107%
17 | 8,35-10* | 2,27-107* | 2,41-107 | 9,21-1077 | 6,98-10° | 4,25-10°
18 | 1,05-10° | 1,83-10"% | 3,40-107 | 6,69-10"7 | 1,10-10'° | 2,75.107?
19 | 1,30-10° | 1,53-10"* | 4,70-107 | 1,26-10° | 1,70-10° | 1,79-107°
20 | 1,60-10° | 2,04-10"* | 6,40-107 | 7,18-10"7 | 2,56-10° | 2,03-107°
21 | 1,94-10° | 5,15-107* | 8,58-107 | 7,02-10~7 | 3,78-10'° | 1,45-107°
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It should be noted that if the number 1,94 - 10° differs from another number by the
amount of 5,15 - 107*, then they have the same first 8 significant digits.

Table 1 shows the results of calculating eigenvalues for m = 2,4 show that the values
of iy, and [i,,, starting with the number n = 4 are in good agreement. The same trend
persists when m > 5. For example, when m = 11 fiyy, = 1,76 - 10", |11, — fiiy,| =
8,49 - 1072 and fiy1,, = 1,23 10%, |fi11,, — M1y | = 2,37 - 10727,

It is interesting to compare the results of calculating the eigenvalues of spectral
problems (6), (7), when the sum defining the perturbing operator P,,, consists of a different
number of members up to the number m, = 2m — 1.

In the Table 2 the results of such calculations for m = 5.

Table 2
m, =4 m, =6 m, =8
n P, |fim, — Hm,, P, Pom, — i, P, |fim, = Iim,
1| —4,46-10° | 3,86-10"T | —4,66-10° | 2,08 .10~ | —4,78-10° | 9,13-10°
2 | =5,61-107' | 1,17-107! | 3,90-10"% | 7,94-10"! | —1,28-10° | 1,01-10°
3 9,91- 102 1,44-10% | 1,19-103 3,79-10° 2,95 - 102 1,71-10%
4 5,90 - 10* 5,50-10"2 | 6,11-10% 3,80 - 10! 3,71-10% 6,96 - 103
5 1,05 - 106 1,51-10~% | 1,05-106 1,66 - 10 8,37-10° 8,52 - 10%
6 9,67 -10° 3,84-1072 | 9,88-10° 1,43 - 10 9,25-10° 7,61 -10%
7 6,05 - 107 2,19-1072 | 6,07-107 7,24 -10" 4,78-107 2,13-10°
8 2,82-108 1,64-1072 | 2,84-108 1,43 - 102 2,50 - 108 5,89 -10°
9 1,07-10° 6,29-1073 | 1,08-10° 2,21 - 102 9,87-10% 2,13-10°
10 | 3,49-10° 4,40-1072 3,49 - 10° 7,71 - 102 3,27 -10° 4,21 -10°
11| 1,00-10% 8,23-1073 | 1,00-10' | 4,07-102 9,50 -10° 8,67 -10°
12 | 2,59-10% 7,10-1073 | 2,59-10'° | 7,66-10% | 2,49-10' 1,61-10°
13| 6,19-10° | 4,40-107° | 6,19-10'° | 6,42-10®> | 5,87-10' 1,59-107
14 | 1,38-10" 2,42-1073 | 1,38-10" | 5,04-10% | 1,34-10 1,48-107
15 | 2,89-10" 3,29-1073 | 2,89-10" | 6,01-10% | 2,82-10" 4,07 -107
16 | 5,77-10M" 1,21-1072 | 5,77-10"" | 5,38-10% | 5,64-10'" 5,73-107
17 | 1,10-10'2 1,27-1072 | 1,10-10*2 5,96 - 102 1,08 - 1012 8,56 - 107
18 | 2,02-10'2 1,68-107% | 2,02-10"2 | 3,37-10% | 1,98-10'2 1,01-108
19 | 3,57-10'2 1,70-107% | 3,57-10'% | 3,37-10% | 1,98-10'2 1,38-108
20 | 6,13-10'2 3,67-1072 | 2,31-10'2 | 2,31-10% | 6,05-10'2 1,38 108
21 | 1,02-10'3 3,68-1072 | 1,02-10"3 3,01-10° 1,01-10"3 3,08 - 108

The results of calculations of eigenvalues for m = 5 shown in table 2 show that the
values fi,,, and i,,, starting from the number n = 4 agree well.

Conclusion

Using the example of spectral problems generated by Sturm-Liouville operators
of arbitrary even order, the paper investigates the possibility of using linear formulas
(5) to find eigenvalues with large ordinal numbers. Comparison of the formulas (14),
which calculate the eigenvalues of problems found by linear formulas (5) with the known
asymptotic formulas (13), in the considered problems (12), (7) showed that they differ
from each other only in the order of errors.

The result suggests that the formulas (5) can be used to calculate eigenvalues with
large ordinal numbers of any discrete semi-bounded operators. At the same time, they are
similar to asymptotic formulas and differ from them only in the order of errors.
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Comparison of the results of calculating eigenvalues with the first ordinal numbers

using the formulas (5) and calculated using the Galerkin method showed that they agree
well. Therefore, the formulas (5) can be used to calculate the eigenvalues of the spectral
problems (6), (7) over the entire range of changes in their ordinal numbers.
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BBIUICJIEHUE COBCTBEHHBLIX 3HAUEHUN 3AAY,
ITOPO2K/IEHHBIX OIIEPATOPAMU IIITYPMA —
JINYBWJIJIA ITPON3BOJIBHOI'O YETHOI'O ITIOPAJIKA

C. . Kaduenxo, JI. C. Psasanosa, U. E. Kaduenxo

[Tpobiiema BbIUKCIEHNST COOCTBEHHBIX 3HAYEHUI JIMCKPETHBIX TOJIYOrPAHNIEHHBIX M-
depeHInaIbHBIX OIEPATOPOB SIBJISIETCS OJHON M3 BAXKHBIX 3aJa9 UYUCJIEHHOIO AHAJIU3A.
Hecmorpst Ha mpocTaTy MOCTAHOBKH, [JIs PENIeHHs] MHOTUX 3a/ad, KOTOPhIE BCTPEUYAIOTCS
Ha TPAKTUKE, HEJIb3sl IPEJJIOKUTH €INHOTO aJrOPUTMa BBIUYNCJIEHUs] COOCTBEHHBIX 3HAYE-
uwnit. VI3BecTHBIE METOIBI BBITUCICHNST COOCTBEHHBIX 3HAYMEHNN JTHHEHHBIX A depeHIinaIb-
HBIX OIIEPATOPOB OCHOBBLIBAIOTCSI HA, CBEJIEHUU 3324 K JIMCKPETHBIM MOJIEJISIM, [IPUA TIOMOIIH
B OCHOBHOM METOJIOB CETOK WJIA IIPOEKIIMOHHBIX METOIOB, CBOJSIINE 3aJa9l K HAXOXKJIe-
HUIO CIIEKTPAJIbHBIX XaPAKTEPUCTUK CUCTEM JINHEHHBIX ajiredpandecKux ypapHeHuil. Beury
IJIOXO# PA3/IeJIEHHOCTH COOCTBEHHBIX 3HAYEHUN MATPHII, IOy YeHHBIX U3 COOTBETCTBYIOIINX
CUCTEeM ypaBHEHWIA, IPUMEHEHNEe TPAIUIIMOHHBIX METOJIOB pelleHust Tpebyer BeChMa 3HAYU-
TEJIbHOI'O 00'beMa BBIYUC/IEHHIA. DTO 9aCTO MPUBOIUT K HEOOXOINMOCTHU PellaTh HEKOPPEKT-
HO ITOCTaBJIeHHbIE 3a0a49i. KaK MpaBuo BEIOOD aJrOPUTMOB IPUOJINKEHHOI'O HAXOXKIEHUSI
CcOOCTBEHHBIX 3HAUEHUI MATPUI] 00YCIOBJIEH B OCHOBHOM UX BHJIOM. DTO CUJIBHO CYZKAeT BO3-
MOYKHOCTH HCITOJIb30BAHUS BBIYUCIUTEILHBIX METOJOB JIjIsi HAXOXKJIEHUS UX CODCTBEHHBIX
3HavdeHnit Marpuil. [Ipu 970 HEOOXOIUMO OTMETUTH, UTO 33J1a9a HAXOXKJIEHUS BCEX TOUEK
CIEKTPa JIJIsl MATPUIL BEICOKOTO MOPSIIKA €Ille He UMeeT YIOBJIECTBOPUTEIHLHOIO YUCIIEHHOTO
PpeIleHusI.

Wcnonb3yst uncjieHHbIE METOJ Pery/IspU30BaHHBIX CJIEJ0B U MeTo [ajlepkuHa, paHnee
OBLIN TOJIyYeHbI JTUHEHHBIE (DOPMYJIBI JIJIsi BBIYUCIEHUS IPUOJIMPKEHHBIX COOCTBEHHBIX 3HA~
YeHWI JUCKPETHBIX MOJyOrPAHUIEHHBIX 0orepaTopoB. OHU MO3BOJISIOT HAXOAUTH MPUOJIU-
JKEHHBbIE COOCTBEHHDBIE 3HAYEHUST C JIIOOBIM TOPSIKOBBIM HOMEpOM. [Ipu 9TOM HE BOZHHKAIOT
BBIUKCJINTE/ILHBIX TPYIHOCTEN, KOTOPbIE UMEIOT MeCTO B JApyrux meromax. CpaBHeHue pe-
3yJIBTATOB BBIYUC/IUTEIbHBIX SKCIIEPUMEHTOB IIOKA3aJi, YTO COOCTBEHHBbIE 3HAYEHUsI, Hall-
JIEHHBIE TI0 JIMHEHHBIM (bopMyJiaM, MeTofoM ['ajlepKuHa, a TaK»Ke U3BECTHbIE COOCTBEHHbBIE
3HAYEHUS CIIEKTPAJIBHBIX 3aJ1a1, XOPOIIO COTJIACYIOTCS.

B crarbe mcciemoBana BO3MOXKHOCTD HCIOJB30BAHUS JTMHEHHBIX (DOPMYJI, MTOJIYUIEH-
HBIX B CTATbIX aBTOPOB JJIsI HAXOXKIEHWUsI COOCTBEHHBIX 3HadeHuil oneparopos IIlTypma—
JIuyBUJ1/IsT TPOUBBOJIBHOIO Y€THOI'O MOpsijika. Ha paccMOTpeHHBIX IpuMepax IMOKa3aHo, YTO
cOOCTBEeHHbIE 3HAUYEHMS, HAllJeHHbIE 110 JIUHEHHBIM (POPMYJIaM U U3BECTHBIM ACHUMIITOTUYE-
ckuM HOPMyJIaM, BEIYACIUTEIHHO COBIAIAIOT.

Kamouesvie crosa: cobemeenmvie 3HAUEHUA U COOCMBEHHDLE &ynmguu; ducnpemume, camo-
CONPAHCEHHDBILE U TOAYOPAHUYUEHHDIE ONEPAIMOPDL; MEMOI FanepKUHa,' acumnmomudecrue

PopMmYAbL.
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