COMPUTATIONAL MATHEMATICS

COMPUTATIONAL MATHEMATICS

MSC 57M99 DOI: 10.14529 /jcem220201

A GENERALISATION OF THE KAUFFMAN BRACKET
POLYNOMIAL TO DETERMINE AND ANALYSE
STRUCTURAL ELEMENTS IN A RNA SECONDARY
STRUCTURE

A. A. Akimova, South Ural State University, Chelyabinsk, Russian Federation,
akimovaaa@susu.ru

In this work, we use methods of knot theory to describe and analyze structural
elements of a RNA secondary structure by construction of a new generalisation of the
classical Kauffman bracket polynomial, which factorisation characterises these structural
elements. To this end, we develop a mathematical model of RNA endowed with a topology
invariant (RXCB polynomial) that allows to determine a type, number and characteristics
of standard structural elements that form the RNA secondary structure. In order to define
the RICB polynomial, we introduce a new skein relation to smooth hydrogen bonds and
a new technique to color nucleotides, and use the known skein relation of the Kauffman
bracket polynomial. Note that the proposed technique to color nucleotides allows to take into
account the positional relationship of structural elements, which can be used to investigate
properties of RNA. Invariance of the RXB polynomial is shown. Computation of the
RKB polynomial by the given Dot-Bracket notation is implemented as a small Mathematica
program. Using RXB polynomials calculated by our program, we analyze some RNA
secondary structures presented in the bpRNA-1m database. The obtained results agree
with the real data.

Keywords: RNA; secondary structure; generalised Kauffman bracket polynomial; knot;

mvariant.

Dedicated to anniversary of Professor A.L. Shestakov

Introduction

The availability of huge amount of biological data opened a new direction in genomic
analysis and structural prediction of DNA, RNA, and proteins in recent years. Many
of these data, such as completely sequenced genomes, ribonucleic acids (RNAs), and
proteins, led to an absolute demand for specialized tools to view, analyze, and predict
the biological significance of the data. Throughout the last few decades, researchers pay
significant attention to determining the RNA structure, since it is one of the key issues in
understanding the genetic diseases and creating new drugs, which also helps the biologists
to understand the role of the molecule in the cell [1-4].

RNA secondary structure prediction and classification are two important problems
in the field of RNA biology. We pay attention to a part of the second one, while the
first problem is widely developed (see, for example, |5, 6] for overview of RNA secondary
structure prediction techniques) and is beyond the scope of our interests. Therefore, in
this paper, we assume that the secondary structure is known in advance (for example, by
its Dot-Bracket notation).
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Behavior of RNA can be understood by finding patterns in its secondary structure
in which it folds. This folding can be cumulative result of many different known and
unknown biological, chemical, thermodynamic and mathematical parameters. In this work,
we consider mathematical aspect of RNA secondary structures. There exist different types
of techniques to classify RNA secondary structure data from mathematical point of view.
Among them, we note the works that use permutations [5| and knot theory [7|. Note
that knot theory has wide applications in many branches of sciences [8]. Its application
in biology is explained by the existence of knotted structures in DNAs, proteins, and
RNAs [9], see also |7] for perfect review of different applications of knot theory in biology.

In this work, we propose a new solution to the problem considered in [7]: use methods
of knot theory to describe and analyze structural elements of a RNA secondary structure
by construction of a new generalisation of the classical Kauffman bracket polynomial [10],
which factorisation characterises these structural elements. To this end, we develop a
mathematical model of RNA endowed with a topology invariant (RXB polynomial that
is a new generalization of the Kauffman bracket polynomial) that allows to determine
a type, number and characteristics of standard structural elements that form the RNA
secondary structure. In order to define the RIB polynomial, we introduce a new skein
relation to smooth hydrogen bonds and a new technique to color nucleotides, and use the
known skein relation of the Kauffman bracket polynomial. Let us note that the proposed
technique to color nucleotides allows to take into account the positional relationship
of structural elements, which can be used in investigation of properties of RNA. We
analyze the factorization of the proposed invariant and demonstrate that the factors
of RICB polynomial reflect the structural features of RNAs. We show invariance of the
RICB polynomial. Computation of the R B polynomial by the given Dot-Bracket notation
is implemented as a small Mathematica program. Using the RXB polynomials calculated
by our program, we analyze some RNA secondary structures presented in the bpRNA-1m
database [11]. The obtained results agree with the real data.

We consider application of the proposed generalization (RXB polynomial) of the
Kauffman bracket polynomial in the case of RNA, however, the similar ideas can be used
to investigate DNA and proteins.

The paper is organized as follows. Section 1 gives some required information on RNA as
an object of study, in particular, on RNA secondary structure and its structural elements.
In Section 2, we describe problem statement and present main result. Section 3 presents
interpretation of RNA as a graph in R? and its secondary structure as a diagram of such
a graph on the plane. In Section 4, we define the RKB polynomial, which properties are
discussed in Section 5. Finally, in Section 6, we present some computational examples:
using the proposed invariant calculated by our program, we analyze some RNA secondary
structures presented in the bpRNA-1m database.

1. Concept of RNA

RNA (Ribonucleic acid) is a polymeric molecule that belongs to one of the four major
classes of biological macromolecules (carbohydrates, lipids, proteins, and nucleic acids),
which is essential for all existing models of human life. Indeed, RN A molecules plays pivotal
role in many biological functions: rebuild and transport genetic data [12|, drive chemical
reactions [13| and administer gene expressions [14]. Some RNA molecules play an active
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role within cells by catalyzing biological reactions, or sensing and communicating responses
to cellular signals. One of these active processes is protein synthesis, a universal function in
which RNA molecules direct the synthesis of proteins on ribosomes. Many viruses encode
their genetic information using an RNA genome. RNA molecule’s capability to perform bio-
molecular computation through nanotechnology explains its importance among researchers
from various fields [15], see also [5] for list of corresponding works.

RNA has three different types of structure: primary, secondary and tertiary ones by
analogy with DNA and protein taking into account a dimension. Primary structure is a
simple one dimensional sequence of nucleotides whereas secondary and tertiary structures
are nothing but two dimensional and three dimensional representation of that sequence,
respectively. Fig. 1 shows an example of primary and secondary structures of RNA [11].

#Name: bpRNA RFAM 32267

Primary Structure
AUCGUUCARUCURRUGUUGAUURGAUCGGARGUARGCUCCAGCUGARGGARCGCGCR

Secondary Structure
S O O e G O G B v 0 0 B EERSR e e {ibenzrms N EEREIEE 1 1 )  EEs

57

Fig. 1. Primary and secondary structures of RNA bpRNA RFAM 32267 [11]

An RNA molecule can be considered as a chain (a random linear sequence) composed
of four types of nucleotides, namely, adenine (A), uracil (U), cytosine (C'), and guanine
(G), with each nucleotide connected to its adjacent neighbor via a backbone. A nucleotide
in one single strand RNA can pair through hydrogen bonds with another nucleotide, either
from the same or from a different RNA molecule. These nucleotide pairs are called base
pairs.

A consecutive group of base pairs forms a stem, which is the basic building block of
RNA secondary structure. Here we note that a key difference between the topology of an
RNA structure and that of a protein or a DNA duplex is the existence of RNA stems,
which connect two regions of the RNA backbone(s) and fix their relative positions.
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RNA stems can combine in different ways, giving rise to different secondary structures
of RNA molecules. We consider seven recognized secondary structural elements in
RNA: stem, hairpin loop, bulge loop, internal loop, multi-loop, single-stranded regions,
pseudoknots. A schematic view of various structural elements is shown in Fig. 2. Any RNA
secondary structure can be considered as a combination of these structural elements.
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Fig. 2. Structural elements of secondary structure |[5,6]

Following [16], we consider the classification of pseudoknots per type provided in
PseudoBase++ [17]: H-, HH-, HHH-, HL out-, HL in- and LL_in-type. Note that
«H» means hairpin loop, «L» means bulge loop, «in» means internal loop or multiple
internal loops, and «out» means external loop or multiple external loops. Fig. 3 shows all
the six pseudoknot types [16].

For our analysis purpose, we use the bpRNA-1m database [11] (see [18] for the
corresponding paper and the work [5] for list of other databases), which consists of 102,318
RNA Secondary Structures from 7 different sources. For each RNA, the bpseq file, fasta
file, dot bracket file, and structure type file are provided. Moreover, the pdf file of each
RNA secondary structure is available. All of the files are available to download.

Different notations are used to represent secondary structures: Dot-Bracket notation,
String notation, Linked Graph notation, Circular notation, Dot Plot notation, Mountain
Plot notation, Mountain Metric notation, Tree notation. In this work, we use the Dot-
Bracket notation, which is just a sequence of dots and brackets in which a dot represents
an unpaired nucleotide and a bracket represents a paired nucleotide, where matching
brackets symbolize base pairs. In more difficult secondary structures, a more generalized
version of the original Dot-Bracket notation may use additional pairs of brackets, such as
<>, {}, and [|, and matching pairs of uppercase/lowercase letters, etc. For more details
on formats of files to represent secondary structures, see the overview included in [5].
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Fig. 3. RNA pseudoknot types by PseudoBase++ [16]| classification: H-, HH-, HHH-,
HL out-, HL in- and LL in-types, see also [19] (h; denotes number of hydrogen bonds in
the i-th stem)

2. Problem Statement & Main Result

The problem is to construct a mathematical model of a RNA secondary structure to
describe and analyze its structural elements. To this end, following [7], we use methods of
knot theory, namely, we construct a new generalisation of the classical Kauffman bracket
polynomial [10], which factorisation characterises the desired structural elements.

The following steps describe the realized construction of a mathematical model of RNA
endowed with a topology invariant (RXB polynomial that is a new generalization of the
Kauffman bracket polynomial).

1.

Represent RNA as a mathematical object (a graph in R?, where one of edges is
divided in half).

Represent RNA secondary structure as a mathematical object (a diagram on the
plane).

Define the RKB polynomial by introducing a new skein relation to smooth hydrogen
bonds and a new technique to color nucleotides, and using the known skein relation
of the Kauffman bracket polynomial.

Show invariance of the R/CB polynomial.

Analyze the factorization of the proposed invariant and demonstrate that the factors
of RKB polynomial reflect the structural features of RNA.

Write a small Mathematica program that computes the RIXB polynomial by the
given Dot-Bracket notation of a RNA secondary structure.

Using the RKB polynomials calculated by the program, analyze some RNA
secondary structures presented in the bpRNA-1m database [11] to show that the
obtained results agree with the real data.
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3. RNA as Graph

In this paper, from mathematical point of view, we consider RNA to be a graph
G C R3, where each vertex is given by either an unpaired nucleotide _g_ or a paired
nucleotide \T/, and edges are given by connections between the nucleotides, which can

be of two types (a backbone (blue) that consecutively goes through each nucleotide or
a hydrogen bond (red) that connects exactly 2 paired nucleotides), and one of edges is
divided in half (that corresponds to ends of RNA backbone).

As aresult of projection of the graph G C R? onto the plane (performed following usual
rules to construct a 2-dimensional projection of a 3-dimensional knot), we obtain a diagram
D with the vertices of the form Y or _g- described above and 3 new types of classical

crossings: both parts of a strand are of the same type (either backbone or hydrogen bond)
or of different types (backbone and hydrogen bond). Therefore, we consider the secondary
structure of a RNA to be such a diagram D.

Following |7], we close off RNA strand into a circle using the virtual closure approach:
the backbone trace is closed off by connecting its ends virtually (i.e., self-intersections
appeared as a result of this closure are 4-valent vertices called virtual crossings and denoted
by 38{, see the original paper [20] for more details about virtual knot theory). Note that,

since zgi appears as a result of virtual closure of a backbone, at least one of two parts of
its strand is backbone, hence we obtain 2 types of virtual crossings only.

All 5 types of crossings described above (3 classical and 2 virtual ones) are subjected
with a set of local moves, which are the obvious generalization of the Reidemeister moves
Qy — Q3 for classical crossings [21], their virtual €} — Q4 and semivirtual 2 versions [20],
see Fig. 4. As regards to the generalization of the Reidemeister moves for the case of
3-valent vertices of the form \T/, we recall that the work [22] proposes the extra vertex

moves (Y, {25 that are sufficient to generate isotopy between graphs, see Fig. 4. Together,
these basic moves provide the ambient isotopy for RNA diagrams defined as plane graphs
of secondary structures.

4. Definition of RXB Polynomial

We develop a new generalization (RXB polynomial) of the classical Kauffman bracket
polynomial [10] specifically designed to study RNA secondary structure. Following [7], we
use ideas of Kauffman bracket polynomial, but do not compress stems into rigid vertices.
On the contrary, we propose one more skein relation specifically for hydrogen bonds. In
more details, the work [7] ignores the length of stems and treat stems of different sizes
equally, moreover, to be a rigid vertex, while we go inside each stem and take into account
both number of hydrogen bonds that form the stem and a position of the stem with
respect to backbone (for the latter, we introduce a new technique to color nucleotides). As
a result, our R B polynomial considers colored stems as complete description of structural
elements of RNA secondary structure and can be factored such that to associate each factor
with a structural element of RNA secondary structure described in Section 1.

Let us define the RIB polynomial {-}, where RKB stands for RNA Kauffman
Bracket.

Step 1 (Color Nucleotides). Let us associate each nucleotide with an ordinal color ¢;,
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i=1,2,..., as follows: we go through a primary structure (backbone), color a sequence of
unpaired nucleotides (i.e., single-stranded region) and the subsequent sequence of paired
nucleotides by the same color and use next ordinal color before to color each single-stranded
region. The following algorithm describes implementation of this idea in more details.

1. Choose any of two possible orientations of the backbone that form RNA.

2. Color all the nucleotides in the 1-st sequence of paired nucleotides of the backbone
by the same color ¢; (if there exists a single-stranded region before these sequence, then
color its nucleotides by ¢; as well).

3. For each new single-stranded region, take next ordinal color.

At this moment, we omit all unpaired nucleotides.

Two colors ¢; and ¢;;1 are said to be adjacent that is their ordinal numbers differ by 1
Two colors ¢; and ¢; 19 are called quasiadjacent that is their ordinal numbers differ by 2.

Step 2 (Define Skein Relations). Let us define a skein relation to smooth a hydrogen
bond as follows:

-----
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Fig. 4. Reidemeister moves: classical 1 — Q3; virtual Q) — Qf; semivirtual QF; extra Q4, Q5
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bond multiplied by the product c;c; and the result of smoothing along the backbone.
Therefore, each hydrogen bond is transformed to the weighted summation of a pair of
double parts of empty strains. After applying this transformation to all hydrogen bonds
of an RNA secondary structure diagram recursively, we obtain a summation of a group of
weighted diagrams without hydrogen bonds.

Any knot invariant, including knot polynomials, can be used to characterize resulting
diagrams. Here we use the Kauffman bracket polynomial [10] as follows. Let D be a diagram
of a RNA secondary structure. Endow each angle of each crossing of D with a marker A
or B according to the rule given in the center of Fig. 5. Each state s of the diagram D is
defined by a combination of ways to smooth each crossing of D such as to join together
either two angles endowed with a marker A, or two angles endowed with a marker B, see
Fig. 5 on the left and right, respectively. Obviously, if the diagram D has n crossings, then
there exist exactly 2" states of D.

<: A — smoothing Q “: B — smoothing ’ )
"¢ AB’ "/ T\

’
Sum” Sa= L

PN
-
Sam=

~

Fig. 5. A- and B-smoothings of a classical crossing

By the writhe of an oriented knot diagram D with n crossings we mean the sum over
all crossings of D

i=1

where £(i) is a sign of the i-th crossing of D defined by the rules given in Fig. 6.

PO LIS -

~ * -

X X

~.--’ ~.--'

-

Ehainl
e

e(i) =1 e(i) =—1
Fig. 6. Rules to define the sign (i) of the i-th classical crossing

The exact formula of the Kauffman bracket polynomial is as follows:
X (A,2)p = (—A) P (A z) (2)

where
(A, x), = ZAa(s)fﬁ(s)xv(s)fl (3)
is the Kauffman bracket. Here a(s) and [3(s) are the numbers of markers A and B in the
given state s, while y(s) is the number of curves obtained by smoothing of all crossings
according to the state s (for shortness, here we denote x = —A? — A72), and w(D) is the
writhe of D. The sum is taken over all 2" states of D.
Therefore, each of 3 types of classical crossings is smoothed by usual skein relation of
Kauffman bracket polynomial, while virtual crossings 38{ do not need skein relation. In
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addition, we use usual normalization (consider polynomial of one of circles in each state
to be 1 and polynomial of each of the rest circles to be z = —A? — A~2). Finally, as usual,
to obtain invariant under the Reidemeister move €2, we use the writhe of the diagram.

5. Properties of RXB polynomial

Lemma 1. /Invariance of RKCB Polynomial] The RKB polynomial is invariant under all
three Reidemeister moves 21 — €23 generalised on 3 types of classical crossings, both virtual
Reidemeister moves Q) — Q% and semivirtual Reidemeister move €Y generalised on 2 types
of virtual crossings, both extra vertexr Reidemeister moves €y, 25 generalised on 2 types of
edges (backbone and hydrogen bond), see Fig. /.

Proof of Lemma 1 is similar to proof of the corresponding theorem on Kauffman
bracket polynomial of knots for Reidemeister moves 2; — {23 with classical crossings only
(see, for example, [10] or [23]) and for virtual Reidemeister moves 2] — €2 and semivirtual
Reidemeister move Q% with both virtual and classical crossings (see, for example, [20]).

Lemma 2. [Factorisation of RKB Polynomial| The RKB polynomial of a RNA secondary
structure with the unique backbone can be represented as a product of polynomials of stems
and pseudoknots that form the RNA secondary structure.

Proof of Lemma 2 is similar to proof of theorem on Kauffman bracket polynomial of
a connected sum of knots (see, for example, [23]).

Remark 1. [Stronger RXB Polynomial| The RKXB polynomial can be defined to be more
stronger. To this end, we color a nucleotide associated with an opened bracket by ¢;, but
a nucleotide associated with a closed bracket by d;. However, for our proposes the original
definition (both types are colored by ¢, i.e. without using a new variable d) turns out to
be enough.

Below we present connection between the RIB polynomial and structural elements
of RNA secondary structure described in Section 1.

Lemma 3. [Number of single-stranded regions| Let n, be a number of single-stranded
regions in a RNA secondary structure, n, be a number of backbones that begin with a
paired nucleotide, n, be a number of backbones that end with an unpaired nucleotide, n. be
a number of colors in the RKB polynomial. Then

Ny = Ne — Np + Ne.

Proof of Lemma 3 is obvious by definition of RKB polynomial (Step 1 (Color
Nucleotides)): every time then a new single-stranded region begins, take next ordinal
color.

Lemma 4. [RKB Polynomial of Stem| Let S((Zh])) be a stem with h hydrogen bonds formed

by paired nucleotides colored by ¢; and c;, 1.e. Ciih:Cj  Denote by n, and g a pair of
paired nucleotides that form the k-th hydrogen bond, k = 1,2, .... Assume that a dashed

line that connects one of two pairs of opposite ends of the backbone of the stem S((Z.h]).),
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i.e. C'E’ch cuts off a part P (without the stem S(h) ) of RNA that contains only full
hydrogen bonds i.e. ifngy € P, thenny € P for all k = 1 2,.... Then the RKB polynomial
of the stem S(”

h
{S((w))} = (1 +cicjo)",

where x = —A% — A~2 is a variable associated with a circle without crossings.

Proof. As a result of smoothing of all hydrogen bonds included in P by the skein
relation (1), we obtain a set of states, in each of which the dashed line remains as a
part of strand. This is due to the fact that P contains only full hydrogen bonds.

The last part of the proof can be performed by mathematical induction. Here we
present only the base of the induction, i.e. calculations in the case of a stem formed by
the unique hydrogen bond: ¢; &4 ¢;.

Following (1), we smooth the hydrogen bond that form the stem as follows:

‘ L L1 ] l - - -
{ci¢c;} =cic o | +{I I}
Taking into account that RICB polynomial of a circle without crossings is x, we obtain

(cicjx+1)-{| I} ]

Based on two colors used in a RICB polynomial of a stem, we can draw conclusion
about structural element formed using this stem.

Lemma 5. [RKB Polynomial of Hairpin Loop| Let [’7"524-1) be a hairpin loop with h
hydrogen bonds formed by paired nucleotides colored by adjacent colors c; and c;yq, i.e.

Ci ;ﬁ;ci“. Then (
_ h)
{'CH(Z z+1)} {S(z‘,i—i-l)} :

Proof of Lemma 5 follows immediately from Lemma 4, since P is given by a single

region: “ ji;ci” . Also, proof can be performed by mathematical induction similar to proof
of Lemma 4.

Lemma 6. /[RKB Polynomial of Bulge Loop| Let EB (i (”H be a bulge loop with h1
hydrogen bonds formed by paired nucleotides colored by c; and c; and hy hydrogen bonds
formed by paired nucleotides colored by ¢; and cjii. Then

(h1)(h2) _ (h1) (h2)
{Eﬁ(u u+1>} {S(i,j)} ' {S<z‘7j+1>}‘
Moreover, RKB polynomial of total RNA secondary structure contains no factor (1 +

cjcjix), since the RNA secondary structure contains no stem colored by the adjacent
colors ¢; and cjiq.
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Proof of Lemma 6 can be performed by mathematical induction similar to proof of
Lemma 4.
Lemma 7. [RKB Polynomial of Internal Loop| Let E’Igﬁ}lm()zﬂ ) be an internal loop with
hy hydrogen bonds formed by paired nucleotides colored by c; and cji1 and hy hydrogen
bonds formed by paired nucleotides colored by c;1 and c;. Then

h1)(h2) (h1 (h2)
{EI (3,7+1)( z—l—l,j)} {S’Lj-‘rl)} {S (i+1,5) }

Moreover, RIKB polynomial of total RNA secondary structure contains no factors (1 +
cicip1x) and (14 cjcjpx), since the RNA secondary structure contains no stems colored
by the adjacent colors c¢; and c;y1 or the adjacent colors c¢; and cji1.

Proof of Lemma 7 can be performed by mathematical induction similar to proof of
Lemma 4.

Lemma 8. /[RKB Polynomial of Multi- Loop| Let L 8“1 (Zi))((lﬁl wy be a multi-loop with hy
hydrogen bonds formed by paired nucleotides colored by c; and c;, hg hydrogen bonds formed
by paired nucleotides colored by c; and c;, hy hydrogen bonds formed by paired nucleotides

colored by c;y1 and c,. Then

h1)(h2)(hs) _ (h1) | . (h2 (hs
{['M ) (ky0) (G +1, k)} - {S(j,i)} {S(kz } {S]Jrlk }

Proof of Lemma 8 can be performed by mathematical induction similar to proof of
Lemma 4.

Following [16], below we consider the classification of pseudoknots per type provided
in PseudoBase++ [17|: H-, HH-, HHH-, H Ly, HL in- and LL in-type, see Fig. 3.
However, the RICB polynomial of any pseudoknot having another type can be constructed
in the similar way.

Lemma 9. [RKB Polynomial of Pseudoknot] Let x = —A* — A=2 be a variable associated
with a circle without crossings. Enumerate stems of a pseudoknot. Let h; be a number of
hydrogen bonds in the i-th stem, see Fig. 3.

1. Le tPHng)r(gg()ZH i+3) be a H-type pseudoknot, stems of which are consecutively colored
(h1)(h2)

by (ci, civo) and (ciy1, civ3). Then RIKB polynomial of the pseudoknot P’H(z i+2)(i41,i43)
be found recursively as follows:

(h1)(0) (h1) .
{PH(Z i+2)(i+1, z+3)} {S(z‘,i+2)} )

(h1) Y(ha—1)
{P’H(z i+2)(z+1 z+3)} {PH ( z+2)2(z+1 z+3)} +

h1—1
ho—1 j
+Ci+lci+3 {S((z-‘fl,z—?—?))} (ZE + CiCit2 E {S((Zj,z-i-Q) }) .

J=0

can

2. Let P H”JFQ)Q()Z(Z?;)I()?;‘J)FI it2)(itairs be a HH-type pseudoknot, stems of which are

consecutively colored by (ci, ¢iva), (¢i, ¢iv1), (Civ1, Ciz2) and (ciya, ciys). Then
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RIB polynomial of a pseudoknot PHHE?QF(Q)Q()Z(E)I()}(?L ir2)(ir2its) can be found recursively

as follows:
(h1)(0)(R3)(0) _ (h1) (h3) .
{PHH(z‘,;+2)(i;—l—1)(i+1,i+2)(i+2,i+3)} - {S(i,il—l—Z)} ’ {S(i—il,i—i—Q)} )
P h1)(h2)(h3)(ha) _
HH (4,i42) (4,a+1) (i4+1,i4+2) (i+2,i+3)

(h (h1)(0)(h3)(ha—1)
{S’L’LQ+1 } ) ({PHH(z’,;+2)(z',?+1)?i+1,¢+2)(i+2,i+3)} +

h1—1
ha—1) h j
+Cit2Cit3 {3(1:2 z+3)} ) (Cz‘Cz‘+2 : {S(Zji z+2)} Z {3((3;+2)}+
7=0
hz—1
+T 4 Ci11Ci42 Z {S(fﬂ i+2) })) .
j=0

3. Let PHHHEZ;EF(S)Q(ZTT,)H?))(z‘+2,z‘+4) be a HHH-type pseudoknot, stems of which are

consecutively colored by (¢, ¢iva), (Civ1, Cits) and (Ciz2, Civs). Then RIB polynomial

of a pseudoknot Pym{Eﬁ;ﬁgf&ﬁi”)(i+27i+4) can be found recursively as follows:

(h1)(h2)(0) h2) :
{PHHH (i,;+2)2(i+1,i+3)(i+2,i+4)} {PH (4,i4+2)(i+1, z+3)}

(h1)(h2)(h3) _ (h1)(h2)(h3—1)
{PHHH(i,;+2)2(i+13,i+3)(i+2,i+4)} - {PHHH(i,;+2)2(i+13,i+3)(i+2,i+4)} +

hi—1) ha—1)
+CitaCita {S((z zl+2 } {S(Z:Q z+4)} <95 + Cz+1Cz+3Z {S(Zﬂ i+3) }) :

4. Let Pyg_outgﬁizfg)g()iff)iﬂ)(iﬁ ivs be o HL_out-type pseudoknot, stems of which are

consecutively colored by (¢, ¢iva), (Civ1, Cita) and (Civa, ¢iv3). Then RIB polynomial

of a pseudoknot P"Hﬁ,Outggl,gr(gf(ﬁli)iﬁ)(z‘+2,z‘+3) can be found as follows:

(h1)(h2)(h3) (h1)(h2) (h3)
{P’Hﬁ_ 0“’£(i,;+2)2(i+13,i+4)(i+2,i+3)} {P’H(z 1-{—2)2(@-‘,-1 z+4)} {S(i—iQ,i—l—3)} .
5. Let Pyr m”l(gf()z(?j)l()]zﬁl ira)it1ive be o HL_in-type pseudoknot, stems of which

are consecutively colored by (c;, ¢iya), (Ciy Civ1), (Civ1, Civs) and (ciy1, civ2). Then

RICB polynomial of a pseudoknot Pyr i ?253)2()2(?;)1()}(1;‘11 i+8)(ir1ive) can be found recursively
as follows:

(h1)(h2)(0)(0) _ (h1) (h2) .
{,Pyﬁ_m(i;+2)2(i,i+1)(i+1,i+3)(i+1,i+2)} - {S(i,il+2)} ) {S(i,z‘2+1)} )
(h1)(h2)(h3)(ha) _ (ha)

{P’Hﬁ in(;, ;—1—2)2(1 z—il)(?—i—l i+3) (i +1,i+2)} = {S(i—il,i—m)} x
(h1)(h2)(hs—1)(0) (h3—1)
X ({P"Hﬁ,in(ijﬂf(i,ijl)(z’+1,i+3)(z’+1,z’+2)} + Cit1Cits {Szjl z+3)} X

h1—1 ho—
X (CZ‘CZ‘+2 {S((Z]jf-l)-l)} . Z {S((ZJ’Z+2)} +x+ CZ‘CZ‘_HZ {S(Z]H—l })) .
j=0 0

J= Jj=
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6. Let 77557m%i(gf(ﬁli)i%)(i+17i+2) be a HL in-type pseudoknot, stems of which are

consecutively colored by (c;, ¢iv2), (Civ1, Cits) and (Ciz1, Civo). Then RIB polynomial

of a pseudoknot 7355_mgz;l(;f()ﬁi)wrg)(wl,HZ) can be found as follows:

(h1)(h2)(hs) (h3)
{Pﬁﬁ,in(z‘,;+2)2(z‘+ii+3)(i+1,i+2)} {PH (i z+2)(2+1 z+3)} {S(i-il,i—i—Q)} :
Proof. Let us show an idea of the proof of Lemma 9 on the example of the H-type

pseudoknot.
We begin smooth the hydrogen bonds that form the last (second) stem as follows:

+ Cit+1Cit3

1.e.

(h1)(h2) _ (h1)(h2—1)
{PH(z 1+2)2(z+1 2+3)} = {PH(1,2+2)2(1+1,¢+3)} + Cit1Cit3

As regards to the last factor,

_ (h2—1)
- {S(ifl,i+3)} ’

= CiCi4+2

1.e.
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6. Computational Examples

Let us present some computational examples. Using a program written by means of
Mathematica package, we calculate the RICB polynomials of some RNA presented in the
database [11]. Here we consider examples without classical and virtual crossings in order

to pay attention to the new skein relation and technique of color.
Example 1 (bpRNA RFAM 14276). The Dot-Bracket notation is

............ (@SN B -

where . stands for an unpaired nucleotide, ( and ) denote a paired nucleotide, and | is
used to divide sequences of paired nucleotides that form different stems. The secondary
structure is presented in Fig. 5 on the left.

Fig. 7. Secondary structure of RNA bpRNA RFAM 14276 (left) and bpRNA RFAM 38844
(right) [11]

We color nucleotides involved in the given Dot-Bracket notation as follows:

............ (A I )

c1 c2 c3 C4 C5

Based on the factored RXB polynomial
(14 cacsz)® - (14 creqx)® - (1 + cresw),
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we draw the following conclusions about the structural elements, which agree with Fig. 5.

Single-stranded region. Following Lemma 3, since number of colors is 5 and both the
first and the last nucleotides are unpaired, we conclude that the number of single-stranded
regions is 6.

Stem. Following Lemma 4, since the number of factors of the form (1 + ¢;c;z)" is 3,
we conclude that the number of stems that are not part of a pseudoknot is 3, moreover
(taking into account the powers of brackets), the number of hydrogen bonds in this stems
is 6, 3 and 1. In Fig. 5, the stems are denoted by blue.

Hairpin loop. Following Lemma 5, since the number of factors of the form (1+c¢;ciq12)"
(where ¢; and c¢;;; are adjacent colors) is 1 (namely, (1 + coc3)%, i.e. i = 2), we conclude
that the number of hairpin loops is 1. In Fig. 5, unpaired nucleotides of the hairpin loop
are denoted by orange.

Bulge loop. Following Lemma 6, since there exists the unique factor (i.e., (1+ cjcqx)? -
(1+cie5)) of the form (1+¢;icjz)™ - (1+¢icjpx)™; @ = 1; j = 4, where the colors ¢; and
c¢j+1 are adjacent, and there exists no factor (1 + ¢jc;1x) (ie., (14 csc57)), we conclude
that the number of bulge loops is 1. In Fig. 5, unpaired nucleotides of the bulge loop are
denoted by reseda.

Internal loop. Following Lemma 7, since there exists the unique factor ((1 + ¢jcsz)? -
(14 cocs)®) of the form (1+c;cjyi2)™ - (1+cimciz)™?; i = 1; j = 3, where ¢; and ¢;4, are
adjacent colors, ¢; and ¢, are adjacent colors, and there exist no factors (1+¢;c;412) and
(14 ¢jcimzx) (e, (14 i) and (1 + czeqz)), we conclude that the number of internal
loops is 1. In Fig. 5, unpaired nucleotides of the internal loop are denoted by green.

Multi-loop. Following Lemma 8, there exist no multi-loops.

Pseudoknot. Following Lemma 9, there exist no pseudoknots.

Example 2 (bpRNA RFAM 38844). The Dot-Bracket notation is

................ LD e

where . stands for an unpaired nucleotide, ( and ) denote a paired nucleotide, and | is
used to divide sequences of paired nucleotides that form different stems. The secondary
structure is presented in Fig. 5 on the right.

We color nucleotides involved in the given Dot-Bracket notation as follows:

................ (L AC D DI
—_—— ==

Vv VvV
c1 c2 c3 Ccq cs5 C6

Based on the factored RXB polynomial
(14 c3c4w)?(1 4 caes52)®(1 + crcex)* (1 + cscex)?,

we draw the following conclusions about the structural elements, which agree with Fig. 5.

Single-stranded region. Following Lemma 3, since number of colors is 6 and both the
first and the last nucleotides are unpaired, we conclude that the number of single-stranded
regions is 7.

Stem. Following Lemma 4, since the number of factors of the form (1 + ¢;cjz)" is 4,
we conclude that the number of stems that are not part of a pseudoknot is 4, moreover
(taking into account the powers of brackets), the number of hydrogen bonds in this stems
is 2, 6, 4 and 4. In Fig. 5, the stems are denoted by blue.
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Hairpin loop. Following Lemma 5, since the number of factors of the form (1+c¢;c;1q17)"
(where ¢; and c;;; are adjacent colors) is 2 (namely, (1 + czcqz)? and (1 + czeer)?, ie.
i = 3 and i = 5), we conclude that the number of hairpin loops is 2. In Fig. 5, unpaired
nucleotides of the hairpin loop are denoted by orange.

Bulge loop. Following Lemma 6, there exist no bulge loops.

Internal loop. Following Lemma 7, since there exists the unique factor (i.e., (14cyc5x)8-
(14 c3ca)?) of the form (1+cicjp12)™ - (1+cipcjz)™?; i = 2; j = 4, where ¢; and ¢; 41 are
adjacent colors, ¢; and ¢, are adjacent colors, and there exist no factors (1+c¢;c;412) and
(14 c¢jcimx) (Le., (14 cacsr) and (1 + cqc51)), we conclude that the number of internal
loops is 1. In Fig. 5, unpaired nucleotides of the internal loop are denoted by green. Let us
note that there exists the factor (1 + cocs2)% - (14 c1c2)? of the necessary form, but this
factor is not associated with an internal loop due to the existence of the factor (1 + cscsz).

Multi-loop. Following Lemma 8, since there exists the unique factor (i.e., (1 + cicew)* -
(1 + csc6m)® - (1 + cacsx)®) of the form (1 + cjer)™ - (1 + cpeim) - (1 4 cjpicpx)h®; i =
6; j = 1; k = 5, where ¢; and c;j;; are adjacent colors, we conclude that the number of
multi-loops is 1. In Fig. 5, some nucleotides of the multi- loop are denoted by yellow.

Pseudoknot. Following Lemma 9, there exist no pseudoknots.

The author is grateful to Ph.G. Korablev for useful discussions of mathematical part
of the model, N.A. Manakova for problem statement and useful discussions, as well as
S.A. Zagrebina for creation of perfect conditions for productive work on the paper.
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OBOBHIEHVNE CKOBOYHOI'O IIOJIMHOMA KAY®MAHA
JJIL OITPEJAEJIEHNA 1 AHAJIN3A CTPYKTYPHBIX
JIEMEHTOB BTOPUYHOI CTPYKTYPEI PHK

A. A. Axumosa

B 370i1 paboTre MBI UCIIOJIB3YEM METObI TEOPUU y3JI0B JIJIs OIIUCAHUS U AHAJIU3a CTPYK-
TYPHBIX 3JIEMEHTOB BTOpmIHOM cTpyKTypbl PHK myTem mocrpoenmst HOBOro o600IEHMsT
KJIACCUYECKOro CKobouHOro nosimaoMa Kaydmana, dpakropusaliusi KOTOPOro XapakTepusyer
crpykrypabie asiemeraTsl PHK. C a1oit nesibio paspaborana maremarundeckas mojesb PHK,
BKJIIOYAIONIAs TONOJOrndecKuil uaBapuant (RSB HOJIMHOM) U O3BOJISIONIAs OIPEIeIUTh
THII, KOJIMIECTBO U XapPaKTEPUCTUKY CTAH/IAPTHBIX CTPYKTYPHBIX 3JIEMEHTOB, 00pa3youx
Bropuunyio crpykrypy PHK. Urobsr onpegennts RIS moauHOM, MbI BBOJUM HOBOE TIpa-
BUJIO CIJIAYKUBaHUs BOJOPOJIHBIX CBsI3€ll M HOBYIO TEXHHUKY OKPAIUBaHUS HYKJIEOTUIOB, &
TaKXKe WCIOJIb3yeM H3BECTHOE CIVIAYKUBAHUE KJIACCHIECKUX MEPEKPECTKOB, HMCIOJIb3yeMOe
B ckobouHoM mosimHOMe Kaydmana. OTMernmM, 9T0 IpejioyKeHHasT MEeTOIUKa, OKPAINBa-
HUSI HYKJICOTHJIOB MO3BOJISIET YIUTHIBATH B3AMMHOE PACIIOJIOXKEHHE CTPYKTYPHBIX 3JIEMEH-
TOB, 9TO MOXKeT ObITh UCIOJIb30BaHO Ipu u3ydenunu ceoiictB PHK. Ilokaszana nnBapuant-
HocTh RICB nosunoma. Beraucienne RIB nosumHoma 1o 3ajaraomy Koy Dot-Bracket pe-
aJIM30BaHO B BUJE HEDOJIBINOI mporpamMMmbl cpejctBaMu makera Mathematica. cmosbsys
RKB 1moauHOMBI, pacCIUTaHHBIE HAIIEH TPOrpaMMoOil, Mbl aHAJU3UPYEM HEKOTOpBIE BTO-
puunble crpykrypbl PHK, npeacrasiennnie B 6a3e ganabix bpRNA-1m. Tlosydennsie pe-
3YJIBTATHI COTJIACYIOTCS C PEAJHLHBIMU JAHHBIMU. Karoueswvie crosa: PHK; emopuvras
cmpykmypa; 0606uerHvil ckobounvl nosurom Kaypmara; ysea; unsapuarm.

Axumosa Arena Andpeesna, xandudam Gusuro-mamemamuieckur nayx, JoueHm Ka-

pedpol MaMeEMAMUYECK020 U KOMNLIOMEPHO20 MOodesuposarus, douerm Kapedpv, ypas-
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