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The article is devoted to the model to regulate the velocity potential of the free

surface of the filtering fluid. This model is based on the problem on start control and

final observation by weak generalized solutions of a fluid filtration model, which belongs

to the class of mathematical models based on semi-linear Sobolev-type equations with p-

coercive and s-monotone operators. We find the sufficient conditions under which there

exists a solution to the problem on start control and final observation of the model under

study. An algorithm for the numerical solution method is constructed and a computational

experiment is presented.
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Introduction

Currently, many modern studies are developed at the intersection of different fields
of science. For example, in engineering, economic and physical objects, various processes
are investigated using mathematical modelling. In order to characterize modelling briefly,
we note replacing a real system (process, phenomenon) with a model that is in
some correspondence with the real system and is able to reproduce the properties or
characteristics of the real system. Therefore, mathematical modelling plays important
role in science, in the research of engineering, economic objects and systems. Also, note
that conducting production experiments requires a lot of financial, time and labor costs.
Sometimes, conducting full-scale experiments is impossible due to a number of reasons, for
example, it is not possible to control individual parameters (temperature, pressure, course
of processes, or other factors). Therefore, creation and study of mathematical models
describing these processes are of great applied importance. In this case, as a rule, finding
an analytical solution is impossible, as a result of which it becomes necessary to create
numerical methods for finding approximate solutions to initial-boundary value problems
for such models.

In most cases, for various physical processes, it is possible not only to implement
numerical modelling, but also to control the components of the system in which this
process takes place. It is assumed that, at any moment of time, any dynamical system
(that is, a system that develops in a certain way and evolves in time) can be in one of
a certain (finite or infinite) number of possible states. In this case, control is understood
as an impact that can change the current state, as well as the subsequent development of
the system. In this regard, there exists a question about finding the best (optimal) control
to the process. The development of computational methods for solving optimal control
problems is associated with the optimality conditions and traditionally uses standard
constructions, approximations and variation procedures obtained within the framework
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of the qualitative theory. As classical works in the theory of optimal control, we note
works written by J.-L. Lions and A.V. Fursikov. For example, the work [1] systematically
studies optimal control problems for partial differential equations. In other papers (see, for
example, [2]), the existence of boundary control was shown for parabolic and hyperbolic
systems. Boundary control is characterized by finding boundary control functions that
transfer the system from a given initial state to a given final state in a fixed time interval T .
Boundary control is most often used for the problems on rod vibration and heat (mass)
transfer. The methods described by J.-L. Lions were applied to the study of various
physical processes [3, 4]. The work of A.V. Fursikov [5] shows the existence of a solution
to the control problem for models described by the Navier–Stokes and Euler equations.
Note that these systems belong to non-classical nonlinear models of mathematical physics.
Another type of optimal control is the problem on start control and final observation. This
problem is widely studied for various processes. For example, the work [6] obtains sufficient
conditions for the solvability of the problem on start control and final observation for one
abstract quasilinear Sobolev-type equation in a weak generalized sense, and also proves
the solvability of the problem on start control and final observation for the Barenblatt –
Gilman model. The work [7] presents analytical and numerical studies of the problems
on start control and final observation by solutions to one class of Sobolev-type equations
with the Showalter – Sidorov condition. The paper [8] investigates start control and final
observation by solutions to the Dirichlet – Showalter – Sidorov problem for the degenerate
system of Fitz Hugh – Nagumo equations.

In the classical theory of groundwater movement, one of the basic equations is the
Boussinesq filtration equation

∂h

∂t
= γ

∂

∂x

(

(H(x, y) + h)
∂h
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)

+ γ
∂

∂y

(

(H(x, y) + h)
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)

, γ =
kpg

µm
,

where the function H(x, y) characterizes the underlying surface without breaks and
fractures, the function h(x, y) describes the groundwater surface, the parameter p

characterizes the pressure, k is the permeability coefficient, which depends on the
properties of the medium only, g is the acceleration of gravity, m is the porosity of the
medium, µ is the dynamic viscosity (see Fig. 1).

Fig. 1. Groundwater movement

The work [9] shows that when studying a fluid filtration model based on this equation,
the vertical component of the velocity of the filtration fluid free surface movement is not
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taken into account, and this fact can lead to errors in calculations in particular cases.
In 1972, the work [10] presented the derivation of the equation
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where the function h0 is a head at the base of the layer, the parameter h̄0 is a head
averaged over t and x, ε0, εα are modules for feeding the flow through its base and free
surface, respectively, µ is the coefficient of free porosity. If we neglect the third derivatives
in this equation, then we get the Boussinesq equation. This generalized equation takes
into account all possible phenomena and characteristics of fluid filtration. The work [11]
obtains the following particular form of the generalized Boussinesq equation:

(λ−∆)xt = a∆(| x |p−2 x) + y, p ≥ 2, (1)

under the assumption that, from the physical point of view, the function u = u(x, t) is
the potential of the filtering fluid velocity, the parameters a ∈ R+, λ ∈ R haracterize the
medium, and the parameter λ can take negative values.

Many papers are devoted to the study of the solvability of initial-boundary value
problems for equation (1). For example, in [12], the existence and uniqueness of a solution
to the first boundary value problem for equation (1) is proved. In [13], a study of the phase
space is given. In the paper [14], the authors consider equation (1) with a nonlinear non-
subordinate non-monotonic source and prove the comparison principle for solutions to the
first initial-boundary value problem. The work [15] presents an algorithm for the numerical
solution of initial-boundary value problems for the generalized Boussinesq equation, which
describe the motion of a free surface of a fluid filtering in a layer of finite depth.

The purpose of this work is a numerical study of a mathematical model for regulating
the potential of velocity of the filtering fluid free surface. The model is based on the
problem on start control and final observation

J(x(T ), u) = ϑ‖x(T )− xf‖pLp(Ω) + (1− ϑ)‖u‖p
Lp(Ω) → inf, ϑ ∈ (0, 1) (2)

by weak generalized solutions to the mathematical model of fluid filtration, which is based
on Sobolev-type equation (1) with the Showalter – Sidorov initial condition

(λ−∆)(x(s, 0)− u(s)) = 0, s ∈ Ω (3)

and the Dirichlet boundary condition

x(s, t) = 0, (s, t) ∈ ∂Ω× R+. (4)

In the considered problem on start control and final observation, J(x(T ), u) is a target
functional; u ∈ Uad, Uad is a closed and convex set in the control space U, the function
xf = xf (s) is the required state of the system, which must be achieved with a minimal
initial action after the time t = T .

The problem on start control and final observation simulates the situation, when the
moment of result observation is separated in time from the initial impact, i.e. control. In
the case of a nonlinear equation of state, the search for the start control is difficult. One of
approaches to solve this problem is the decomposition method [2,16]. This method allows
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to linearize the original equation and to transfer the entire phenomenon of nonlinearity to
the functional, which largely simplifies the numerical scheme for finding an approximate
solution to the problem on start control and final observation. Also, note that the optimal
control problem for a fluid filtration model was studied in [17] by the descent method. In
our case, the problem on start control and final observation simulates the process of initial
regulation of the potential of the filtering fluid free surface velocity in order to achieve the
required dynamics with the lowest control costs at a given moment of time.

Also, note that equation (2) belongs to the class of semi-linear Sobolev-type equations
with p-coercive and s-monotone operator. Moreover, the p-coercive operator is strongly
coercive, and the s-monotone operator is strongly monotone. The unique solvability of
problem (1), (3), (4) was obtained by G.A. Sviridyuk [13]. In [18], it was shown that the
phase space of the problem is a simple smooth Banach manifold.

In this work, in order to construct and implement a numerical study of the problem
on start control and final observation for a mathematical model of fluid filtration, we use
a projection method based on the Galerkin method [19]. The application of the method to
the study of problems on stability of hydrodynamic flows was realized by G.I. Petrov [20],
who proved the convergence of the Galerkin method for finding the eigenvalues of a wide
class of equations including equations for non-conservative systems such as, for example,
the equations of oscillations in a viscous fluid. For the first time, for semi-linear Sobolev
type equations, this method was considered by G.A. Sviridyuk and T.G. Sukacheva [21].
In the case of degenerate models, the projection method [17] is often used in order to
find approximate solutions. This method allows to take into account the phenomenon of
degeneracy of equations by choosing a basis from the eigenfunctions of the main operator.

1. Numerical Solution of Problem on Start Control and Final

Observation

The purpose of this paper is to study a mathematical model to control the distribution
of the potentials of a filtration fluid velocity. The model is based on the problem on start
control and final observation (2) by weak generalized solutions to the mathematical model
of the distribution of a filtration fluid velocity. The latter model is based on Sobolev-type
equation (1) with the Showalter – Sidorov initial condition (3) and the Dirichlet boundary
condition (4). To this end, consider the existence of weak generalized solutions to the
mathematical model of the distribution of the filtering fluid velocity. For this purpose,
consider the function spaces H = W−1

2 (Ω), H = L2(Ω), B = Lp(Ω) defined in the
domain Ω ⊂ R

n. Note that, for p ≥ 2n
n+2

, there exists a dense and continuous embedding
◦

W 1
2(Ω) →֒ Lq(Ω), therefore Lp(Ω) →֒ W−1

2 (Ω), where
1

p
+

1

q
= 1. In H define the scalar

product by the formula

〈x, y〉 =
∫

Ω

xỹds ∀x, y ∈ H, (5)

where ỹ = (∆)−1y is a generalized solution to the homogeneous Dirichlet problem for the
Laplace operator in the domain Ω. Let B∗ = (Lp(Ω))

∗ and H∗ = (L2(Ω))
∗, where (Lp(Ω))

∗

is the dual with respect to duality space (5). Hence, H∗ and B∗ are dense and continuous

32 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

embeddings
B →֒ H →֒ H →֒ H∗ →֒ B∗.

The fluid filtration model belongs to the class of models based on semi-linear Sobolev-
type equations with p-coercive and s-monotone operator. In general terms, this model was
studied in [17]. In order to study the solvability of problem (3), (4) for equation (1), it is
necessary to reduce the problem to the Showalter – Sidorov problem

L(x(s, 0)− u(s)) = 0 (6)

for the abstract semi-linear Sobolev type equation

Lẋ+M(x) = y, kerL 6= {0}. (7)

To this end, we define the operators L and M :

〈Lx, y〉 =
∫

Ω

(λxỹ + xy)ds, x, y ∈ H;

〈M(x), y〉 =
∫

Ω

|x|p−2xyds, x, y ∈ B.

Further, in order to prove the existence of a solution, we need to determine the properties
of the operators L and M . To this end, we need to choose a special basis from the

eigenfunctions of the operator (−∆): −∆ϕk = λkϕk, ϕk ∈
◦

W
1

2(Ω). Also, note that

ϕ̃k=(−∆)−1ϕk =
ϕk

λk

. The work [17] proves the following lemma on the properties of

the operators L and M .

Lemma 1. [17] (i) For all λ ≥ −λ1, the operator L ∈ L (N,N∗) is self-adjoint, Fredholm
and non-negative defined.
(ii) For any a ∈ R+, the operator M ∈ C1(B,B∗) is s-monotonous and p-coercive.

If λ ≥ −λ1,

ker L =

{

{0}, if λ > −λ1;
span{ϕ1}, if λ = −λ1.

Therefore
coim L = {x ∈ N : < x, ϕ >= 0 ∀ϕ ∈ ker L \ {0}}.

Construct the space

X = {x | x ∈ L∞(0, T ; coim L) ∩ Lp(0, T ;B)}

and the set

M =

{

B, if λ > −λ1;
{x ∈ B :

∫

Ω

|x|p−2xϕ1 ds =
∫

Ω

ỹϕ1 ds}, if λ = −λ1.

Using the projection method, we represent approximate solutions to problem (1), (3),
(4) in the form of Galerkin sums

xm(s, t) =
m
∑

i=1

ai(t)ϕi(s), m > dim kerL, (8)
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where the coefficients ai = ai(t), i = 1, ..., m, are determined by the system of equations

∫

Ω

(

λxtϕ̃i + xtϕi + a|x|p−2xϕi

)

ds =

∫

Ω

yϕ̃ids, i = 1, . . . , m, (9)

and the conditions
∫

Ω

[

λ(xm(s, 0)− u(s))ϕ̃i(s) + (xm(s, 0)− u(s))ϕi(s)

]

ds = 0, i = 1, .., m. (10)

Equations (9) represent a degenerate system of differential equations. Before proceeding to
the theorem on the existence of a solution, we note that by a weak generalized solution to
Showalter – Sidorov problem (1), (3), (4) we mean the vector-function x ∈ X for T ∈ R+,
if the function satisfies

T
∫

0

< L
dx

dt
+M(x), ζ > ϕ(t) dt =

T
∫

0

< y, ζ > ϕ(t) dt, ζ ∈ B, ϕ ∈ L2(0, T ),

< L(x(0)− u), ζ >= 0 for almost all t ∈ (0, T ).

In the work [17], the following theorem on the existence of a unique weak generalized
solution to problem (1), (3), (4) was proved.

Theorem 1. [17] Let p ≥ 2n
n+2

and λ ≥ −λ1. Then, for any u ∈ B and
y ∈ Lq(0, T ;B

∗), there exists a unique weak generalized solution x ∈ X to
problem (1), (3), (4).

This theorem is proved using the phase space method and the monotonicity method,
which requires to construct a priori estimates. That is, using the Banach–Alaoglu theorem
and passing to the weak limit, it is proved that the desired solution is found. Also, note that
Theorem 1 shows the convergence of Galerkin approximations (8) to a weak generalized
solution to problem (1), (3), (4).

Next, we turn to the study of a mathematical model to control the distribution of the
potentials of the filtering fluid velocity. In order to show the existence of a solution to
mathematical model (1) – (4), we construct the control space U = B and choose Uad ⊂ U

to be nonempty, closed, convex set. Also, note that by a solution to problem (1) – (4) we
mean a pair of functions (x̃(T ), ũ) that satisfies the following condition:

J(x̃(T ), ũ) = inf
(x(T ),u)

J(x(T ), u),

where the pairs (x̃, ũ) ∈ X×Uad satisfy problem (1), (3), (4) in the weak generalized case.
Remark 1. The set of admissible pair A of problem (1) – (4) is a pair (x, u) satisfying

problem (1), (3), (4), for which
J(x, u) < +∞.

If Uad = ∅, then, for any u ∈ Uad ⊂ U, the set of admissible pairs (x, u) is not empty.
After introducing all the necessary definitions and spaces, we consider the theorem on

the existence of a solution to control the distribution of the potentials of the filtering fluid
velocity. To this end, consider the following theorem.
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Theorem 2. Let p ≥ 2n
n+2

and λ ≥ −λ1. Then, for any y ∈ Lq(0, T ;B
∗), there exists a

solution (x̃(T ), ũ) to problem (1)− (4).

Proof.
The proof is based on the theory of s-monotone and p-coercive operators and can be

represented by the following steps.
1. Since the set of admissible pairs A is not empty, there exists a sequence
{xm(T ), um} ∈ B× U such that

lim
m→∞

J(xm(T ), um) = inf
(x(T ),u)

J(x(T ), u),

then it follows from (1) that

‖um‖B ≤ const, ∀m ∈ N. (11)

From (11) (consider a subsequence if necessary), we choose a weakly converging sequence
um ⇀ ũ in B. According to the Mazur theorem, the point ũ ∈ Uad. Let xm = x(um) be a
weakly generalized solution to problem

L
d

dt
xm +M(xm) = y, (12)

L(xm(0)− um) = 0. (13)

Multiply equation (12) by xm(t) and integrate over (0, t), we have

t
∫

0

dτ

∫

Ω

(

(λ−∆)xmτ x̃m + |xm|p−2x2
m

)

ds =

t
∫

0

dτ

∫

Ω

yx̃mds,

|xm(t)|2 + C1

t
∫

0

‖xm(τ)‖pBdτ ≤ C2

t
∫

0

‖y(τ)‖q
B∗dτ+ | um |2,

where | x |2 is norm in coim L, which is induced from the subspace H. By virtue of the
conditions of Theorem 1, we can find a subsequence such that

xm ⇀ x ∗-weak in L∞(0, T ; coim L);

xm ⇀ x̃ weak in Lp(0, T ;B);

M(xm) ⇀ µ weak in Lq(0, T ;B
∗).

Since the operator M is p-coercive, we have

T
∫

0

〈M(xm), xm〉 dτ ≤
T
∫

0

‖M(xm)‖B∗‖xm‖B dτ ≤ CM
T
∫

0

‖xm‖p−1
B ‖xm‖B dτ,

and hence the operators M(xm) are bounded in Lq(0, T ;B
∗). Since the functional is

coercive, we obtain the boundedness of the sequences

‖ xm ‖Lp(0,T ;B)≤ const for all m ∈ N.
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2. Passing to the limit in the equation and using compactness and monotonicity
methods, we obtain that the weak limit sequences {xm}, {um} satisfy the equation of
state

L
dx̃

dt
+ µ = y, L(x̃(0)− ũ) = 0

for all m ∈ N. From the estimates above (possibly, passing to a sequence), we select
weakly converging sequences in the corresponding spaces xm ⇀ x̃, um ⇀ ũ, Ldxm

dt
⇀ Ldx̃

dt
.

According to the Mazur theorem, the point u ∈ Uad. The proof is similar to the proof
given in [16].

3. The proof of the equality M(xm) = µ is based on the method of monotonicity in
consequence of s-monotonicity of the operators M [2].

4. Then x̃ = x̃(ũ) and lim inf J(um) ≥ J(ũ). Hence, ũ is a start control to
problem (1)–(4). The proof is similar to the proof given in [16].

✷

Theorem 1 and Theorem 2 establish the existence of a solution, but do not describe a
method to find the solution. The equation of state is understood as a means to set explicitly
the dependence of the system state function on control. We apply the decomposition
method, which allows to proceed to the consideration of an equivalent problem, in which
the original equation of state is reduced to the system of linear equations by introducing
the additional vector-function x(s, t) = v(s, t) [1]. Next, we apply the penalty method
complementing the decomposition method by introducing an additional term and the
penalty parameter rε =

1
ε
→ +∞ for ε → 0+, which allows tend x to v, into the functional.

Then problem (1) – (4) is equivalent to the following problem:

Lẋ+M(v) = y, x(u, v) = v, (8)

L(x(0)− u) = 0, (9)

Jε
θ (x(T ), v(T ), u) = θ · ϑ‖x(T )− xf‖pB +
+(1− θ) · ϑ‖v(T )− xf‖pB + ‖u‖pB+

+(1− ϑ)
T
∫

0

rε‖x− v‖2
H
dt → inf, θ, ϑ ∈ (0, 1),

(10)

where the penalty parameter rε → +∞ if ε → +0.
Also, note that by a solution to the obtained problem we mean a triple

(x̃(T ), ṽ(T ), ũ) ∈ B×B× Uad if

Jε
θ (x̃(T ), ṽ(T ), ũ) = inf

(x(T ),v(T ),u)
Jε
θ (x(T ), v(T ), u),

where the triple (x, v, u) ∈ X× X× Uad satisfies (8), (9) in the weak generalized case.

Theorem 3. Let p ≥ 2n
n+2

and λ ≥ −λ1. Then, for any y ∈ Lq(0, T ;B
∗), there exists a

solution (xε, vε, uε) to problem (8) – (10), moreover uε → ũ, xε(T ) → x̃(T ) for ε → +0.

Proof.
Due to the reduction of problem (1), (3), (4) to problem (6), (7), this theorem is a

consequence of [17, Th. 3].
✷
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2. Algorithm of the Numerical Method to Find the Start Control

and Final Observation

Based on the theoretical results obtained in the previous paragraphs, we develop
an algorithm to find an approximate solution to the problem on start control and final
observation for the mathematical model of fluid filtration on the basis of the modified
decomposition method and the Ritz method. Let σ be a spectrum of the operator (−∆)
with the homogeneous Dirichlet condition, {λk} be a set of the eigenvalues numbered in
non-decreasing order and {ϕk} be a family of the corresponding eigenfunctions, which are
orthonormalized with respect to the scalar product < ·, · > in W−1

2 (Ω). Next, we search
for an approximate solution to control problem (1) – (4) using the decomposition method
and the penalty method described in [16]. Applying the penalty method, we proceed
to consideration of control problem (8) – (10), where the proximity of the approximate
solutions x̃ and ṽ is achieved by introducing a new functional of the form (10), where the
penalty parameter is rε → +∞ at ε → 0+. Using the projection method, an approximate
solution x̃, ṽ, ũ to control problem (8) – (10) is searched in the form

x̃(s, t) =
m
∑

k=2

ak(t)
ϕk(s)

λk

, ũ(s) =
m
∑

k=2

uk

ϕk(s)

λk

, ṽ(s, t) =
m
∑

i=2

vk(t)
ϕk(s)

λk

, (11)

where m ∈ N is such that m > l, and l = dimkerL, in order to take into account the
effects of the degenerate equation. The algorithm for the numerical study of the problem
on start control and final observation is presented in the block diagram (Fig. 2). On the
basis of the algorithm, we implement a program for the numerical study of the problem
on start control and final observation for the fluid filtration model. The program includes
the following steps.
Step 1. Enter parameters of the equation, parameters of the domain, number of terms
in the approximate solution, eigenfunctions and eigenvalues of the homogeneous Dirichlet
problem for the operator (−∆).
Step 2. Form an approximate solution and control in the form of Galerkin sums (11)
using the program cycle "for()" from 1 to m.
Step 3. Substitute the approximate solution into the equation using the procedure subs.
Step 4. Multiply the resulting solution by the eigenfunctions ϕk(s), integrate from 0 to
l, and, as a result, generate a system of algebraic-differential equations. Next, check the
equations for the degeneracy or non-degeneracy, that is, whether λ is an eigenvalue of the
operator (−∆) based on the procedure "if()".
Step 5. Find a solution to the system of algebraic-differential equations with initial
conditions using the procedure "dsolve()" with respect to the unknowns ak(t).
Step 6. Generate the quality functional using the procedure "subs()". Approximate the
unknown control components using polynomials.
Step 7. Using the package "Optimization" and the procedure "NPLSolve()", find a
minimum of the functional and the corresponding system state.
Step 8. Display the resulting solution and plot a graph.
Step 9. Construct an approximate solution to the Showalter – Sidorov problem with the
found initial distribution u(s) and compare the results.
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Fig. 2. Algorithm for the numerical study of the problem on start control and final
observation
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The result of the program "Numerical research of the mathematical model of liquid
filtration" can be illustrated by the following example.

Example 1. The problem is to find an approximate solution to the problem of start
control and final observation of the problem (1) − (4) for λ = −1; a = 5; p = 4; y = 0;

Ω = (0, π); T =
7

10
; θ =

21

55
, β =

99

100
; ε =

1

100
; N = 3; xf =

√
2

3
√
π

(sin s+ sin 2s).

Consider the equivalent to the problem of starting control and final observation:

J(x(T ), v(T ), u) =
21

55
· 99

100

∫ π

0

∣

∣

∣

∣

x(s, T )−
√
2

3
√
π

sin s

∣

∣

∣

∣

4

ds+

+

(

1− 21

55

)

· 99

100

π
∫

0

∣

∣

∣

∣

v(s, T )−
√
2

3
√
π

sin s

∣

∣

∣

∣

4

ds+

(

1− 99

100

)

π
∫

0

∣

∣

∣

∣

u(s)

∣

∣

∣

∣

2

ds+

+
1

100

T
∫

0

dt

π
∫

0

(

x(s, t)− v(s, t)

)(

(−∆)−1(x(s, t)− v(s, t))

)

ds → inf

for Showalter – Sidorov – Dirichlet problem (3), (4) for equation (1). The eigenvalues and
functions are as follows:

ϕk(s) =

√

2

π
sin ks, λk = k2, k = 1, 2, . . . ,

moreover (−∆)−1ϕk =
ϕk

λk

. Based on the projection method, an approximate solution to

the problem is represented x̃(s, t), ṽ(s, t), ũ(s) in the form of sums (11).
The results work of the program "Numerical research of the mathematical model of

liquid filtration" calculations are control coefficients such that the value of the functional
J = 0.07731823, and the approximate solution of the problem

ṽ(s, t) =

√

2

π
sin s

(

0.20393817 t2 − 6.32325001 t− 2.28086711

)

+

+

√

2

π
sin 2s

(

1.0054557076732367t2 − 1.0061574125401362t+ 0.3493954249337957

)

+

+

√

2

π
sin 3s

(

5.38036216 t2 − 1.44814874 t− 1.91471859

)

,

x̃(s, t)=
9

4
√
π3

(√
2 sin π

(

2.583317223 t2 − 2.8765272 t + 9.58210015 t6 + 1.55939443 t3−

−2.61106796 t5 − 8.69387704 t4 − 2.95449818

)

+

+
9

4
√
π3

(

e
9t

2

√
2 sin 2s

(

− 2.0772381 π − 4.149381 e
2t

3 − 5.0441608 e
2t

3 t6−

−9.22084854 e
2t

3 t2 + 2.76625456 e
2t

3 t + 2.04907742 e
2t

3 t3 − 3.41513049 e
2t

3 t4+

+4.55409505 e
2t

3 t5 + 4.14938184
)

− 1

4
√
π3

(

e
−t

4

√
2 sin 3s

(

− 7.65887437 π−

−2.97559853 e
−t

4 + 7.43899632 e
−t

4 t− 9.29874541 t2 + 7.74895450 e
−t

4 t3−
−4.84309669 e

−t

4 t4 − 1.00757889 e
−t

4 t6 + 2.42159179 e
−t

4 t5 + 2.97559853

)

,
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ũ(s) =

√

2

π
(0.34939542 sin s− 0.8401354 sin 2s+ 0.01320449 sin 3s).

The graphs of the approximate solution of the problem (1)− (4) are shown in Fig. 3 and
Fig. 4. Let us compare the obtained functions x̃(s, T ), ṽ(s, T ) with the required state
xd(s). The graph of these functions at time T = 0.7 is shown in the Fig. 5. The difference
between the required functions x̃(s, t) and ṽ(s, t) is small:

∆ =

( T
∫

0

( π
∫

0

|x̃(s, t)− ṽ(s, t)|4ds
)

dt

)
1

4

= 0.02978542743.

а) Graph of x̃(s, t) b) Graph of ṽ(s, t)

Fig. 3. The approximate solution to the problem (1)− (4)

Fig. 4. An initial state of the

system u(s)
Fig. 5. Graph of functions

x̃(s; 0, 7), ṽ(s; 0, 7), xd(s), s ∈ (0, π)
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УДК 517.9 DOI: 10.14529/jcem210103

ЧИСЛЕННОЕ МОДЕЛИРОВАНИЕ СТАРТОВОГО

УПРАВЛЕНИЯ И ФИНАЛЬНОГО НАБЛЮДЕНИЯ

В МОДЕЛИ ФИЛЬТРАЦИИ ЖИДКОСТИ

К. В. Перевозчикова, Н. A. Манакова

Статья посвящена численному исследованию модели регулирования потенциала

скорости свободной поверхности фильтрующейся жидкости. Данная модель основа-

на на задаче стартового управления и финального наблюдения слабыми обобщенны-

ми решениями модели фильтрации жидкости, которая относится к классу матема-

тических моделей, основанных на полулинейных уравнениях соболевского типа с p-

коэрцитивным и s-монотонным операторами. Найдены достаточные условия существо-

вания решения задачи стартового управления и финального наблюдения исследуемой

модели. Построен алгоритм численного метода решения и приведен вычислительный

эксперимент.

Ключевые слова: уравнения соболевского типа; модель фильтрации жидкости;

задача стартового управления и финального наблюдения; математическое модели-

рование; метод декомпозиции.
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