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The article is devoted to a numerical study of a one-dimensional non-stationary problem
on thermomechanical processes in a snowpack with account of effects of melting and
freezing. Snow is modeled as a continuous medium consisting of water, air and porous
ice skeleton. The governing equations of snow are based on the fundamental conservation
laws of continuum mechanics. A finite-difference algorithm is constructed and a series
of numerical experiments is fulfilled. The results of the computations correspond well to
laboratory observations.
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Introduction

Adequate mathematical modeling of thermomechanical processes inside and near
snowpacks is in a great demand due to the need to build calculations and forecasts of
spring flood hydrographs and water quality in receiving reservoirs, to make assessment
of the risk of avalanches in the mountains and the risk of collapse of membrane-like
constructions caused by the weight of snow, etc. To date, there is a number of works
devoted to modeling snow taking into account phase transitions, which use observational
data and empirical dependencies. A fairly extensive review on this topic can be found in
[1]. The present article is devoted to a study of the one-dimensional mathematical model
of air and water filtration in a snowpack in the presence of ‘ice-water’ phase transitions.
The snowpack is modeled as a three-phase continuum consisting of water, air (vapor in
pores) and immovable porous ice skeleton. The precise formulation of this model is posed
further in Sec. 1 along with the necessary explanations on its physical background. Because
of nonlinearity and high inter-connection between equations, the rigorous mathematical
results on existence and uniqueness of classical or generalized solutions to boundary value
problems for the considered model are unavailable, at least, so far. Therefore, in this
article we concentrate on a numerical analysis for the initial-boundary value problem for
the model. More precisely, in Sec. 2, we construct the finite-difference algorithm and carry
out a series of numerical experiments using both the test data and the data of laboratory
experiments. The results of the computations appear to correspond well to laboratory
observations. Ending this introduction, it is worth to notice that the present study is
rather close to a set of recent works devoted to the mathematical modeling of processes
in snowpack, see 2, 3, 4], and can be referred to as their extension.
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1. The 1D Model of Thermomechanical Processes in a Snowpack

At temperatures close to the freezing point of water, snow can be described as a
three-phase medium consisting of water, air (water vapor) and ice. In this case, ice is a
solid porous skeleton, and a mixture of water (in liquid form) and air is a two-component
continuous medium filtering through the pores. We introduce a mathematical description
of the balance of mass, momentum and heat on the basis of the fundamental conservation
laws in continuum mechanics, following the presentation from the monographs |1, Ch. 3,
Secs. 1-2], [5, Ch. I, Sec.1.7|, [6, Ch. 4, Secs.4.1-4.2|. In one-dimensional case, with the
help of the technical procedure described in detail in [1, Ch. 3, Secs.2-3|, [5, Ch. V, §1,
Sec. 1], the basic three-dimensional model consisting of a system of conservation laws and
clarifying and simplifying phenomenological hypotheses is reduced to a nonlinear system of
mixed type consisting of five differential equations. Now we formulate the initial-boundary
value problem for this system and give the necessary comments on its physical meaning.
After that, in Sec. 2, we carry out a numerical analysis of this problem.

We suppose that Q := (0,1) is an open bounded interval in the space R of physical
positions z, where the coordinate z = 0 corresponds to the bottom surface of a snowpack
bordering on a frozen base (ground, ice, rooftop, etc.), and = [ is the upper surface
bordering an open air. By ¢ we denote the time variable.

Problem 1D. (The dynamical one-dimensional model of a snowpack.) In the
space-time domain Q7 = Q x {0 < t < T}, where T' = const > 0 is a given time moment,
find the water saturation in pores s = s(z, t), the reduced pressure p = p(x, t), the intensity
of the ‘ice-water’ phase transition I = I(z,t), the temperature of snow 6 = 6(z,t), and
the total velocity of filtration v = v(x, t), satisfying the reduced balance of mass equations

ol(1 — , 0 0 0
(A=A O 2 Tats o) 22 + oo + Fls,660,0)] =0, (0.0 € O, (1
0 op B p3\ O0p(x,0)
SR L~ fs.ote.0n] = (1-5) 20w e o, (1b)
op(x,0 I
20.0) T @heor (10)
the reduced Darcy law
0
v=—K(s,6(x,0) 50 + f(s.0(x,0)), (z,t) € O, (1d)
the heat balance equation
09 Os\ 00 0 09
Qs 00 0) 5 +V (o500, 52 ) 57 = & (Al ol 05 ) =~ — o1,

(x,t) € Qp, (le)
and the boundary and initial conditions

Slo=o = 50(0,%), placo =po(t), Oluzo =6(0,t), te (0,17, (1f)
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0

oot = s0(Lt), 5o =0, Oy = 60(L,t), e (0.7, (1g)
T lz=l

Sli=o = so(x,0), 0Ol4=0 = bp(z,0), x€]0,l]. (1h)

In conditions (1f)-(1h), po = po(t) is a given function on [0,7] and sy = so(z,t) and
0o = 0o(z,t) are given functions on Ly, where Uy = ({0 <z < I} x {t =0}) U ({z =
0, x =1} x (O,T]), i.e., Up is the L-shaped part of 0.

In equations (la)-(1le), the nonlinear (in general) functions ¢, a, b, f, k, K, F, Q,
and V are given. They are uniquely defined by the given physical characteristics of the
components of the snow via the following formulas:

é(z,0) = ¢~ for 6 < 0, %(:p,e) >0for6e0-,6%), 6(x,0) =0t for 6> 0", (2a)
o(6,0) = ~Kafo)—THIRC S gy = Rl (2b)
O e e | A R
K(s.0) = o) Kale), F(s,0) =20 = 5.0 = ) |20 =] 2
Qs 6) = crspl + call — )66 + ol — $)p (2¢)

V(Uv S, ¢7 C) = Clp(l][(l - b(s))v—a(s, ¢)C_F(Sv qb)}—f-Cng [CL(S, ¢)C+b(S)U+F(Sv ¢)] : (2f>
Here,

e ¢(x,0) is the snow porosity, i.e., the volumetric part of pores in the specific volume
of snow; for fixed z, it is a piece-wise differentiable function of 6 and it is postulated
following [7], namely, ¢(x,0) is a prescribed function on the segment {#~ < 6 < 61},
values ¢~ and ¢T are constant and belong to (0, 1], values §~ and " are also constant
and satisfy the inequality 0 < = < 0™, and 6% is the temperature of ice melting;

e Ky(¢) is a nonnegative porous skeleton permeability coefficient such that Ky(0) = 0;

e koi(s) > 0 and kpa(1 — s) > 0 are the phase permeability coefficients of water and
air (water vapor), respectively, such that ko;(0) = 0, ko(0) = 0;

e 41 and po are the positive constant dynamical viscosity coefficients of water and air,
respectively;

e p.(s) is the capillary pressure, which is the given function that has the properties
pe(s) >0, pe(0) = 00, p.(1) =0, and p.(s) < 0 [5, Ch.5, Sec.1.1];

e V. p9, and pJ are the constant genuine densities of water, air, and ice, respectively;
e g = const > 0 is the acceleration of free fall;

e (1, C9, and c3 are the positive constant coefficients of specific heat capacity at constant
volume of water, air, and ice, respectively;
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e )\.(s,¢) is the heat conductivity of snow, which is given according to experimental
data and satisfies the positiveness property A.(s,¢) > A_ = const > 0, Vs,¢ € R.

The formulation of Problem 1D takes into account the postulate of immobility of the
porous ice skeleton, the postulate of equality of the temperature in all three phases in
each point of continuum, and the natural observations (see, for example, [6, page 105])
that sublimation is negligible, i.e., the ‘ice-air’, ‘air-ice’, ‘water-air’, and ‘air-water’ phase
transitions are absent. The latter implies that only the intensity I of the ‘ice-water’ phase
transition, or, equivalently, the intensity —/ of the ‘water-ice’ phase transition, takes place
in the equations. Also, in (1) and (2) we impose the physically reasonable requirements
05 < p3 < p? on the genuine densities of phases and ¢; > ¢3 on the specific heat capacities.

We note that, having the five sought functions s, p, I, # and v found, one can determine
separately the velocity of filtration of air vy and the velocity of filtration of water v; by
the formulas

ve = a(s, ¢(x, 0))% +b(s)v+ F(s,p(x,0)), v =v—10vg, (3)

the air pressure p, and the hydraulic pressure p; in pores by the formulas

1

o k01(§)pf¢(f) _
b2 =p— / T(f)dg’ p1 = P2 — Pe(8), (4)

S

and the reduced densities of water (p;), air (p2) and ice (p3) by the formulas

p1=s50p], pa=(1—35)¢py, p3=(1—0)ph. (5)

Remark 1. Note that the formulations based on modifications of system (1) have already
been considered by various authors. For example, in 2], a numerical study of an initial-
boundary value problem for a system of the form (1) was carried out, in which, on the
right-hand side of the equation (le), the sum —vI takes place instead of —(¢; — ¢3)01,
where v = const > 0 is the given specific latent heat of the ‘ice-water’ phase transition
and the intensity of the phase transition I = I(¢, 0, s) is a given function of a very special
form. Note that in the setting considered in the present article, the value I is a sought
function, not a given one. The same model (with minor changes) as in 2] was considered
earlier in [7], where the unique solvability was proved for the self-similar setting.

2. Numerical Study of Problem 1D

2.1. Foreword. Bringing Problem 1D to a Dimensionless Form

Let us carry out a numerical study of Problem 1D, providing it with specific model
input data. We develop the finite-difference algorithm similar to the one proposed by A. N.
Sibin and A. A. Papin in [2].

We take Ko(¢) := B¢?® (B = const > 0), as in [8, Sec. 9.10, formula (9.9)|, and
)‘C(Sa ¢) =ac+ bcpg(sa ¢)> where pc(57 ¢) = S¢p? + (1 - S)¢pg + (1 - ¢)pga a. = const > 0,
and b, = const > 0, as in |6, Ch. 4, Secs.4.1-4.2].

We bring Problem 1D to a dimensionless form. The choice of the independent and
dependent dimensionless variables (all of them are marked with tildes) is such that
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equations (la)-(1le) exactly preserve their forms, whereas the dimensionless quantities in
the equations are related with the dimensional ones by the formulas

7?: t/tsca T = x/xsca ﬁ = p/psca I= tsc[/pga é = 9/0507 U= U/Usca
~ 7 tscvsc - t
a(s,¢) = —-als,¢), b(s) = b(s), F(s,¢)=—F(s,9),

c sc sc

K(s.0) = " K(s,0). J(5,0) = (5.0) /vy Ql5.9) = Q(5.0)/ (car).

selse
N @ctsc bc Cr ~ esc
/\0(57 ¢) - .1'2 pgcg <1 + a_cpg(57 ¢)>7 V(Uu S, ¢7 88/8$> - pgc3xch(U7 S, ¢7 85/895),

where x,. = I, pse = P91, vse = Bplg/p1, 0s. = 0, and t,, are the characteristic scales of
length, pressure, velocity, temperature, and time, resp. Also, coefficient —(¢; — ¢3) in the
right hand side of equation (1le) becomes —(¢;/c3 — 1) in the dimensionless version of this
equation.

2.2. Numerical Algorithm

In this paragraph, for simplicity, we omit tildes over dimensionless terms and refer to
the dimensionless equations by the same formula numbers as for dimensional equations, but
with the subscript «<d-I>. Equation (1a)q, is approximated using the directional difference
for the convective term. Equations (1b)q; and (le)q, are approximated by an implicit
second order precision scheme. As a result, from (la)qi-(le)q; and (3)4; we derive the
system of difference equations

TL+1 n
¢n z Si %(&n (S?-:rll n+1) (S?Jrl S:Hrll))
a n ab n ?Jj—ll - Sn+1
aF n ¢ -1 pn H—l zn o a¢ -1 pn Q?Jrl B ezn
d)(l,d)) (N 07) === 4 (L= s7) g N 67 =——, (6a)

= (B! = pi) = Ko™ = pﬁf))+%=

(- p3>a¢( RN/

0o T
ol = K (s, o) P (60)
sh
() = a(sf 1) L 4 BT p + (T, 67), (o) =F — (), (6d)
nezn—’—l an 1 n n n n n n
QT = (N (B = ) = (o - o)
(V] VOB — 2V artt + (V] = Vet

2h

Cq a¢ 71 QU—H — gr

- 1 0" en 1 7 6

#(2-n) e e
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where : =0,...,N, n=0,...,M — 1, and the following notation is used:

o = ¢(iN_la 07), fi=fster), V= —(Ul)?P?Cl/(PgC:s) - p(Q)CQ(’UQ)?/(ng3>7
n Ko(d}1)alsiy, 0i1) + Ko(d7)alsy, ¢7)

Gy = 2

g = Koldialsiiy, ¢iy) + Ko(@f)alst, oF)
.1 = 5
1—5 2

)\n _ 2\ (¢z 1) Si— 1))\( ?78?) )\n _ 2 (¢z+17 z+1) (¢z7 z)
Z__ )\(21711>+)\(z7z)’ H__ )\(¢z+17 z+1)+)\(z75?>’

2K( i z)K( ?—1—17 :L—l—l) _ 2K( 7 z)K( i— 17Sz 1)
K(Z’z)+K( 41 z+1) K(z’ z)+K(¢z 1711)

The algorithm for the numerical solution of the initial-boundary value problem is as
n+1 _on

follows. We solve (6e) for -———" by first taking 6" instead of 6} in the first two terms
T

K, =

in the right hand side. Then we substitute the result into (6b) and, using 69 and s?, we
find p? (i =0, ..., N). Further, using p?, s and 6, we determine ¢? and v?, (vl) and ( 9)Y
from (6¢) and (6d). After this, from (6a) we ﬁnd st and from (6e) we find 6}. Next, we
calculate p} from (6b), and so on. Repeating this algorithm further forn =1,2,..., M —1,
we find the values of the sought functions over the entire time interval.

2.3. Numerical Illustrations

For the numerical study of Problem 1D, we use the empirical relations from [9)].
Namely, we take p.(s) = (s~ — 1)y, where v = 0.0007 Pa; x,. = 1m; toe = 1h; g =
9.8m/s? Ko(¢) = B¢>, where B = 1mkm?; 0~ = 268.3 K; T =278.15K; ¢_ = 0.6;

p0)=¢_ for0 <0, ¢(0)=¢_ +(1—¢_)O—0_)O—07)" for 6 e[f,07],
$(0) =1 for 0 > 0%

koi(s) =0 for s <0, ko(s)=s" forse[0,1], ko(s)=1 fors>1;

koo(1 —s8) =1 for s <0, kgl —s)=(1—s5)® fors€[0,1], kp(s)=0 fors>1.

We remark that in this section (Sec. 2.3) the physical quantities are taken in dimensional
form for better clarity of illustrations. In the boundary and initial conditions below the
unit of time measurement is an hour. These conditions are set up as follows:

0(z,0) =268.3K s(z,0)=0.01+0.52, x€(0,zs)=(0,1),
p(0,t) = 101325 Pa, s(0,¢) = 0.01, 6(0,¢) = 268.3 + 10 sin(t 7/12) K, ¢ >0,
(Op/0x)(1,t) =0, s(1,t) = 0.51+ 0.01 cos(tw/12), 6(1,t) = 268.3K, t> 0.

Notice that the initial data for p(0,¢) corresponds to the atmospheric pressure. The values
of the rest of the coefficients and parameters for numerical simulations are borrowed
from [10] as follows: h = 0.01, N = 100, 7 = 0.01, M = 100, p? = 1000 kg/m?,
05 = 1.292kg/m3, pS = 916.2kg/m?, ¢ = 418 J/(kgK), co = 1005.J/(kg K), c
206 J/(kg K), p11 = 0.001787 kg/(m s), and pe = 0.0000171 kg/(m s).
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The numerical algorithm allows us to determine all thermomechanical characteristics
of snow. In this article, we focus on defining porosity ¢, the water saturation in pores s
and temperature 0. Figs. 1-6 show the results of the performed simulations. Fig. 1 shows
the porosity profile at ¢ = 1.74 h. Fig. 2 shows the distribution of porosity; one can see
that, over time, porosity increases with increasing temperature. Figs. 3 and 4 show the
temperature distribution. Figs. 5 and 6 show the saturation distribution; it can be seen
that over time the saturation also increases with increasing temperature, like the porosity
does.

From Figs. 1-6 we can notice that the lifespan of the numerical solution for the given
input data is not short, about three hours. This allows to conclude that the numerical
solution of Problem 1D is rather good for description of fairly regular weather regimes,
despite the fact that the global existence theorems for Problem 1D cannot be achieved.

Thus, numerical illustrations indicate good consistency of Problem 1D with real physics
of the melting/freezing processes. Worth noticing that the analogous experiments also were
carried out in [2] and [11] and gave somewhat similar results.

0.70

068 -

0.6& -

064 -

062 -

060

T T T T T T
on 01 02 03 04 0h

Fig. 1. Profile of porosity at t = 1.74 h. The
porosity ¢ is plotted as the function of the
hight x of the snow mass

2705

2704

200 M0 00 &00 10000
t

Fig. 3. Temperature distribution on the
snow surface plotted as the function of # (s)

Fig. 2. Porosity distribution in the
snowpack plotted as the function of the
hight x (m) and time ¢ (s)

Fig. 4. Temperature distribution in the
snowpack as the function of x (m) and ¢ (s)
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Fig. 6. Profile of the water saturation in
Fig. 5. The water saturation distribution in  pores at the hight h = 0.02m, i.e., near
the snowpack plotted as the function of the the frozen bottom. The water distribution
hight x (m) and time ¢ (s) is plotted as the function of time ¢ (s)

Conclusion

For a highly nonlinear one-dimensional problem of description of thermomechanical
processes in a snowpack, the finite-difference algorithm is constructed and the series of
numerical experiments is fulfilled. The results of these experiments correspond well to
laboratory data.
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YNCJIEHHBIVI AHAJIN3 OJTHOMEPHON MOJIEJIN
TAIOIIIETO MJIN 3AMEP3AIOIIIETO CHEKHOT'O
IIOKPOBA

C. B. Aaexceesa, C. A. Caosicenxos

Crarbs TOCBSIIEHA YUCJTEHHOMY HUCCJIEIOBAHUIO HECTAITMOHAPHON OHOMEPHON 3a/1a9u
OIIMCAaHUsI TEPMOMEXAHMIECKUX IPOIECCOB B CHETY € y4eToM 3(h(DEKTOB TasiHUs U IIPOMEP-
3anus. CHer MOJIe/IMpyeTcs KaK CILIONIHAS CPEJIa, COCTOSIIAs U3 BOJbI, BO3/yXa U IIOPUCTO-
r'o JIEJAHOTO CKeJieTa. Ba30Bble ypaBHEHHSI, ONUCHIBAIOIIIE COCTOSTHUE CHEra, OCHOBAHBI HA
dyHIAMEHTAJBHBIX 3aKOHAX COXPAHEHHsT MEXaHUKY CIUIONIHBIX cpejt. [IpoBoauTcs mocTpo-
€Hle KOHEYHO-PA3HOCTHOIO AJITOPUTMA M BBITOJIHSIETCS CEPUsl YUCIEHHBIX IKCIIEPUMEHTOB.
PesynbraThr pacueToB XOpOIIO COOTBETCTBYIOT JTAOOPATOPHBIM HAOIIOIEHUSIM.

Karouesvie caosa: dusvmpayus; $asosuidi nepexod; crez; KOHewHo-padHoCmHas CLema.
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