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Modifications of the BDF-method as applied to the calculation of trajectory of the
moving elements of piston machines were analyzed. On the example of the calculation of the
connecting-rod bearing of "Ruston & Hornsby 6VEB-X MK-III" engine as an international
standard for testing we estimated the effectiveness of proposed algorithms for solving the
equations of motion.
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Introduction

To solve the equations of motion of the movable elements of tribosystems well
known such techniques as implicit BDF-method [1]. BDF-methods are based on the so-
called backward differentiation formulas, when the derivative, for example, du/d7 in the
point 7,41 is calculated according value of u,; and values of u (7) in previous k points
Upy Up_1, -, Unt1—k, Where k defines the order of method.

Exact solution w (7) for the interval (7,,41_k;7n41) is replaced by a polynomial for
unequal intervals on the basis of which we forecast vector of unknown values.

BDF-method was studied in detail with reference to the specific case - for analyzing
of the dynamics of autonomous supports. The traditional way is the reduction of the
equations of motion of the second order to equations of the first order. Will consider this

algorithm in a more general way for non-autonomous supports with misalignment of the
shaft.

1. Differential equations of the first order

Represent the equations of motion of the movable elements of tribosystems, which
described in papers [1,2,3], in the matrix form

MU=F (U,1) (1)
where
E O O O u v
~ O mE O O v - —P + f(7)
M= |2 e Y Y — Ia —
o 0 £ ol UT|y FOD v |
O O O JE v —M, + M(7)
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. (00 - (10
o-(0a) #=(a 1)

For discretization of system (1) we write the vector of displacement and derivatives
in the next time step 7,41 = 7, + A7 using functions U,+1 = ¢ (Up11); Unt1 = € (Unia)-
Then instead of continuous expression we obtain a next discrete task:

M ¢ Uni1) =F (€ (Upt1),7) - 2)

For BDF-method of k-order the functions ¢, £ for first approximation were determined
by polynomials

k
Uy = L(Tas) = Un + Y BiAUp_, (3)

UY=Ly (1as1) ZaZAUn . (4)

i=—1

where coefficients (;, a; were determined by polynomials L, L;.
Put (3), (4) to (2) for 7 = 7,, + 1 we obtain

k—1
M Z aiAUn—i = F (Un+1, Tn-‘,—l) . (5)
i=—1
The system (5) is an implicit difference scheme, which can be efficiently solved by

Newton’s method. Will find a solution for U, 1, writing the equation (5) in the form of
Newton.

~\ (9)
~ aF (S+1 s
M= (ﬁ) (o - v27) =
k-1
F (U8 m) = aca (U = UP) = 3 audlAU, . (6)
=0

We introduce the notation:
AN\ (8)
o[ 2F (5)
a M~ <W> = At

k—1
a <Ur({217 Tn+1> —a M <Un+1 U(S ) B ZaiMAU”_i - GS}L“
=0
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then

a_q 0 —1 0 0 0 0 0
0 a_q 0 —1 0 0 0 0
OR, _ORy .. _ OR, _ 0B, _OR, _0R, _ R, _ R,
D dy -1 7 "5i dy da! ap’ da! a5
__9R, _ OR, Ry mev . — OBy _OR, R, __9Ry __9Ry
A(s) . oz dy 0% -1 dy o’ B’ X% ap!
ntl 0 0 0 0 a_q 0 —1 0
0 0 0 0 0 a_q 0 -1
oM, Ol _ 9M, A _oN, oM, g, . _ O, 9,
0z oy 0 oy da’ R -l o op
_OM,  OM, M, _9M, _OM, 0N M, J 9,
o Dy o 99 BRY o5 By e Y7

Tpi1l — @1 AT, 1 — apAzy,
Ynt1 — O 1AYn11 — @AY,

(fx + RI)HH —m(a_1Adp — Ay,)
(fy + Ry)nH — m (@ 1AYn 41 — AYy)
Ay — a1Bag,, — aday,

nr1 — 180 — S,
(Mx + Mam)n+1 —J (Oé_lAd,n+1 - OéoAd,)

(M + May),,,, = T (018804, = a0AP)

Solving system (6) by Gauss method we obtain:

s+1 s+1 s+1
Ariil Ay, AatY,

Aﬁ/(SJrl).

n+1
According to coordinate’s increments in the polar coordinates we find:

s+1 s+1 . (s+1 c(s+1 s+1 s+1 . (s+1 -(s+1
X7(1+1)a 5T(z+1 ), X7(’L+1)7 57(1—1—1 )7 ‘77(1+1 )7 5;+1)7 07(1-1—1)7 87(14—1)'

The iterative process at the next step of the integration is carried out till next condition

rs+1
En+1 S €,
where
s+1 o S
n+1 n+1 . s+1 .
rs+1 s | if Un+1 > 17
E, 71 = max Un i1 ’ } (7)
s+1 s : s+1 .
‘Un—i—l — Yn+1) o if }Un—l—l‘ S 1’

The value of error € was equal 0,0001.

The value of error we estimated for each components of vector and chosen the maximal
value.

If we had Eflﬁ > ¢ after ¢ iterations the solving process was finished and we decreased
the step of the integration. After that we calculated new values of U, ;.

Since it is necessary to determine the forces R(u, @, ,)at each time step to integrate
the partial differential equation of second order to determine the pressure in the lubricating
layer (Reynolds equation [2| or Elrod [4,5]), the time required are so large that in some
cases it is impossible to perform parametric research. This is particularly evident in the
tasks of nonlinear dynamics of journal bearings with supply of lubricating fluid through the
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holes and grooves, as in such cases the equation for the pressure distribution are integrated
numerically.

On this basis, appear relevant research and development of methods and algorithms
for solving of the equations of motion directly without reducing them to equations of the
first order, which halves the dimension of the task.

2. Differential equations of the second order

Consider another method of solving of the equations of motion without reducing them
to a system of equations of the first order. It allows to reduce the number of integrations
of Reynolds equation [5]. This is especially important when we use numerical methods of
integration, since the calculated time is essentially increasing. Consider it an example of
solutions of equation of motion for autonomous tribosystem, written in the form

mii = f(r) — P(u, ). 8)

For discretization of the system (8) we replace the vector of derivatives in the next
moment of time 7,1 = 7, + A7 by the functions t,,1 = @(uny1), & = ¥(Uupy1). Then,
instead of continuous writing obtain

m - P(Uny1) = farr — Ptns1, @(Ung1)). 9)

The system of equations (9) is an implicit difference scheme, which is solved by
Newton’s method. At each iteration step is required to find the solution of algebraic
equations in the form

(@S —ull )y = F9,,

J

n+1
where

() -(s)  .(s) )_[ oi 0P 811}(5)

J, U = |mz—+ ==
n+1( n+1> “n4+1y “n41 au au au it
(s) __ . .

Fn+1 = —MUp+1 — P(un+17 un+1) + fn+1-

Having constructed the same as in the previous method, interpolation polynomials

according to (3) and (4) we can to determine the value of the function and its first derivative

uSJ)rl at the point 7,41. The value of the second derivative of the function L, (7) we obtain

from the expression

un—i—l Ll Tn-l—l Z BzAun 1y (1())

i=—1

where coefficients (§; determines from L; (7)
Substituting (3), (4), (10) in the equation of motion (8) for moment of time 7,1, we
obtain

k-1 k—1
m Z BilAty_; + P41, Z Qi AU, —;) = foi1. (11)

i=—1 i=—1

The solution of equation (11) for the unknown value u, 1 we find by Newton’s iterative

method "
oP OP\ "
ke (55) " w0 (55

6 Journal of Computational and Engineering Mathematics

s+1 S S
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i=—1 i=—1
ﬂgl — are calculated by formulas (3), (4), (10).
In general, for the coordinates x, y we can be written solution of the system (11) as
follows:

kE—1 B
where Féi)l = fn+1_P( 1(31 O‘z‘AUSﬁi) m Z BZAUTL s b ( (1) (1) )§ uizlJ)rlv ufi)rl?

(s+1) (s) c1by — caby (s+1) (s) a1C2 — A2C1
‘rn—i—l n+1 a1b2 . &le ) n+1 yn—i—l ale . &le ) ( )
where
0 — 8Rx_& OR, " __aRy_& OR,
e or oz P oxr Lo
oR OoR OR, oR
by = ——= — Lo} Y g Y
1 e O‘lay’ o = mfB_y By O‘lay’

k—1
cCl = fnJer + R;s) —m Z ﬁZAZ'Szw Cy = fn+17x -+ RZ(! —m Z ﬁszn i

i=—1 i=—1

We named this approach — algorithm 1.
Numerical experiments have shown that a significant increase in effectiveness of BDF-
method can be achieved if instead of Newton’s method in the form of (12) to apply it’s

modification
dp S S S
[mﬁ B+ (d ) : |:u£z:—11) - in)rl} = F1§+)1= (14)
U n+1
k-1
where Fn+1 Jnr —m Z Bi - AU (u’l(7,+17 > sz‘AU;Sli) AunSJ)rl = Ufﬁl = Un;
i=—1 f=—
Aul = A, (i=0,1,... k—1).

dP
The expression T is a matrix of full derivatives of function
U

k—1
P(u)=P <un+1, > aiAunZ) :

i=—1

Thus, in the solution is not necessary to compute partial derivatives of functions P
by 1, so the calculation time is essentially reduced. We named this approach - fast BDF-
method or algorithm 2. In the available literature this modification of the method could
not be found.

To determine the partial derivatives we used difference relations:

= = (
OR Raz( £18+17 > aiAani) - R, (u£18+17 > O‘z‘Aunsli)

i=—1 i=—1

— 15

@x Ax ) ( )
where
2 2
(s Ty + Az (s Ty +Ar —
uf’bll = Jrl(s) Au;—?—l = Jrl(s) )
yn+1 yn+1 yn

AT = Aupy, (i=0,1, ... k—1).
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Solution of system (14) we found by formulas (13), where

OR. _OR, |, _OR.
or ' oz’ oy

a=(Fl)s = (),

It is known that Newton’s method converges for the right choice of the initial
approximation. To select the initial positions and velocities of the shaft we use a polynomial
of the second degree, and for accelerations - third-degree polynomial.

We introduce a new coordinate axis 7. Positive direction which is opposite to the
direction of the axis 7, the beginning corresponding to the current point in time 7,,1.
Discrete values T; are determined by the values 7,,_; according to the expression

OR
by = mf_1 + —2;

b
1 oy

ay = mBq +

T = Tors — Toiy (i = —1,0,1, ... k — 1, k).

In the coordinate system 7" we can write the expression (3), (4) for polynomials of
second degree (k = 2)

U1 = Up + Y0AU, + Y1 AUL_1, (16)

un—i—l = a—lAun—l—l + OéoAun, (17)

where
Ty T, ToTh

W= n RS T Tm oy m =T
L1 T,

==+ = =
T, T, ° T(Ty—Typ)

For determination i, (10) we use polynomials of third degree (k = 3)

Upt1 = Bo1AUpy1 + BoAuy, + Br1Au,_q, (18)

a_q

where
2Ty + Ty + 1)

R A
(I = To)(To +To) + T (T2 + Th)
TVTy(Ty — To) (T — To) 7
2(Ty + 1Y)
B = :
To(Ty — T )(Ty — To)

If we use the interpolation polynomial of the second degree L;(7), then the
approximation of the derivative of the second order becomes a constant, which reduces
the accuracy and stability of the method.

The wvalue of the integration step was limited by the range of variation
Tomin < To < Thmax, Where Thmin, Tomax respectively the minimum and maximum size
of discretization of 7, which selected experimentally in solving test tasks. To correct time
step in the algorithm we used Fowler procedure [5].

The algorithm 1 uses an iterative Newton’s scheme. At each iteration is required to
make nine integrations of Reynolds equation. The algorithm 2, due to the approximate
calculation of the Jacobian at each iteration of Newton’s method, requires only five
integrations of Reynolds equation. It significantly decreases time of calculation of
hydromechanical characteristics of tribosystems.

fo = —2
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3. Results and calculations

Studies, which performed for calculation of trajectories of movement parts of
connecting rod bearings for engines Ch 12/12 and ChN 21/21 by rapid BDF-method
shown that the computation time compared with the BDF method for equations of the
1st order twice decreased, while the number of integrations of Reynolds equation was
respectively: 1531 and 5931, (engine Ch 12/12); 1497 and 5621 (engine ChN 21/21).

Results of calculation of the connecting-rod bearing of "Ruston & Hornsby 6VEB-
X MK-III"engine as an international standard for testing [5| are presented in Table.
We analyzed main output hydromechanical characteristics of journal bearings for piston
engines, which include: the minimal (inf hy;,) and average (k%) film thicknesses of
the loading cycle; the maximum (Sup pmax) and average (p..) hydrodynamic pressures
in a lubricant film; the integrated average friction losses N* for a loading cycle.
These parameters indirectly characterize wear resistance, durability and reliability of

tribosystems of piston engines.

Table 1

Results of calculation
Algorithm Hydromechanical parameters The  average number  of
integrations of Reynolds

equation for calculation step

inf hmin SUp Pmax h;knin p:nax N*
1 3.60 34.32 9.92 | 19.27 | 1359 | 13.81
2 3.60 34.42 9.92 | 19.22 | 1359 | 7.06

As can be seen from Table, algorithm 2 is the most efficient. Compared with the
classical algorithm 1 solution time is reduced more than two time, and the number of
integrations of Reynolds equation for calculation step — by 2.5 times.

This work was supported by a grant of the Ministry of Education and Science
of the Russian Federation for applied research, code 2014-14-579-0109. The unique
identifier for Applied Scientific Research (project) is RFMEFI57714X0102. Agreement
no. 14.577.21.0102.
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