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The problem of stabilization of a linear system of differential equations with constant
delay containing fast and slow variables is considered. The systems of this kind can be
obtained from the systems with linear delay by replacing an argument. An algorithm for
stabilizing this system with delay is proposed and implemented using Matlab application
software package.
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Introduction

The controlled system of differential equations with constant delay

dx(t)/dt = A1x(t) +B1x(t− τ) + A2y(t) +B2y(t− τ) + C1u1(t),

dy(t)/dt = ϑ0e
t[A3x(t) +B3x(t− τ) + A4y(t) +B4y(t− τ) + C2u2(t)],

t ≥ 0, ϑ0 = const, ϑ0 > 0, τ = const, τ > 0

(1)

is considered. The systems of this kind can be obtained from the systems with linear delay
(1 − µ)ϑ, τ = −ln(µ) by the substitution t = ln ϑ

ϑ0

. Systems with linear delay occur
in problems of mechanics, physics [1], biology, information exchange. For example, in the
study of oscillation process of the current collector of the moving locomotive at interaction
with the contact wire (taking into account the impact of elastic supports) [2]. In this case,
if a ≪light≫ suspension is used during dynamic interaction, then at some (sufficiently high)
speeds of movement of the locomotive, a large ≪separation≫ of the skid of the pantograph
from the contact wire occurs, i.e. instability of movement. The problems of stabilization
of other (simpler) systems with linear delay were considered, for example, in [3, 4].

One can see that the considered system for sufficiently large values of the argument
is a combination of two subsystems containing fast y(t) and slow x(t) motions. This
classification is proposed in [5], where similar complex systems are considered and one
of the two subsystems contains a small parameter at the derivative.

Matrices Aj , Bj (j = 1, 2, 3, 4) have dimension [m×m], vector-functions x(t), y(t) have
dimension m. The components uj(t) of control u(t) = {u1(t), u2(t)}

⊤ are r-dimensional
vector functions, the matrices Cj have dimensions [m × r]. If for u(t) ≡ 0 the solution
of the system is unstable, then the problem of stabilizing the system on an infinite time
interval [6] arises. The goal of stabilization proposed by the authors is to develop such
stabilization algorithms that can be obtained, for example, by solving equations of the
Lyapunov–Riccati type. Note that the authors have solved the problem of stabilization of
a particular unstable fourth-order system using these algorithms.
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1. Exponential Stability Conditions and Stabilization of Weakly
Coupled Systems

We consider the linear normalized space R
m in which the norm of a vector w = {wj}

⊤

(here wj (j = 1, ..., 2m) are components of the vector w, ⊤ is transpose icon) is defined,
for example, as

‖w‖ =

2m
∑

j=1

|wj|.

We define the norm of the matrix D = {dij} (i, j = 1, ..., 2m) in accordance with the norm
of the vector [7]: ‖D‖ = max

j

∑

i

|dij|. In favor of this choice, we can say that the norm of

a matrix is defined in almost the same way as the norm of a vector.
Consider u(t) ≡ 0. Setting xn+1(t) = x(t + nτ), yn+1(t) = y(t + nτ): t ∈ [0, τ ], we

pass to the countable differential-difference system on the finite time interval [0, τ ] [1]. We
have the relations

dxn+1(t)/dt = A1xn+1(t) +B1xn(t) + A2yn+1(t) +B2yn(t),

εndyn+1(t)/dτ = et[A3xn+1(t) +B3xn(t) + A4yn+1(t) +B4yn(t)],

εn =
µn

ϑ0
, t ∈ [0, τ ], xn+1(0) = xn(τ), yn+1(0) = yn(τ).

(2)

Consider asymptotic properties of the differential system (2) for small values of εn.
Obviously, the system contains slow xn(t) and fast variables yn(t) [5]. As shown in [3,
9], the problem of obtaining sufficient stability conditions (and hence, in what follows,
constructing a stabilization algorithm) is reduced to studying the asymptotic properties
of the simpler system

dx0
n+1(θn)/dθn = εn[(A1 +B1)x

0
n+1(θn) + A2y

0
n+1(θn) +B2y

0
n(θn)],

dy0n+1(θn)/dθn = eθnεn[(A3 +B3)x
0
n+1(θn) + A4y

0
n+1(θn) +B4y

0
n(θn)],

θn =
t

εn
.

(3)

Since subsystems in system (3) may be weakly connected [6], [3], we assume that for the
matrices A1, B1 the following terms are valid:
1) the eigenvalues λ of matrix A1 have negative real part

Re(λ) < −β1, β1 = const, β1 > 0;

2) the eigenvalues λ̄ of the matrix A1 +B1 also have a negative real part, i.e.

Re(λ̄) < −β2, β2 = const, β2 > 0; (4)

3) for the second subsystem in (3) we suppose that for the eigenvalues λ̂ of the matrix A4

the following inequality is valid

Re(λ̂) < −β3, β3 = const, β3 > 0;
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4) for the eigenvalues ρ of the matrix −A−1
4 B4 the following inequality holds

|ρ| < γ, γ = const, 0 < γ < 1. (5)

In the work [8] it is shown that conditions 1–4 are often insufficient for the asymptotic
stability of the system (2). The asymptotic stability conditions for the original system
(1) (using the Laplace transform method) are obtained in [10]. We will obtain somewhat
different sufficient conditions (simpler than for stabilizing the system (2)) for asymptotic
stability, which essentially takes into account the small parameter εn.

First, consider the asymptotic properties of the first subsystem in (3) containing only
the variables x0

j (θn). In general, we assume that at least one element of the matrices A2, B2

is nonzero. Obviously, this subsystem does not contain the delay terms. Since the matrix
B1 can be zero, the necessary conditions for asymptotic stability are condition 1. Further,
for the ≪limit≫ matrix A1 + B1, conditions 2 are also true since the ≪limit≫ system has
the form

dx0
n+1(θn)/dθn = (A1 +B1)x

0
n+1(θn), θn =

t

εn
. (6)

This follows in view of relation

xn+1(εnθn − τ) = xn+1

(

t

εn

)

− τεn

[

Axn+1

(

t

εn
− θ̄n

)

+Bxn+1

(

t

εn
− θ̄n − τ

)]

=

= O(εn)[sup
θn

‖xn(θn)‖+ sup
θn

‖xn−1(θn)‖], 0 < θ̄n < 1.

Finally, from this we obtain that the solution of the system (6) (the solution of the
unperturbed system) is exponentially stable.

Taking into account the above, consider the problem of stabilization of the system of
≪slow≫ motions

dx0(t)/dt = A1x
0(t) +B1x

0(t− τ) + C1u(t). (7)

Let for u(t) ≡ 0 the solution of this system be unstable, or stable, but not asymptotically.
If condition 1 is not satisfied, we stabilize the system without delay terms, for which we
use the method proposed in [6], assuming the control action u1

1(t) = −C⊤

1 Γ1x
0(t), where

Γ1 is a symmetric matrix of dimension [m×m] satisfying equation

Γ1A1 + (A1)
⊤Γ1 − 2Γ1C1(C1)

⊤Γ1 = −α1Γ1 − δ1E,

E is an identity matrix of dimension [m × m]; δ1 is a small positive number; α1 is a
positive value that we can set. Since for the eigenvalues λs

j of the ≪corrected≫ matrix
As

1 = A1 −C1(C1)
⊤Γ1 the relation Re(λs

j) ≤ −α1

2
is valid, due to the choice of α1 (making

the value of α1 large enough) it is often possible to achieve that, along with the fulfillment
of the inequality (4) it is also true that (5). Otherwise, we perform further stabilization,
we set u2

1(t) = −C⊤

1 Γ2x
0(t− τ) solving the matrix equation

Γ2(A
s
1 +B1) + (As

1 +B1)
⊤Γ2 − 2Γ2C1(C1)

⊤Γ2 = −α2Γ− δ2E, As
1 = A1 − C1(C1)

⊤Γ1.

Now assuming in (7) the control u1(t) = −(C1)
⊤Γ1x

0(t)− (C1)
⊤Γ2x

0(t− τ), we obtain the
exponential stability of the ≪limit≫ system (system of ≪slow≫ motions).
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Let us now consider the behavior of the second subsystem in (1) in the absence of
variables x(t), x(t− τ). Obviously, for u2(t) ≡ 0 we have system

dy0(t)/dt = ϑ0e
t[A4y

0(t) +B4y
0(t− τ)]. (8)

To justify the stabilization algorithm for the second subsystem in (1), we prove that
inequality 3 is very important in determining the sufficient conditions for the solution of
the full system.

Lemma 1. Let among the eigenvalues λ̂j of the matrix A4 there is λ̂0: maxj Re(λ̂j) =

Re(λ̂0) = ᾱ > 0. Then the system (8) is unstable for any matrix B4.

Proof.
Let’s make in (8) the substitution

y0(t) = γ(t)exp{θ0(ᾱ+ ε̄)et}

(ε̄ is a sufficiently small positive number, γ(t) is a bounded vector function of dimension
m×1). Substituting this expression in (8) and reducing both sides of the resulting relation
by exp{θ0(ᾱ + ε̄)et}, we obtain for γ(t) equation

dγ(t)/dt = θ0e
t
[

[A4 − (ᾱ + ε̄)E]γ(t) +B4exp{θ0(ᾱ+ ε̄)(e−τ − 1)et}γ(t− τ)
]

. (9)

The corresponding differential-difference system has the form

εndγn+1(t)/dt = et[(A4 − (ᾱ + ε̄)E)γn+1(t) +B4exp{θ0(ᾱ + ε̄)(e−τ − 1)µ−net}etγn(t)].

Assuming the terms containing γn(t) to be inhomogeneous, we write down the solution of
the system (9) in integral form [1]

γn+1(t) = Yn+1(t, 0)γn+1(0) +

t
∫

0

Yn+1(t, s)B4exp{θ0(ᾱ + ε̄)](e−τ − 1)es}
es

ε̄
γn(s)ds. (10)

Here Yn+1(t, s) = exp{θ0µ
−n[A4 − (ᾱ + ε̄)E][et − es]}, 0 ≤ s ≤ t ≤ τ , E is the identity

m × m matrix. Obviously, the eigenvalues λε̄ of the matrix A4 − (ᾱ + ε̄)E satisfy the
inequality Re(λε̄) < −ε̄1, 0 < ε̄1 < ε̄. Then the estimate

‖Yn+1(t, s)‖ ≤ Mexp{−θ0µ
−nε̄1(e

t − es)}, M = const, M > 1 (11)

is valid. Taking into account this estimate, from (10) we obtain inequality

‖γ(t)n+1‖ ≤ Mexp{−θ0µ
−nε̄1(e

t − 1)}‖γn+1(0)‖+

+

t
∫

0

es

ε̄
Mexp{−θ0µ

−nε̄1(e
t − es)}exp{esθ0µ

−nε̄1(µ− 1)}‖B4‖‖γn(s)‖ds.
(12)

Consider the integral term on the right-hand side of this inequality. Obviously, the relation

t
∫

0

es

ε̄
Mexp{−θ0µ

−nε̄1e
s)}exp{esθ0µ

−nε̄1(µ− 1)}‖B4‖‖γn(s)‖ds ≤
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≤
M

µ
max

t
‖γn(t)‖exp{e

tθ0µ
−nε̄1µ}‖B4‖

is true. Then from (11), (12) we obtain inequality

‖γ(t)n+1‖ ≤ Mexp{−θ0µ
−nε̄1(e

t − 1)}‖γn+1(0)‖+
M

µ
max

t
‖γn(t)‖exp{e

tθ0µ
−nε̄1µ}‖B4‖.

Hence, for t = τ we obtain

‖γ(τ)n+1‖ ≤ Mexp{−θ0µ
−(n−1)ε̄1(1−µ)}‖γn+1(0)‖+

M

µ
max

t
‖γn(t)‖exp{θ0µ

−nε̄1}‖B4‖ ≤

≤

[

Mexp{−θ0µ
−(n−1)ε̄1(1− µ)}+

M

µ
exp{θ0µ

−nε̄1}‖B4‖

]

max
t

‖γn(t)‖.

Therefore, for max
t

‖γn+2(t)‖ from (12) we have the estimate

max
t

‖γn+2(t)‖ ≤ M

[

Mexp{−θ0µ
−(n−1)ε̄1(1− µ)}+

M

µ
exp{θ0µ

−nε̄1}‖B4‖

]

max
t

‖γn(t)‖+

+
M

µ
max

t
‖γn+1(t)‖exp{θ0µ

−(n+1)ε̄1}‖B4‖.

Denoting maxt ‖γn(t)‖ = vn, we obtain from the last estimate the inequality

vn+2 ≤ M

[

Mexp{−θ0µ
−(n−1)ε̄1(1− µ)}+

M

µ
exp{θ0µ

−nε̄1}‖B4‖

]

vn+

+
M

µ
‖exp{θ0µ

−n+1ε̄1}‖B4‖vn+1 = β̄1
n+1vn+1 + β̄2

nvn.

Hence it follows that the value vn+2 does not exceed the solution of the second-order system
[10]

v̄n+1 = Ānv̄n, v̄1n = vn, v̄2n = vn+1, Ān =

(

0 1
β̄1
n β̄2

n+1

)

. (13)

Let us note the properties of the matrix Ān. The "limit" matrix is

Ā∞ =

(

0 1
0 0

)

.

The coefficients of the matrix Ān have the following properties: β̄j
n > 0,

∑

n

β̄j
n < ∞

(j = 1, 2). Since the ≪limit≫ matrix has eigenvalues λ̄1 = λ̄2 = 0, the difference system
(13) is exponentially stable [10]. Therefore, γn(t) is exponentially stable. Obviously, for
the value ‖γn(t)‖ we have the estimate ‖γn(t)‖ = O(exp(−θ0ε̄1µ

−n)). Hence it follows
y0(t) = O(exp(θ0ᾱ− ε1)exp(t)), which implies the instability of the solution of the system
(8) for any matrix B4. The lemma is proved.

2
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Taking into account the lemma, we see that at the first stage it is necessary to stabilize
the following system for (8) in the absence of delay terms:

dȳ0(t)/dt = ϑ0e
t[A4ȳ

0(t) + C2ū2(t)].

Its stabilization can be carried out, for example, by Furasov’s method, which we outlined
in the stabilization of the system (7). Having stabilized this system, let us consider its
behavior in the presence of delay terms. If the resulting system

dy0s(t)/dt = θ0e
t[A4sy

0
s(t) +B4y

0
s(t− τ) + C2u2(t)]

is unstable again with u2(t) ≡ 0, then we will stabilize the "degenerate" difference system
[11, 12]

ŷ0s,n+1 = −A−1
4s B4ŷ

0
s,n −A−1

4s C2us,n = Âŷ0s,n + Ĉ2us,n (14)

with minimization of the functional

Q =
∞
∑

j=0

[(y0s,j)
⊤Gy0s,j + u⊤

s,jDus,j],

applying the algorithm suggested in [12], namely, setting the control us = [D +
(Ĉ2)

⊤PĈ2]
−1(Ĉ2)

⊤PÂŷs,n = Ā1ŷs,n. Here P is a symmetric, positive definite matrix
satisfying the equation [12]

(Â)⊤PÂ− P +G− [(Ĉ2)
⊤PÂ]⊤[D + (Ĉ2)

⊤PĈ2]
−1(Ĉ2)

⊤PÂ = 0, (15)

where G,D are positive definite matrices of dimension, respectively, m × m and r × r.
Note that the nonlinear matrix equation (15) is solvable provided that the system (14) is
completely controllable. Thus, setting in the second controlled subsystem of the system
(1) the control u2(t) = −(C2)

⊤Γ1y(t) + [D + (Ĉ2)
P Ĉ2]

−1(Ĉ2)
P Â y(t− τ), we get that the

second subsystem in the absence of terms x(t), x(t − τ) on the right side is exponentially
stable [12].

2. Stability and Stabilization of the Original System

Obviously, the sufficient conditions for exponential stability for weakly coupled
systems obtained in the previous section, are not sufficient conditions for the asymptotic
stability of the original system (1). Taking into account the results obtained in the previous
section, we first stabilize the first subsystem in (1) (in the absence of the terms y(t), y(t−τ)
on the right-hand side). Methods for stabilizing this system are given earlier in the previous
section. Further, considering this subsystem stabilized in this way in the presence of terms
containing y(t), y(t− τ)), we obtain from (3) the subsystem

dx0
n+1(θn)/dθn = εn{[(A1 +B1)x

0
n+1(θn)− 1(C1)

⊤Γ1x
0(t)− 1(C1)

⊤Γ2x
0(t− τ)+

+A2y
0
n+1(θn) +B2y

0
n(θn)} ≈ εn{[(A1,s +B1,s])xn+1(θn) + A2y

0
n+1(θn) +B2y

0
n(θn)}.

Due to the presence of the multiplier εn on the right-hand side, the value xn+1(t) satisfies
asymptotic equality

xn+1(t) = −(A1,s+B1,s)
−1(A0

2y
0
n+1(t)+B0

2y
0
n(t))+O(‖xn+1(t)‖τ +‖yn+1(t))‖τ +‖yn(t))‖τ ),
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therefore, the first approximation system is the difference (degenerate) system

x0
n+1(θn) = −[A1,s +B1,s]

−1[A2y
0
n+1(θn) +B2y

0
n(θn)]}.

whence, taking into account the second subsystem (3) we obtain the controllable first
approximation system

εndy
0
n+1(t)/dt = et{−[A3 +B3][A1,s +B1,s]

−1[A2y
0
n+1(t) +B2y

0
n(t)] +

+A4y
0
n+1(t) +B4y

0
n(t)} = et{−A0y0n+1(t) +B0yn(t) + C2u2(t)}.

(16)

This system (in the case of instability or stability, but not asymptotic) is quite simply
stabilized by the algorithms presented in the previous section. In the papers [8, 13] it
was proved that in the case of exponential stability of the stabilized subsystem (16) and
exponential stability of the stabilized system (7) the original system is exponentially stable.

Due to the fact that the matrices Aj , Bj j = 1, 2, 3, 4 are constant, when stabilizing
the system (1) the Lyapunov–Riccati equations with constant coefficients are solved by
the methods proposed in the Matlab package. To implement the methods outlined by
the authors, a software based on the Matlab package has been created, which makes it
possible effectively stabilize the systems under consideration. The example given below
and the numerical calculation of the solution illustrate the applicability of the proposed
algorithms for stabilizing the considered system.

3. Example

Consider a fourth-order system

dx1(t)/dt = x1(t) + 0.1x2(t) + x1(t− 1) + y1(t) + y1(t− 1) + u1(t),

dx2(t)/dt = 0.1x1 + x2(t) + y2(t) + y2(t− 1) + u1(t),

dy1(t)/dt = et[x1(t) + x1(t− 1) + y1(t) + 2y1(t− 1) + u2(t)],

dy2(t)/dt = et[x2(t) + x2(t− 1) + 0.2y1(t) + y2(t) + y2(t− 1) + u2(t)].

The original system is unstable, which can be seen from the graph shown in Figure 1. The
system of slow variables is also unstable, which can also be seen from the corresponding
graph shown in Figure 2. Let’s stabilize the system of slow variables. This system
becomes exponentially stable, as shown in Figure 3. Let us now consider the system
of ≪fast≫ movements. This system is unstable because matrix A4 has the eigenvalues
λ1
4 = λ2

4 = 1.
We will stabilize the system in two stages. The corresponding subsystem becomes

exponentially stable, which can be seen from the graph shown in Figure 4. However, the
original system stabilized in this way is unstable, since the matrix A0 has eigenvalues
λ0
1 = 1.135 + 2.3i, λ0

2 = 1.135− 2.3i. Finally, having stabilized in two stages the system

dy0(t) = ϑ0e
t[A0y0(t) +B0y0(t− 1)],

from the graph shown in Figure 5 we see that the original system also becomes
asymptotically stable. Note that this graph shows the solution in variable ϑ.
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СТАБИЛИЗАЦИЯ ОДНОЙ СИСТЕМЫ С ЛИНЕЙНЫМ
ЗАПАЗДЫВАНИЕМ

Б. Г. Гребенщиков, А. Б. Ложников

Рассматривается задача стабилизации линейной системы дифференциальных
уравнений с постоянным запаздыванием, содержащей быстрые и медленные перемен-
ные. К системам подобного вида заменой времени (аргумента) приводятся системы с
линейным запаздыванием. Предложен алгоритм стабилизации этой системы запазды-
ванием, который реализован с помощью пакета Matlab.

Ключевые слова: асимптотическая устойчивость; линейное запаздывание; ста-

билизация.

Литература

1. Беллман, Р. Дифференциально-разностные уравнения / Р. Беллман, К. Кук. –
Mосква: Мир, 1967.

2. Ockendon J.R. The dynamics of a current collection system for an electric locomotive /
J.R. Ockendon, A.B. Tayler // Proceedings of the Royal Society of London A. – 1971. –
V. 322, iss. 1551. – P. 447–468.

3. Гребенщиков, Б.Г. Cтабилизация системы нейтрального типа с двумя линейными
запаздываниями / Б.Г. Гребенщиков, А.Б. Ложников // Материалы IV между-
народной конф. ≪Математика, ее приложения и математическое образование≫. –
2011. – C. 32–35.

4. Жабко, А.П. О стабилизации класса систем с пропорциональным запазды-
ванием / А.П. Жабко, О.Г. Тихомиров, О.Н. Чижова // Вестник Санкт-
Петербургского университета. Серия А. Прикладная математика. Информатика.
Процессы управления. – 2018. – Т. 14, № 2. – С. 165–172.

5. Митропольский, Ю.А. Метод усреднения в нелинейной механике / Ю.А. Митро-
польский. – Киев: Наукова думка, 1971.

6. Фурасов, В.Д. Устойчивость движения, оценки и стабилизация / В.Д. Фурасов. –
Москва: Наука, 1977.

7. Барбашин, Е.А. Введение в теорию устойчивости / Е.А. Барбашин. – Москва:
Наука, 1967.

8. Grebenshchikov, B.G. Stabilization of some system with constant delay /
B.G. Grebenshchikov, A.B. Lozhnikov // IFAC-PapersOnLine. – 2018. – V. 32,
iss. 51. – P. 105–109.

9. Гребенщиков, Б.Г. Асимптотическое поведение решений одной системы с линей-
ным запаздыванием / Б.Г. Гребенщиков // Известия РАН. Теория и системы
управления. – 2008. – № 2. – C. 29–34.

10. Гребенщиков, Б.Г. О неустойчивости некоторой системы с линейным запазды-
ванием / Б.Г. Гребенщиков, С.И. Новиков // Известия ВУЗОВ. Математика, –
2010. – Т. 54, № 2. – С. 1–10.

11. Халанай, А. Качественная теория импульсных систем / А. Халанай, Д. Векслер. –
Москва: Мир, 1971.

12. Гребенщиков, Б.Г. О стабилизации стационарных линейных систем с запаздыва-
нием, линейно зависящих от времени / Б.Г. Гребенщиков // Известия ВУЗОВ. –
1991. – Т. 35, № 7. – C. 65–67.

12 Journal of Computational and Engineering Mathematics



ENGINEERING MATHEMATICS

13. Гребенщиков, Б.Г. Об устойчивости по первому приближению одной нестацио-
нарной системы с запаздыванием / Б.Г. Гребенщиков // Известия ВУЗОВ. Ма-
тематика. – 2012. – Т. 56, № 2. – С. 34–42.

Гребенщиков Борис Георгиевич, кандидат физико-математических наук, кафед-
ра прикладной математики Уральского федерального университета (г. Екатерин-
бург, Российская Федерация), b.g.grebenshchikov@urfu.ru.

Ложников Андрей Борисович, кандидат физико-математических наук, до-
цент, отдел дифференциальных уравнений Института математики и ме-
ханики им. Н. Н. Красовского УрО РАН, кафедра прикладной математики
Уральского федерального университета (г. Екатеринбург, Российская Федерация),
ABLozhnikov@yandex.ru.

Поступила в редакцию 15 августа 2021 г.

2021, vol. 8, no. 3 13


