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A METHOD FOR SHOCK CALCULATION
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The mass, momentum and energy conservation laws allow shock and rarefaction waves
to be present in the solution of continuum mechanics problems. When these problems are
solved with homogeneous difference techniques, the strong shock surface is represented by a
layer of a finite width within which the quantities vary continuously from a state before the
shock front to a state behind it. These states are related by the strong shock conditions. Since
they lie on the Hugoniot, there must exist a mechanism which maintains energy dissipation
in the shock layer. One of these mechanisms is a method by Kuropatenko which uses
the difference equations applicable for strong shocks. The method can be implemented in
different difference schemes. The paper presents one of them, describes its basic properties,
and provides results of some calculations.
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Introduction

In 1D, the laws of mass, momentum and energy conservation for ideal continuum with
no heat conduction in Lagrangian coordinates for the case of plane symmetry read as

ov.  oU

9 oM 0, (1)
ou  OP

n + oM 0, (2)
de  O(PU)

where t is time, M is mass coordinate, U is material velocity, V' is specific volume, P is
pressure, € = F + 0.5U? is specific total energy, and E is specific internal energy.
The system of equations (1)—(3) is closed by the equation of state

P =F(V,E) (4)

and the equation of trajectory for a particle with coordinate M

(%)M—Uzo, (5)

where x is the Eulerian coordinate of the particle.

Since equations (1)—(3) are not linear, they allow strong and weak discontinuities to
be present in continuum mechanics problems. Material states before and behind the shock
front are related by the system of non-linear algebraic equations (Hugoniot conditions)

Pl—PO—W(Ul—Uo):O, (6)
Uy —Uyg+W(Vp =V =0, (7)
(B, 4+ 05U — Ey — 0.5U)W — (PLU, — PyUy) = 0. (8)

60 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

Here W is strong shock velocity, and the subscript 0 corresponds to the state before the
front and the subscript 1 corresponds to the state behind the front. Entropy jumps on the
strong shock surface. This is the key difference between the shock waves and the waves
where the quantities vary continuously.

When homogeneous difference methods are used for hydrodynamics, the strong shock
surface is represented by a layer of a finite width [1, 2]. The strong shock smears [3]. In the
layer, the quantities continuously vary from a state before the shock front to a state behind
it. Since entropy jumps across the shock, there arises the question about the mechanism of
energy dissipation in the shock layer. In the literature we can find four basically different
mechanisms of energy dissipation [4, 7|. Consider a difference scheme based on the method
proposed in |7].

1. Basic equations

The difference equations are written for a staggered mesh (Fig. 1). Velocities and
coordinates are updated on the boundaries of intervals and the thermodynamic quantities
are updated in their centers.

i—1 i-05 i i+05 i+l
Fig. 1. Staggered mesh
All intervals are divided into those where material is compressed (U* — U*; < 0) and

those where material expands (U"—U/"; > 0). For the intervals of the first type, equations
(1)-(5) are approximated by the difference equations

n+1 n + un Vn+1 x?Jrl - ‘T?—Jrll (9)
Ty =T vTYU Vi 05 = -
0-5 AMP -
2T —n —n
Urtt = U — (Piros — Pios), (10)
AM s+ AM! 5 0o 00
n n *1 T *TTN * n
s = Bl s +0.5(U"5)7 — AN (PrU = P UY), (11)
i—0.5
Pz'T(r).l5 = F(Wf{%’ E?j)lﬁ)a (12>

where AM . = M} — M ,.

In equations (9)-(12) we use the auxiliary quantities P*, P* and U*. The quantity
P" is derived from Hugoniot conditions (6)—(8) and AU"which is known. The method to
derive P* ad U* will be described below.
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For the intervals of the second type, the difference equations are written as

+1 +1 anrl _ anrll
v =l U Vs = e (13)
o AM 5
2T —n —n
urtt =up - (Piios — Pi_gs)s (14)
AMp s+ AM 50 707 o

Vn+1

Ez‘nj)g = Eznf(].f) - / Pz'—0.5(Vzeo.5, EifO.S)d‘/a (15)
Vn
Py = F(V2bs EGs), (16)
where P; o5 = Pllos — af g5%-05(U" — UlLy), ai g5 = PiosCios € = D 18
PJ s
. . . Ta o5 .
adiabatic sound velocity, and s;_g5 = N local Courant number. Internal energy
i—0.5

at step n+1 is calculated by integrating (15) and (16) along the isentrope which ensures
any predefined accuracy in the determination of entropy.

2. Determination of auxiliary quantities

The quantities P* and U* are defined on the following mesh (Fig. 2).

T (]*i7+1
fn+1 X
| !
. |
o 7
| : |
[_] n
o o ! >
i-1  i-05 j M

Fig. 2. Mesh for auxiliary functions

The values of P are defined by solutions in the intervals on the right and left from
point 7 in accord with Table 1.

The quantity U™, ; for the intervals of the first type is defined with respect to the
shock direction.

If Pllo5 < P, 5, the wave moves right W, 5 > 0 and U™, 5 = U}".

If Pllos = P, 5, the wave moves left W 5 < 0 and U7, 5 = U .

In the intervals of the second type W, = 0 and U™, ; is calculated as the half-sum

of boundary velocities: U™, . = 0.5(U", + U").
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Table 1
The values of P

N Interval © — 0.5 Interval ¢ 4+ 0.5 P

wr, = Witos (Ul = Ul'y) | wp = W] 5(Uly — UF) ’
1 wr =0 wr =0 Py =05(Pi_o5+ Pitos)
2 wr =0 wr <0 P = 0-5(??70.5 + Pllos)
3 wr, =10 wr >0 P = ??+0.5
4 wr >0 wr =10 P = 0'5(]31‘710.5 + F?JrO.S)
5 wr, >0 wr <0 Pr= 0'5(Pin—0.5 + ‘Pi7}|—0.5>
6 wr >0 wr >0 br= ??+0.5
7 wr <0 wr =10 Py =Py
8 wr <0 wr <0 Py =P,
9 wr < 0 wr >0 P = 0'5(F?—0.5 +??+0.5)

The quantity U;"#: which is needed for the determination of internal energy
Bl = et — 0.5(U; )2, is calculated from the equation

T

AMifo.E)

*sn+1 __ *N
Ui70.5 - Ui—0.5 -

(P = Py).

3. Basic properties of the difference scheme
3.1. Approximation errors

According to [8], the differential conservation laws are written as

%— :UJ4,§—AZ—V:W57
ou  orP
E‘Fa—M_wza
de  O(PU)

— =w
ot oM >

where the approximation errors wy, ws, wo and ws for an acoustically approximated shock

(W = a) are as follows

T. T2 h?
Wy = —§U + EU + 0(7'3),W5 = _V”ﬂ + O(hg),

. 2. h?
Wy = —%U — %U +ahU" — ﬂp”/ +o(73, h?),

T 72 1

w1
wg = —5€ = £ = hGPU + 5PV —a(U')" = aUU") + o(7", 1%).
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For the rarefaction wave, they are

2 h2
= ——U —U =-V"'— h?
Wy + 55 D +o(7%),w 21 + o(h?),
_ U 27711 7_2 h2 " 3 1.3
Wy = 7'(2 a“U") 6U 24P +o(7°, 7).
oS
The entropy production equation for rarefaction is T’ e =0

M

Thus the approximation errors are first order infinitesimals in 7 and AM on the shock
wave, and first order infinitesimal in time and second order infinitesimal in the Lagrangian
coordinate on the rarefaction wave.

3.2. Stability condition

Theorem 1. The difference scheme under consideration is conditionally stable.

Proof.
We use harmonics. For finding the stability condition, we write the difference scheme
in the acoustic case

n

n+1 n D D n+1 n n n
Ui - Ui + Pi+0.5 B Pi—0.5 —0: Pi+0.5 B Pz’+0.5 + &2 i+l Ui
T h ’ T h

TL

=0. (17)
Substituting
0P o5 =0F et Tibmiros ST = §U e TM 0T = ) ey = 19

yields

Up(A =1 = T2(€ =24+ €2) + - A€~ €)=

—Uo(f EH+RM-1)=0.

The determinant of this system is

A=1P2=seA=1)( =2+ =5 -2+ =0,

Ta Ta
where s = W We solve this equation and obtain that |A] < 1 at m < L

3.3. Monotony condition

Let a shock move to the right from point i (W > 0). On the shock, equations (17)
take the form

TCL2

h

T

n+1 __ n
Ui+0.5 - U’i+0.5 - AM+0 5
(] .

(P = PO, Pl = Plios — —— (Ul = U7). - (18)

2
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Velocity in interval (i + 0.5) is constant and equal to U] ,. All quantities in
interval (i + 0.5) are before the shock front. With P* = P/, — W/ 5(US, — U') and
P =P s — W', (U, —Ul,) equation (18) takes the form

n n T n n n
UzJ:Bls) i+0.5 ) ((pi+1.5 — Pllos) —a(Ul s —2Uf 05 + Ui—0.5))7 (19)
2
PHJBls) Pllos — T (Uitos — Uilos)- (20)

With the Riemann invariants o = P + aU, § = P — aU, we convert (19)-(20) to

n+1 n+l __ n n n n n
Qivos = Piros = o5 — Bivos — %(Oéi+1.5 + Biis — Qlos — i+0.5)+

+ (a5 — Bitvis — 2(dios — Bios) T %os — Bios)

n+1 n+1 __ n n n n
o5 T Bivos = Qivos + Bivos — #(aios — Bivos — o5 + Bilos)

Summing these equation gives
20305 = 2(1 = 2)af g5 + 2205 o5 + 450705 — 25815 — 258} 5

Taking into account that for a right moving wave, 5 = const, we obtain

O‘?jol.s = (1 = »)ao5 + 705 (21)

By Godunov’s theorem, a scheme is monotone if coefficients in (21) are non-negative.

This is true at 2 < 1.
Do similar manipulations for rarefaction. In this case, equations (17) with
3

P, 5= Prys—at 52U —Ur,) take the form

h(pﬁros) Plys) + %Q(Uﬁrl —2U" +U}",), (22)

31%15 Pﬁros) @%(Uzﬂ U). (23)

Ut = Uy -

Substituting yields
1 1 2
O‘?Jr _BZ?H_ = a?—ﬁf—%(a?+0'5+,6’f+0_5—a?_0_5—BZT‘_O_5)—|—% (04?+1_/3?+1_2(O‘?_6?)+04?—1_ 1)

n+1 n+l n n n n
o+ Biltos = Ohos + Biros — (o — Bl — o + B1).
Summing with account for 3 = const gives

n+1 __ 2. n n 2 n n 2. n
T =057 — ol o5+ (1 — 27)og + xai 5 + 0.5 ;.

One of the coefficients is negative and therefore the scheme is non-monotone on
rarefaction waves.
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4. Generalization to spherical and cylindrical cases

In 1D, hydrodynamic equations for ideal medium read as

or or®

hl — = 24
(@t)M vv=2" (24)

ou a1 0P

E + ar (9—]\/[ = 0, (25)
dz  O(ar*"'UP)
B + i 0, (26)

where « is dimensionality («a = 1 for plane, o = 2 for cylinder, and o = 3 for sphere), and
the Lagrangian coordinate M reads as

r

M = /pra_ldr.

0
Equations (24)—(26) in finite differences are written as
( n+1)a _ (rnJrl)a

% i—1

A‘]\41?10.5 ’

n+l _ n n n+1 __
i =+ U Vi s =
T
e (Plios — Plos)
n n i4+0.5 i—0.5/»
M+ AM"

n n *M T
s = Bl o5+ 05U 5)" — NV
i—0.5

Ut = U7 — afry)!
(7)™ PIUF = (1) PO,

where M = pPo5((rM)® — (r"y5)*) is the mass of a half of interval i and
MP = plos ((Mos)™ — (1)) is the mass of a half of interval i+1 (see Fig. 3). For plane

1
with o = 1, these masses equal the halves of the masses of the intervals.

Mi - Mi+
l [ l t"

Fig. 3. Mesh

The auxiliary quantity U;”} is calculated from the equation of motion

T
Ues = Uilos — alrf o) s — (B = Ply)-
1—0.5 1—0. 1—0. AM£0,5 7 %

5. Verification

The figures below compare results for some problems from [9] which were calculated
with the proposed scheme, and their analytical solutions. All calculations were done with
Courant number 0.5.
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Example 1. Propagation of a stationary shock in ideal gas.

At the initial time ¢ = 0, ideal gas, v = 4/3 , is in the region 0 < = < 14.
Initial conditions: py =1, Ey =0, Py =0, Uy = 0.

Boundary conditions: Uy = 3, Ug = 0. A uniform mesh of 100 intervals was used.

a) &)
12 . 3.5 . . .
P T : : :
Y 'S - 1 1 1
L e RRaEt ELTEEEE IS RS RREEEEE 3 5 5 T
T ISR S o = -
) SR U L I ; ; ;
p] SO FSN S N — R
] H H L
e e P i
=] SEEREE L R §mnnne- jemeene feme i eeee e
: : 1
) SN SN S-S S ' ; 1
! L SR e R LR L R EEREEEERLED RIRREEEED
' ' 1
B O T A A ] e y
. HiE 05F------ foemees emee- LR 1 }l -------
! ! :
' 1. ' A
. | L 0 i
B2 B3 64 65 66 67 BB 52 B3 B4 BS BB 67 B8

Fig. 4. Pressure and velocity in the stationary shock

Figures 4a and 4b show P(x) and U(z) profiles at t = 1.904. The solid line shows the
analytical solution and the dashed one shows calculation with the proposed method.

Example 2. Propagation of a rarefaction wave in ideal gas.

At the initial time ¢t = 0, ideal gas, v = 2 , is in the region 0 < x < 14.
Initial conditions: py = 4.5, Ey = 1.125, Fy = 5.0625, Uy = 0.

Boundary conditions: U, = —1, Ugr = 0. A uniform mesh of 100 intervals was used.
Figures 5a and 5b show P(z) and U(x) profiles at t = 4.043. The solid line shows analytics

a)

Fig. 5. Pressure and velocity in the rarefaction wave
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and the dashed one shows calculation with the proposed method.

Example 3. A spherically symmetric shock converging to the center.

At the initial time ¢ = 0, the cold ideal gas, v = 5/3, is at rest in the region 0 < r < 1.
Initial conditions: py =1, Fy =0, Py =0, Uy = 0.
The condition on the boundary of the gas sphere is taken from the analytical solution
[9] as a table of U versus t (Table 2).

Table 2

N t Ugr N t Ur

1 0 -1 9 | 0.328273 | -1.04392

2 0.02 -1.004474 | 10 0.36 -1.0395

3 10.102828 | -1.02181 | 11| 0.39144 | -1.03309

4 0.16 -1.0323 | 12 0.42 -1.0227

5 1 0.20701 -1.0391 | 13| 0.438247 | -1.01479

6 | 0.241516 | -1.04277 | 14 | 0.475136 | -0.991499

7 10.286642 | -1.04513 | 15 | 0.50547 | -0.964469

8 0.31 -1.045 16 | 0.540474 | -0.92164

A uniform mesh of 200 intervals was used.
a) &)
P i : U |I ' 1
: 'i
H 05 ""Ir .....................................
4t E
b
N O O R
15}-

1 ------
0 4 E 2
0z 03 0.4 04 . 02 0.3 0.4 0.5 .

Fig. 6. Pressure and velocity in the spherically symmetric shock

Figures 6a and 6b show P(r) and U(r) profiles at ¢ = 0.45. The solid line shows
analytics from [9] and the dashed one shows calculation with the proposed method.

Example 4. Shock interaction with interface at PR _ 0.5 in ideal gas.

PL
At the initial time ¢ = 0, gas with the initial state po =1, Ey =0, Py =0, Uy = 0 is
in the region 0 < r < 14, and gas with the initial state pp = 0.5, By =0, P, =0, Uy =0
is in the region 14 < r < 28. In both the regions, the equation of state is ideal gas with
v =4/3.
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Boundary conditions: Uy, = 3, Ugr = 0.
A uniform mesh was used with 200 intervals in the first region and 100 intervals in the
second one.

Fig. 7. Pressure and velocity in the shock interaction

Figures 7a and 7b show P(x) and U(z) profiles at ¢t = 5. The solid line shows calculation
by the VOLNA code [9] with shock capturing, and the dashed one shows calculation with
the proposed method. The vertical line at x = 17.44 shows the position of the interface at
that time.

This work was assumed by RFBR, project 13-01-00072.
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