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The article is devoted to the processing of input information for the mathematical
model of ion-acoustic waves considered in plasma, taking into account the influence of a
magnetic field, which is external to the system under consideration. The solution of the
inverse problem for this model is the generalized potential of the electric field and the
parameter of the external magnetic field. To find the solution, the method of successive
approximations is used, and the model itself is reduced to a high-order Sobolev type
equation. The first paragraph presents the results of an analytical study of this model. In
the second paragraph, the developed algorithm for carrying out information processing and
its scheme are presented. In the third, the results of information processing obtained on the
basis of computational experiments of the developed program in the «Maples> environment
are presented. All the results obtained can be applied in the field of mathematical modeling,
for example, in calculating the generalized electric field potential for ion-acoustic waves in
plasma.
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Introduction

Let Q = (0,a) x (0,b) x (0,c¢) C R3. Consider equation of ion-acoustic waves in a
plasma in an external magnetic field

0%*v

(A - Oé)”tttt + B(A - V)Utt + "QW + Qf = 07 (33', t) € Qx (07 T) (1)
3

with the Cauchy condition
v(z,0) = vo(x), v(z,0) =0v1(x), vu(z,0)=1v3(x), vue(z,0)=uv3(x), x€Q, (2)

the Dirichlet condition
v(x,t) =0, (z,t) €I x[0,T], (3)

and overdetermination condition

/v(x, t) K (z)dx = O(1). (4)

Q

Let the functions K (x), vo(z), v1(x), va(x), vs(x), f(z,t), ®(t) be given, and

/U(x,t)K(x)dx =<v(x,t), K(x) >

2022, vol. 9, no. 1 59



A. A. Zamyshlyaeva, A. V. Lut

be the inner product in Ly(£2). The coefficients «, 3, 7, k of (1) relate such quantities as the
Debye radius, ion gyrofrequency, and Langmuir frequency. Conditions (2) and (3) define
initial and boundary values, respectively. The overdetermination condition (4) defines some
averaging of the function v(z,t) over the entire domain 2 under consideration.

The inverse problem for ion-acoustic waves in a plasma in an external magnetic field is
the problem of finding a pair of functions v(x,¢) and ¢(¢) from the relations (1)—(4), where
v(x,t) describes the generalized potential of the electric field, and ¢(t) is the parameter of
the external action of the magnetic field.

One of the first references to equation (1) was presented by A.G. Sveshnikov,
A.B. Alshin, M.O. Korpusov, and Yu.D. Pletner [1]. Equation (1) belongs to the Sobolev
type equations which are of great interest |2, 3, 4, 5, 6, 7|. For example, [2] considers the
solvability and stability of a solution to the Showalter—Sidorov problem for a stochastic
version of the linear Ginzburg-Landau equation in Hilbert spaces of smooth differential
forms, reducing the original equation to an abstract Sobolev-type equation with a relatively
radial operator. E.V. Bychkov’s paper [3]| is devoted to the consideration of the initial-
boundary value problem for the modified Boussinesq equation, which describes the
propagation of waves in shallow water under the condition of conservation of mass in
the layer and taking into account capillary effects.

S.G. Pyatkov, together with M.V. Uvarova and T.V. Pronkina, in [8] considered the
question of well-posedness of the inverse problem of determining the source function
for a second-order quasilinear parabolic system. In the article by Ya.T. Megraliev and
G.N. Iskenderova [9] one inverse boundary value problem for a second-order hyperbolic
equation with an integral condition of the first kind was studied. This work is based on
the theory of inverse problems [4, 5, 8, 9] and analytical results obtained in [6].

It should be noted that there are already works devoted to the study of ion-acoustic
waves in different media and with different conditions [10, 11|, but in this setting, the
inverse problem (1)-(4) is studied for the first time. The work of A.E. Dubinov and
L.N. Kitaev [10] is devoted to the study of oblique ion-acoustic waves in plasma, where
ions move unidirectionally. M.O. Korpusov [11] proved the existence of a weak generalized
solution and obtained sufficient conditions for the blow up of a weak generalized solution
in a finite time for the equation of ion-acoustic waves in «non-magnetizeds plasma, taking
into account nonlinear sources localized at the boundary.

Among the «fresh» works on numerical research and information processing, it is worth
highlighting [5, 7, 12]. E.A. Soldatova and A.V. Keller presented an algorithm for numerical
research using the Galerkin method and information processing for a model of the pressure
dynamics of a liquid filtering in a fractured-porous medium with a random external action
[7]. In [12], the authors describe the mathematical model of optimal measurement in the
presence of various types of noise, describe the approximations of the optimal measurement
and prove their convergence to the precise one, and also describe the algorithm for finding
approximations of the optimal measurement numerically.

1. Analytical Investigation of the Mathematical Model

Let U = {v € WIT(Q) : v(z) = 0,2 € 90}, Y = F = WL(Q) be Banach spaces,
and WI(Q) be Sobolev spaces, where [ = 0,1, ... . According to [6], similarly to [4, 5],
problem (1)-(4) can be reduced to the problem of finding functions u € C*([0,T];U"),
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w e CH[0,T);UY), ¢ € C([0,T]; V) from the relations

ut () = Sy (t) + Syu(t) + (A1) Qq(t) f(1), (5)

u?(0) =u;, j=0,1,2,3, (6)
Cu(t) = ¥(t) = Cu(t), (7)
Hyw™(t) = Hyw"(t) +w(t) + (BY) " (I — Q)q(t) f(t), (8)
w9 (0) =w;, j=0,1,2,3, (9)
where 0\
Z ﬁ)\ kmn_ ) < '7kan > kany
)‘kmn#a k. O
Km2n?
Sy = — w5 < '7kan > kam
Akmzn#a ()\kmn N Oé)CQ
B == 3 G < Fan > K, (A1) = 3 S 2y
0 - /<a7r2n2 s ANkmn kmn - /\k;mn o kmn
Akmn=0q AkmnFQ
H_Q: Z < '7kan>kan7 Q: Z < '7Xk:mn>Xk:mnu
Akmn=0q Agmn 7
Z < Ujakan > kam U; = Z < Ujakan > kam 7 =0,1,2,3,
Akmn:a Akmnia
(Memn — @) c?
Hy =— Z T <+, Xiemn > Ximn,
Akmn =0
)\ mn ~
Z /3 K < '7kan > kany
mr2n2
Akmn*a
C= Z < K(z)>
AbmnFQ
Here M\ipppn = —7° ((2)2 + (%)2 + (%)2> are the eigenvalues of the Laplace operator,

and Xpn = {sm (”’fl‘“) sin (””Z“) sin (””‘”3)} are the corresponding eigenfunctions from
Ly(92), where k,m,n € N,

Theorem 1. Let K, ug, uy, uy, uz € U, ® € C5([0,T]; ), f € CH[0,T); F), one from
the conditions o ¢ o(A) or (a € o(A)) A (a =) be fulfilled. Let also the conditions

Z </Uj7kan >= 07 j:07172737

a=Akmn

Z <f(-,15),K(av)>7,é07

A -«
AkmnFQ e

< w3, K(x) >= ®"(0)
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be satisfied for initial value v3 € U, and the initial values w; = (I — P)v; € U°, for
k : Apgmn = « satisfy

2

<v = (=55) i <q(t)f(-,t))’ X >=0 for j = 0,1,2,3 (10)

km2n2/) Otd t=

Then there exists a unique solution (v,q) of the inverse problem (1)—(4), where
q € C*[0,T];Y), v = u + w, whence u € C*[0,T);U") is a solution of (5)~(7) and
the function w € C*([0,T);U°) is a solution of (8), (9) given by

wit)= Y (o) < OF0), Kan > K (1)

Akmn:a

Proof. The conditions of [6, Lemma 1 and Theorem 1] are satisfied. Since K € ', then
U° C ker C. For y € Y due to the orthonormality of the system of eigenfunctions in Ly(£2)

Z < £, 1), Ximn >< Xiggnns K >)y:< Z <f(.’t),K(x)>)y’

A -« A -«

(A Qy = (

This operator is reversible in ) when

Z < fg\at>7K(x) > 7&07
A F200 kmn — &
and the inverse operator is continuously differentiable by ¢ due to the conditions on the
function f(-,t).

Thus, all the conditions of [6, Theorem 4| are satisfied, therefore there exists a unique
solution (v,q) of inverse problem (1)-(4), where ¢ € C*([0,7];)), v = u + w, whence
u € CY[0,T];U") is the solution of (5)—(7) and the function w € C*([0,T];U°) is a
solution of (8), (9) given by (11).

(I

2. Algorithm of Numerical Method

Let us describe the developed algorithm for processing information for restoring the
parameter of the influence of an external magnetic field and the generalized potential of
the electric field in steps corresponding to the blocks shown in Figure 1.

Start of the program.

Step 1. Input initial data: the values a, b, ¢ of the upper boundaries of the study
domain; ion-acoustic wave equation parameters «, (3, 7, k; time limit value T'; the value
¢ of the allowable deviation between adjacent successive approximations of the function
q(t); the numbers K, M, N of terms in the Galerkin approximations; a function f(z,t) of
a known external load; initial values vy(z), v1(z), vo(z), v3(x) for the generalized electric
field potential function; kernel K (x) in the overdetermination condition (4); the right side
®(t) of the overdetermination condition (4).

Step 2. Solving of the Sturm-Liouville problem. Hence, getting eigenvalues A, and
eigenfunctions Xj,,.,.
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C Start )
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conditions of Theorem 1
satisfied ?

Yes

Finding an expression for making
successive approximations of the function
¢(t) with setting initial approximation
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|
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End )

)

Fig. 1. Scheme of the algorithm
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Step 3. Checking the fulfillment of conditions of Theorem 1:
i) one of the conditions: a ¢ o(A) or (o € 0(A)) A (a = 7) is fulfilled;

it) conditions Y < wj, Xgp, >=0for j =0,1,2,3 are satisfied;

a=Agmn

i7i) condition ) L # 0 is true;

)‘kmn7éa Aemn =
iv) for initial value v3 € U', condition < vz, K(x) >= ®"(0) is fulfilled.

If all conditions are met, then go to step 5, otherwise go to step 4.

Step 4. Print <Input another initial data> go to step 1.

Step 5. Compiling an expression for restoring the function ¢(t) using the method of
successive approximations, using the formula from [6]:

. 1
qli + 1](t) = qo(t) + = SRS
Akmn7FQ Abman —c
Km2n? / 1 eukmnt s)
(Y mm [ (S 55 ) < sl k) > = 2)
)‘k:mn7éa kmn ; =1

t

RN e (50 W ))<f<x,s>qm<s>,K<x>>ds)-

)\ _
Memn e \ Rmn j=1

Step 6. Calculate the first approximation ¢[1](¢) from the given initial approximation
q[0](t) = 0, using formula (12). Calculate the estimation error C, which is equal to the
norm (in space Ly(€2)) of the difference between the 1st approximation and the initial one.

Step 7. Cycle over i starting from 1 while C' > ¢. If the cycle condition is satisfied go
to step 8, otherwise go to step 10.

Step 8. Calculate the next approximation g[i+ 1](¢) from the previous approximation
q[i](t) by formula (12). Calculate a new estimation error C, which is equal to the norm of
the difference between the (i + 1)-th approximation and the i-th.

Step 9. Increse index ¢ by one, go to step 7.

Step 10. Print of the restored approximate value of the parameter ¢(t), as well as the
resulting estimation error C' for the found function. Plot the found function ¢(t) and the
functions of all obtained successive approximations.

Step 11. Check the remaining conditions of Theorem 1:

2 J
<+ (=) gt] (a5 )| _ Ko >=0, = 0,1,2,3 for & : A =
If all conditions are met, then go to step 13, otherwise go to step 12.
Step 12. Print «No solution». Stop the program.
Step 13. Represent the solution v(x,t) as a Galerkin approximation.
Step 14. Obtain an approximate solution of the ion-acoustic waves equation (1) with
the obtained function ¢(t). The cycles in k, m, n, starting from 1, while ¥ < K, m < M,
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n < N with the step equal to 1. Multiplying equation (1), as well as the initial conditions,
scalarly by the eigenfunction Xj,,,,. Solution of obtained second order ordinary differential
equation with initial conditions. Go to the next iteration. Getting a solution to the regular
problem u(x,t) from (5)—(7).

Step 15. Check the degeneracy. If no degeneracy is found, then go to step 16, otherwise
go to step 17.

Step 16. The solution w(z,t) to the singular problem (8), (9) is equal to zero. Go to
step 18.

Step 17. Find the solution w(z,t) to the singular problem (8), (9) given by (11).

Step 18. Calculate the required function v(x,t) as the sum of two previously obtained
functions u(z,t) and w(z,t). Print the resulting function v(z,t). Plot an animated graph
of the function v(z,t) by variable t.

End of program.

3. Results of Information Processing

Let us present the results of information processing according to the developed
algorithm, which was implemented in the Maple environment. Information processing was
carried out on the basis of computational experiments.

Example 1. Let the following input information be given:

a=1, =2, y=—4, k=—-4,e=001,T=2, k=2, m=1,n=1,, a=b=c=m,

vo(x) = sin(zq) sin(xq) sin(x3), v1(z) = 2sin(z) sin(zy) sin(zz) —sin(2x;) sin(2x9) sin(2x3),

vo(x) = sin(2z1) sin(xz) sin(xz) — sin(xq) sin(2zy) sin(z3), vs(x) = wsin(x;) sin(xq) sin(zs),

f(z) =sin(xy), K(z) =sin(rxy), F(t) = ; Wl cos(t + 7).
ﬂ' —_—
Consequently, the mathematical model of ion-acoustic waves in a plasma in an external
magnetic field (1)—(4) takes the form

2

0 )
(A — Doy + 2(A + 4)vy — 43—;; + q(t) sin(xy) =0,
3

v(0, g, x3,t) = (T, 9, x3,1) = v(21,0,23,t) =0,

v(xy, T, x3,t) = v(21, 22,0,1) = V(T1, 29, T, ) = 0,
v(x,0) = sin(x;) sin(zy) sin(z3),

ve(z,0) = 2sin(z) sin(zs) sin(x3) — sin(2x1) sin(2z,) sin(2z3),

v (z,0) = sin(2z ) sin(xs) sin(xz) — sin(zy ) sin(2z5) sin(xs),

Ve (2, 0) = 7sin(xq) sin(z) sin(zs),

s s ™ . _47T ,
///U(ZE, t)sin(mxy)dr = T cos(t + ).
00 0
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For this input information, all the conditions of Theorem 1 are satisfied. Using the
developed algorithm, the information was processed and the parameter of the equation
was restored

g(t) = <9.6429 — 2.6403 cos(t) + 0.61029 cos?(t) — 0.081055 cos3(t)> cos(t + 9.8696)+

+0.045293 cos’ (£)+ (~0.34103+0.077974sin(t) ) cos? (£)+ (—0.5871 sin(t)+1.4754 ) cos?(t) +

+ (2.54 sin(t) — 5.3884) cos(t) — 9.2764 sin(t)

reaching admissible error 0.0009094859448 < e between neighboring approximations of
the function ¢(t), at the 4th step of successive approximations. Figure 2 shows the graph
of the function ¢(¢) and the graph of its successive approximations.

1 / 1

/ 0

—
op ol o6 o 1 12 1l 1l 1s/z | OR G% WP 9
£
L2

6

| /] ]
qt)/ | 3
9

—— function : q(t); —— fiunction : g,(t); —— function : g;(®):
—— fimction : g,(t);

a) b)

Fig. 2. Graph: a) of function ¢(t); b) of functions of all approximations

Further in the program, the required function

v(x,t) = 0.047409 sin(z3) ( —2.9295sin () (24-8086_1'1317t—

—2( ~ 14.2545in(0.88362¢) + 57.697 cos(0.88362t)) . 28.901el~1317t) +

+3.4606 sin (221 ) <7.30826_0'72278t +7.308260 72T 14,6164 005(1.0459t))—|—

+ sin(z1) (cos(2t) + 0.35839 sin(2t) — 0.0082070 sin(3¢) — 0.022559 cos(3t)+

+0.000481313 cos(4t) — 89.047 sin(t) 4+ 0.0001751 sin(4t) — 252.39 cos(t) — 16.873)) sin(xq)

representing the generalized potential of the electric field was obtained. The last step of
the program was to plot the time-animated graph of the found function v(z,t). Figure 3
shows the graph of the function v(x,t) at different time points ¢ in the section x3 = %
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30

Fig. 3. Function v(z,t) graph at z3 = 5 and: a) t =0; b) t = 0.52 ¢) t = 1.16; d) t = 2

Example 2. Let the following input information be given:
a=1 =2 y=—4, k=—4,e=1,T=3, k=2 m=1,n=1, a=b=c=m,

vo(x) = xywoms(x1 — ) (9 — W) (23 — ), vi(x) = 2sin(xy) sin(xs) sin(zs),
vo(x) = sin(2z1) sin(xq) sin(x3), wv3(x) = mwsin(xy) sin(xq) sin(zs),
—4
f(x) =sin(zy), K(z)=sin(rz;), F(t)= = 71 cos(t + 7).
7T —
Consequently, the mathematical model of ion-acoustic waves in a plasma in an external
magnetic field (1)—(4) takes the form

0%
(A — 1)Utttt + 2(A + 4)Utt — 4@ + Q(t) Sin(l’l) = 0,
3
’U(O, T2, X3, t) = U(Wa T2, T3, t) = /U(xb 07 I3, t) = 07
v(xy, T, x3,t) = v(21, 22,0,1) = V(21, 29, 7, 1) = 0,
v(x,0) = xy@ows(xy — ) (g — ) (23 — ), ve(x,0) = 2sin(xy) sin(zz) sin(z3),

v (x,0) = sin(2z1) sin(xz2) sin(zs), vu(x,0) = 7sin(xy) sin(zs) sin(zs),
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m™ T T ' _47T )
///v(x,t) sin(mxy )dz = =T cos(t + 7).
00 0

For this input information, all the conditions of Theorem 1 are satisfied. Using the
developed algorithm, the information was processed and the parameter of the equation
was restored

q(t) = <0.050734 cos*(t) — 0.0091845 cos” (t) + 0.00087227 cos’ () — 2.7369 cos(t)+
40.77026 cos®(t) —0.20959 cos3(t)+9.6657) cos(t49.8696)+0.015525 cos’ (¢)+ <—0.16347—
—0.00083912 sin(t)) cosS(t) + <0.0088354 sin(t) + 0.90295) cos(t) + ( 37303
—0.048805 sin(¢) ) cos'(£) + (13.709 + 0.20162sin(t) ) cos®(t) + ( — 48.711

—0.74098 sin(t)) cos?(t) + (2.6329 sin(t) + 172.03) cos(t) — 9.2983 sin(t)

reaching admissible error 0.2728150334 < e between neighboring approximations of the
function ¢(t), at the 7th step of successive approximations. Figure 4 shows the graph of
the function ¢(¢) and the graph of its successive approximations.

[ T

1004 100
501
504
; T
T T 1
s 5 2ls

a(t) o \
\

\
AN
NS

—— function ql(t)_ —— function : q,(t); —— function qs(t):
-200 —— fimction : q,(t); —— fimction : g5(t): —— function : g4(t);
—— function : g,(t);

a) | b)
Fig. 4. Graph: a) of function ¢(t); b) of functions of all approximations

Further in the program, the required function

v(z,t) = —0.59513 sin(z3) (9.2729 sin(z1) (1'935361.131775_‘_

+2< — 0.36171 sin(0.88362¢) + 18.136 cos(o.88362t)) + 0.5837861'1317t> —
—2.7567 sin(2z1) ( — 1.46164 cos(1.0459t) + 0.73082¢ 7227 4 0.7308260'72278t> +

+ sin(z1) ( — 0.028418 cos(3t) + cos(2t) + 10792.5151 cos(6t) — 0.000059042 cos(5t)+
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+0.0012215 cos(4t) + 0.00086642 sin(3t) — 0.030293 sin(2t) — 10756.4679 cos(7t)—
—107%7.9150 sin(6t) + 10791.8426 sin(5¢) — 0.000037649 sin(4t) + 7.1436 sin(t) — 16.682+

+10792.0354 sin(7t) — 236.45 cos(t))) sin(xz)

representing the generalized potential of the electric field was obtained. The last step of
the program was to plot the time-animated graph of the found function v(x,t). Figure 5
shows the graph of the function v(z,t) at different time points ¢ in the section 25 = 3.

Fig. 5. Function v(z,t) graph at zo = § and: a) t =0; b) t =1.03 ¢) t =2.28; d) t = 3

The reported study was funded by RFBR, project number 19-31-90137.
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OBPABOTKA MH®OPMAILINN 110 BOCCTAHOBJIEHINIO
ITAPAMETPA BHEIITHETO BO3IENICTBUSA

OJId MATEMATNYECKONM MOAEJIU NOHHO-3BYKOBEIX
BOJIH B IIJIASME

A. A. Bamviwasnesa, A. B. Jlym

CraTbs IOCBAIIEHa IPOBEIEHUIO 00PabOKU BXOAHON MHMOPMALMKA [JIsd MaTeMaTHde-
CKOI MOJeJIM MOHHO-3BYKOBBIX BOJIH PAacCMATPUBAEMbIX B IJIa3Me IIPU yUeTe BO3IeHCTBUS
MarHUTHOTO I10JIsI, KOTOPO€e SABJISIeTCS BHEIITHUM 10 OTHOIIEHUIO K PACCMaTpPUBAEMOil cucTe-
Me. Perrenne obpaTHOI 3ama9u A1 JAHHOW MOJIEIN MIPEACTAB/IsIeT 0OOOIEHHbIN TOTEHIIN-
aJl 3JIEKTPUIECKOro IOJIsI U HapaMeTp BO3AEHCTBHUS MAUHUTHOrO MOJid. JIst HaXOXKIeHUsI
PeIlleHrsT UCIIOJIb3yeTCsl MEeTOJ, TI0CIeI0BATEIbHBIX IIPUOJINYKEHHI, & caMa MOJE/b CBOJIUT-
csd K TIOJTHOMY YPaABHEHHWIO COOOJIEBCKOTO THUITA BBICOKOTO MOpsiaka. B mepBoM maparpade
IIPUBEJIEHBl PE3Y/IbLTAThl aHAJMTUIECKOIO MCCJIEIOBAHUS JaHHONW Mozenn. Bo Bropom ma-
parpade npuBeseH pa3spabOTAHHBIA aJropuTM IPOBEIeHUsT 00pabOTKN MH(MPOPMAIMH U €TI0
cxeMa. B TperbeM, npuBeIeHBI PE3YJIbTATHI 0OPAOOTKYE MHMOPMAIINY, OJyJIeHHbIE Ha OC-
HOBE BBIYMCJIMTEbHBIX 9KCIEPUMEHTOB pa3paboTaHHOI MporpaMMbl B cpeie <Maples. Bee
[IOJIyY€HHBIE PE3yJIbTaThl MOI'YT ObIThH IIPUMEHEHBI B 00JIACTH MATEMATHIECKOTO MOJIEJINPO-
BaHUsl, HAIIPUMED, IIPH BBIYUCAEHIH OOOOIIEHHOIO IIOTEHIINAA JIEKTPUIECKOrO OIS JIJIs
HMOHHO-3BYKOBBIX BOJIH B ILIA3ME€.

Karouesvie caosa: Mamemamuieckas Mooess UOHHO-36YKOBbLT 60AH; 00paMmHas 3a0a14a;
YUCNEHHOE UCCAED0BAHUE; TAAMEG; YPABHEHUE CODONEBCKO20 MUNA; METOO NOCAED0BATNEAD-

HOLT NPUdAUHCEHUT.
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