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The machinery of integral operators with parallel translation is elaborated such that
for a T-periodic ordinary differential equation (i.e., a vector field) on a Lie group with
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Introduction

Up to the moment a lot of processes in technics and engineering are described
mathematically in terms of differential equations on non-linear manifolds. And very
often the important problem of finding periodical solutions of those equations arises.
This problem is especially complicated when the right-hand side of the equation is only
continuous, i.e., there is no uniqueness of solution theorem for the Cauchy problem. In
the case of equations in linear spaces the method of integral operators is applied for
investigating the periodic solutions. Recall that an ordinary differential equation in a
vector space can be turned into equivalent Volterra type integral equation. For example,
one can turn the Cauchy problem & = f(¢,2(t)), 2(0) = xo in R" into the integral equation
x(t) = xo + fot f(r,z(r)) dr.

Unfortunately, the classical integral operators on manifolds are not covariant, i.e.
depend on the choice of a chart. Previously the so-called integral operators with parallel
translation were constructed (see details, e.g., in [1, 2|) that were covariant, allowed
one to deal with equations with continuous right-hand sides but were not applicable to
investigation of periodec solutions. In this paper we construct a new sort of those operators
on Lie groups such that their fixed points are periodic solutions of differential equations
with continuous periodic righ-hand sides.

The paper contains a short survey of the theory of integral operators with parallel
translation, the description of the class of such operators applicable in the problem of
periodic solutions and investigation of some their properties.

1. Integral operators with parallel translation

Everywhere below we deal with all objects given on a finite interval [0,T],T7 > 0.
Let M be a complete Riemannian manifold, my € M and v: [0,7] — T,,,M be a
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continuous curve in the tangent space 7,,,M. Everywhere below we deal with the Levi-
Civita connection on M.

Theorem 1. There exists a unique C'-curve m: [0,T] — M such that m(0) = mq and
the tangent vector m/(t) is parallel along this curve to the vector v(t) € T,,M for every
t € 10,77.

The existence of the curve m(t) from Theorem 1 follows from some classical
constructions. Let m(t) be a C'-smooth curve in M, ¢t € [0,T], m(0) = mg. Denote
by I' the operator of parallel translation of vector fields along m(-) to T,,,, M. Recall that
the curve C(m(t)) = f(f I'm/(s)ds is known as Cartan’s development of m(t) at T,,, M.
Note the well-known fact that Cartan’s development is convertible and it is obvious that
the curve m(t) from Theorem 1 is expressed via Cartan’s development as C’_l(fg v(s)ds).

We denote the operator that sends v(t) to m(t) in Theorem 1 by the symbol S. Tt is
easy to show that S is continuous.

Since the parallel translation preserves the norm of the vector, the following statement
is valid.

Theorem 2. Let Ui be the ball of the radius K centered at the origin of the space
of continuous curves C°([0,T], T,nyM). Then, at every point t € [0,T], the inequality
|m/ ()| < K holds for all curves m(-) from the set SUg.

Lemma 1. (Compactness lemma). Let = < C°0,T),TM) be such that 72 C
CH[0,T), M), where 7: TM — M is the natural projection. If = is relatively compact
in C°([0,T),TM), then so i1s T=.

The proof of Lemma 1 can be found, e.g., in [2, Lemma 3.51].

Let Qk be the set of curves from C'([0,T], M) satisfying the inequality ||m/(¢)|| < K,
where K > 0 is a real number, at every point ¢ € [0,7] and such that the set {m(O) |
m(-) € Qg } is relatively compact in M.

Theorem 3. The set of curves I'(Q) is relatively compact in C°([0,T],TM).

Proof. Since Q is compact in C°([0,T], M) and the field X (¢,m) is continuous, the
set of curves { X (£, m(t)) | m(-) € Qx} is compact in C°([0, 7], TM). Then the agssertion
follows from Lemma 1. O

Let a continuous vector field X (¢,m) be given on M. Consider the set C;, ([0, 7], M) C
C1([0,T7], M) consisting of curves with initial value m(0) = my. Introduce the composition
operator

SolX(t,m(t)): Cp, ([0,T], M) — C,, ([0,T], M).

One can easily see that this operator is continuous since the parallel translation
continuously depends on the curves, along which it is carried out.

Theorem 4. The fized point of Sol is precisely the solution of equation m/(t) = X (t,m(t))
with the initial condition m(0) = my.

Indeed, if m(t) is a fixed point, m/(t) is parallel along m(t) to I'X (¢

,m(t)). But by
construction T'X (¢, m(t)) is parallel to X (¢, m(t)). Hence m’(t) = X (t, m(t)).
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2. The case of Lie groups
Now let M be a Lie group being a finite-dimensional manifold.

Remark 1. We denote the elements of the Lie group M as points of manifold M, i.e.,
by the symbol m, m(-) or m(t) are curves on M. But for simplicity of presentation, the
element considered as a diffeomorphism in M, is denoted by the symbol g. In particular
Gmo,m, denotes the unique diffeomorphsm that sends mgy to mi. T'gmgm, : TngM — Ty M
Is its tangent mapping.

Introduce an arbitrary complete Riemannian metric (-, -) on M (not necessarily left or
right invariant). The corresponding norms in the tangent spaces are denoted by || - ||

Consider the Banach manifold C*([0,T], M) of C'-smooth curves in M. According to
Remark 1, for m(t) € C*([0,T], M) denote by gu(0),m() the element of Lie group (i.e., the
operator) that sends m(0) to m(t), and by T'¢m0)m@) @ Tm@M — TnwM the tangent
map of this operator. For m(t) € C*([0,T], M) introduce the operator B, by the formula

Bs(m(-)) = 8 0 Tgm0),sorxtm(t))(spL X (t,m(t)) (1)

that sends the vectors ' X (¢, m(t)) at m(0) to the points at time instant s of the curves
from S o T'X(¢,m(t)). One can easily see that By is continuous.

Let also the vector field X (¢,m) be T-periodic, i.e., for every m € M the equality
X (t,m) = X(t+T,m) holds. In this case we will mainly deal with the operator By(m(-)) =

S 0 T'Gm(0),s0rx (t:m(t)) (1)) [ X (£, m(1)).

Theorem 5. Fized points of operator Br and only they are T-periodic solutions of the
equation m'(t) = X (t,m(t)).

Proof. If m(t) is a T-periodic solution of the equation m/(t) = X(¢,m(t)). Then
Gm(0),8orx (m(-)(1)™M(0) = m(0) and so for X (t,m(t))

T Gin(0),m(r)S © T Gm(0),sorx (t,m(ey) L X (¢, m(t)) = DX (¢, m(t)).

Then Br(m(-)) = S o I'X(¢t,m(t)). Recall that I'X(¢,m(¢t)) is parallel along m(-) to
X(t,m(t)). On the other hand, 48 o I'X(¢,m(t)) is parallel along m(-) to X (t,m(t))
and so p
%8 oI'X (t,m(t)) = X (t,m(t)).
Thus m(t) is a fixed point of By (m(-).

Now let m(t) be an arbitrary curve in C'([0,T].M). If S o T X (t,m(t))(T) = m(0),
the above arguments are valid and so m(t) is both a fixed point of By and a T-periodic
solution. If S o ' X (¢, m(t))(T") # m(0), m(t) is neither a fixed point of By nor a periodic

solution. O

3. Properties of operator B,

Recall the following notion.

Definition 1. A map from the topological space Y to the topological space Z is called
proper, if the preimage of every relatively compact set in Z is relatively compact in Y. In
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particular, o function @ : M — R is called proper if the preimage of every bounded subset
of R is relatively compact in M.

Let = C M be a compact set. Denote by € C C([0,7], M) the set of curves
{m(t)|m(0) € =,t € [0,7]}. Since all curves from € are given on the closed interval
[0,7] and M is complete, all the curves from € lie in another compact set =;.

Theorem 6. Let for any compact set = C M

sup | X(t,m) | < sup p(m) &)

meZ,te(0,T) me=

where ¢ : M — R is a certain proper function. Then for all m(-) € € c C'([0,T], M),
all curves S o T X (t,m(t)) are well-defined on [0,T] and belong to another compact set
Ho C M.

Proof. From (2) it follows that the norms of all X (¢, m(t)) for m(-) € € are uniformly
bounded by sup ¢(m). Since the parallel translation preserves the norms, all norms of

me=,
the corresponding curves I'X (¢, m(t)) are uniformly bounded by the same constant. Thus
all the C'-curves S o I'’X (¢, m) have bounded lengths. Since the metric is complete, those

curves lie in a compact set =Z,. O
Theorem 7. The set of curves B,€ C C([0,T], M) is compact in C*([0,T], M).

Proof. Since the set = is compact and the operators g ()mr) and gnm(0),sorx (m(#) (1))
are smooth by the definition of the Lie group, the norms of operators

T Gm(0),m(1)S © T Gm(0),50TX (t,m(1)))

are also uniformly bounded. Then the assertion follows from Theorem 6 and Theorem 3.
(|

Thus, unlike the classical integral operators in Euclidean spaces, only the second
iteration of operator B, is completely continuous.
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OIIEPATOPHLIN ITOAXOA K IEPUOANYECKIM
PEINIEHNAM IN®PEPEHIINMAJIBHBIX YPABHEHUN
HA TPVYIIITAX JIN

IO. E. 'nuxaux

Pazpaboran annapar WHTErPATHHBIX OMEPATOPOB C MAPAJIEILHBIM TEPEHOCOM TaKOM,
4To 7 T-NIepUOAuIecKOro 00BIKHOBEHHOrO aud depennuanibuoro ypapuenus (T.€., BEK-
TOPHOIO T10Jisl) C HEIPEPBIBHOI IPaBOii YaCThIO Ha, IpyIine JIu HeNOABUKHBIE TOUKH TAKUX
OIepaToOpPoOB ABJAIOTCH 1 -miepuoauydeckumMu pernerusmu. [loka3zano, 9TO Tpu HEKOTOPBIX
€CTeCTBEHHBIX yCJIOBUAX BTOPad UTepalisd TaKOr'o ollepaTopa BIIOJIHE HellpepbIBHA.

Karoueewie caosa: epynno, Jlu; 0bvknosernoe duddepenyuaronsie ypasrenus; urme-
2PanbHLe ONEPATNOPDL € NAPAANEADHBLM NEPEHOCOM; NEPUOOUNECKUE PEULEHUS.
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