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Of concern is the Boussinesq — Love mathematical model describing longitudinal
vibrations in the elements of construction that can be represented in the form of a finite
connected oriented graph. Differential equations on graphs is a relatively new piece of
mathematical knowledge. The article deals with Sobolev type equations on graphs. The
Fourier method is used for solution of the problem. The article besides introduction,
conclusion and list of references contains four paragraphs. The first paragraph describes
the properties of eigenvalues and eigenfunctions of the problem on a graph. The second
section is devoted to specific examples of solutions of the Sturm — Liouville problem. In the
third paragraph, by applying the Fourier method, the solutions of the Boussinesq — Love
problem are found. In the last paragraph, the possibility of usage of the Fourier method for
Boussinesq — Love problem for some finite connected oriented graphs is justified.

Keywords: Sobolev type model, geometrical graph, Fourier method, Sturm — Liouville
problem.

Introduction

Let G = G(D, €) be a finite connected oriented graph, where ® = {V;} is the set
of vertices, and € = {F;} is the set of edges. Each edge is characterized by two numbers
l;,d; € Ry, denoting the length and cross-sectional area of the edge F; respectively. On a
graph G, consider the Boussinesq — Love equations [1]

)\ujtt — Ujgatt = OUjzy (1)
for all z € (0,1;),t € R.

Equations of the form (1) in © C R™ were studied previously using the phase space
method [2, 3|. Optimal control of solutions for equation (1) was studied in [4, 5|. In [6]
the phase space of the modified Boussinesq equation was constructed. In addition the
algorithm of numerical modelling of Boussinesq — Love waves was developed [7].

For equations (1) at each vertex of the graph define the conditions

Z dej(O)ij(O, t) — Z dmcm(lm)um:v(lmy t) =0, (2>

E;cE(V;) Em€E(V;)

u;(0,t) = ug(0,t) = wp (i, t) = un(ln, t), (3)

where Ej, By € E(V;), B, B, € E“(V;),t € R. Here E*“)(V;) denotes the set of edges
staring (ending) at the vertex V. Condition (2) indicates that the flow through each vertex
must be equal to zero, and condition (3) indicates that the solution v = (uy, us, ..., u;, ...)
at each vertex must be continuous. In the particular case when the graph G consists of
one edge and two vertices, condition (3) vanishes and condition (2) becomes a Neumann

82 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

condition. Function u;(z,t) defines a longitudinal displacement at point z at the moment
t for the j-th element of construction.

Differential equations on graphs is a relatively new piece of mathematical knowledge.
The first publications in this area appeared in the last decade of the last century, the
first monograph was published in 2004. [8] and was devoted to the study of qualitative
properties of differential equations on manifolds network type.

Sobolev type equations on graphs were first studied in 2002 [9]. In [10, 11] in the
solution of such equations there arose a Sturm — Liouville problem

aj(v)u; — (¢j(@)ujz)e = Auy, (4)

with conditions (2), (3), however, in the particular case (cj(z) = 1,a;(z) = a = const),
and the proposed approach had little in common with the results of [8]. Further research
[11] has led to a new, more general, Sturm — Liouville problem of the form (2) — (4). This
fact has motivated to consider problem (2) — (4), which is a natural generalization of the
previously discussed problems. Abstract results obtained in [11] are final and exhaustive.
However, there disadvantage is the lack of any concrete examples and illustrations of the
results. The aim of this work is to find the solution of the Boussinesq — Love problem for
some finite, connected oriented graphs.

The article besides introduction, conclusion and list of references contains four
paragraphs. The first paragraph describes the properties of eigenvalues and eigenfunctions
of the problem taken from [11]. The second section is devoted to specific examples of
solutions of the Sturm — Liouville problem. In the third paragraph, by applying the Fourier
method, the solutions of the Boussinesq — Love problem are found. In the last paragraph,
the possibility of usage of the Fourier method for Boussinesq — Love problem for some
finite connected directed graphs is vindicated.

1. Eigenvalues and eigenfunctions of the Sturm — Liouville problem

Consider a Hilbert space

LQ(G) = {9 = (917927 5 95, "')7gj € L2(07ZJ>}

with inner product
L
(g,h) = Zdj/ gjh;dx

- 0

j
and a Banach space

U={u=(w,u,..,uj,..) : u; € W5(0,1;) and (0.2) holds}

with norm

lj
=Y, / (2, + 2)d.
J

Definition 1. Not identically equal to zero function w = (u1,us, ..., uj,...) is called an
eigenfunction of problem (0.2) — (0.4) for the operator

A= (% (—cl(x)%) +ay (), % (—CQ(x)a%) +as(), ..., % (—q(j)%) + a;(x), ) ,
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if there exists such a number X\ that the function u is a classical solution of the following
problem:

aj(z)uj — (¢j(2)ujz)s = Auy, (5)

w;(0,8) = (0, 8) = tpn (I, t) = wn(ln, 1), Bj, By, € E*(V;) U E“(V}), (6)

Z d 56 (@) (0,) = > dpep(@)uga(li, t) = 0. (7)
E;cEa(V, Epeb (Vi)

The number X is called an eigenvalue (corresponding to an eigenfunction u).

It is easy to verify that an eigenfunction of problem (2) — (4) for all v € i satisfies an
integral identity

Z d; / i (T)ujzvjz + aj(z)ujv;)de = A Z d; / ujv;d. (8)
Ejee Ejee

Definition 2. Nonequal to zero function u € L is called a generalized eigenfunction
of problem (2) — (4) for an operator A if there exists such a number X\ (an eigenvalue
corresponding to an eigenfunction u) that a function u for all v € U satisfies an integral
identity (8).

Further we will consider only the eigenvalues and the corresponding eigenfunctions,
normalized by the condition [[uf/;, = 1. It is convenient to consider the identity (8),
which defines the generalized eigenfunctions, as the equality of the scalar products in the
space Lo(G) and in the space U respectively. Let

m=min | min a;(x) ).
J (IE(O,IJ') ]( ))

(Here we do not assume that a;j(x) > 0). Therefore, the scalar product (equivalent to
standard) in  can be defined by

Z d; / i () ujpvjp + a;(z)ujv;)de. 9)
Ejee
The identity (9) can then be rewritten as

[u,v] = (A —m + 1){u,v). (10)

Theorem 1. Figenvalues Ay, Ag, ... of problem (2) — (4) for an operator

A (a% (—cl(x)a%) +ai(a), a% (—CQ(x)a%) +an(@), (% (—cj(j)(%) +ay(), )

are real and Ay — +00 as s — 00. Figenvalues satisfy the inequality

As > m = min ( min aj(x))

J xe(ovlj)

in all cases, except a;(x) = a;(x) = const for all i, j.

84 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

If aj(x) = a;i(x) = const for all i,j, then the eigenvalues satisfy the inequality
As >m,s=1,2,..., and there s a single eigenvalue equal to m corresponding to

eigenfunction
-1

L
Zdj/o cj(x)dz (1,1,...,1,...).

E]'EG

Theorem 2. FEigenfunctions ui(x),us(x),... of problem (2) — (4) form an orthonormal
basis in Ly(G), i.e. any function f € Lo(G) is decomposed in a Fourier series

f:Zfsusafs:<faus>a (11)
s=1
converging in Lo(G). For a function f € i series (11) converges in & and

Y INIAP < ClA (12)
s=1
holds. Here the constant C' is independent of f.

2. Examples of finding of eigenfunctions and eigenvalues of the
Sturm — Liouville problem

Example 1. Let graph G consist of one direct edge of length [ connecting two vertices
(Fig. 1).

X

o——>0

Fig. 1. Graph G,

Let’s find eigenfunctions and eigenvalues of the Sturm — Liouville problem for this graph.
It is needed to find nontrivial solutions X (x) (eigenfunctions) of the problem

X"4+AX =0
{ - ’ (13)

X'(0) = X'(1) =0

and eigenvalues \.
Solving this problem we find eigenvalues:

mk
Ak = (T>27

2
Xk = \/;cos%kx, k=1,2,..

Example 2. Let graph G consist of two edges of lengths [1, [, correspondingly, connecting
three vertices (Fig. 2).

and eigenfunctions:
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N

Fig. 2. Graph Go

Let’s find eigenfunctions and eigenvalues of the Sturm — Liouville problem for this graph.
It is needed to find nontrivial solutions X (x) = (Xj(x), Xa(z)) (eigenfunctions) of the
problem:

(X + XX, =0,
XU+ AX, =0,
Xi(lh) = X2(0),
Xi(h) — X5(0) =0,
X1(0) =0,

( X5(l2) =0

and eigenfunctions:

2 Tk
Xk = k=0.1,..
RV S A %
2 mk
Xy =/ 1), k=0.1,..
2 l1+l2 COoS l1+l2(x+ 1)7 y Ly

Example 3. Let graph G consist of three edges of lengths [, ls,[35 correspondingly,
connecting four vertices (Fig. 3).

X2
o——©0
TN
[ ] [ ]
Fig. 3. Graph G3

Let’s find eigenfunctions and eigenvalues of the Sturm — Liouville problem for this graph.
It is needed to find nontrivial solutions X (z) = (X;(x), Xa(z), X3(x)) (eigenfunctions) of
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the problem:

(X7 +AX; =0,

X+ 22X, =0,

X! 4 AX5 = 0,
1(0) =0,

Xi(h) — X5(0) =0,

X5(l2) — X5(0) =0,

X;(l3) =0,

Xi(lh) = X2(0),

Xao(ly) = X3(0).

Solving this problem, we find eigenvalues:

7k
L +1s+ 13

2 Tk
X{ =4/
1 l1+l2+lgcosll+l2+l3x’
2 mk
Xk = l
Ve b e sy G
2 mk
Xk = Ii+1), k=01, ..
3 \/l1+l2+l3005l1+l2+l3(‘r+1+2)’ 0.1,

Example 4. Let graph G consist of two edges of lengths [y, [s correspondingly, connecting
three vertices (Fig. 4).

Ak = ( )?,

and eigenfunctions:

[ ]
N
[ [ ]
Fig. 4. Graph G4

Let’s find eigenfunctions and eigenvalues of the Sturm — Liouville problem for this graph.
It is needed to find nontrivial solutions X (z) = (Xi(x), Xa(z)) (eigenfunctions) of the
problem:

(X! + )X, =0,

X+ AXe =0,

Solving this problem, we find eigenvalues:

mk
A:
k (h+&
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and eigenfunctions:
1) If sin ™l £,

l1i+l2
kly mkx wkx
XF = Chetg— Cosin /2 | —0.1,..
1 chl1+l2005ll+l2+ QSmll—i-lg’ , L,
kl, Tk mkx
XF = Chetg— — Cysin /% g —0.1,...
5 gcgllechosll_H2 gsml1+l2, , 1,

2) If sin #4 = 0,

k
XE =y cos —q b =0,1, ...
1 1COSll+l2x7 5 Ly

k
Xr=cC COSL]}J{ =0,1,...
2 ! L+

Example 5. Let graph G consist of two edges of lengths [1, [ correspondingly, connecting
three vertices (Fig. 5).

[ ]
N
[ [ ]
Fig. 5. Graph G5

Let’s find eigenfunctions and eigenvalues of the Sturm — Liouville problem for this graph.
It is needed to find nontrivial solutions X (x) = (Xj(x), Xa(z)) (eigenfunctions) of the
problem:

(X! + X, =0,
X5+ X, =0,
X1(0) =0,
X5(0) =0,
Xi(h) + X5(l2) = 0,
(X1(l1) = Xao(l2)
Solving this problem, we find eigenvalues: A\, = (thg)Q

and eigenfunctions:
1) If sin 7L =£ 0, then

l1i+l2
. sinlirfl Iy wk k wk
X} = —C3—7%— cos x, Xy = Cscos x,k=0,1,..
sin l1+lgl1 Iy + 1o I+ 1y
2) If sin 72 = 0, then
s mk wk
Xk = 5 cos I cos z, XY= Cjcos x, k=01, ..
R R T A AT A A A
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3. Fourier Method for a Boussinesq — Love mathematical model
on a geometric graph

It is needed to find not identically equal to zero solution of equation
)\utt — Ugatt = QUgy (14>

on a geometric graph G satisfying boundary conditions

> djug(0,t) - Z dmum(lm, t) =0, (15)
E;eE(V;) EmcEw(V;

and initial conditions

u(z,0) = ¢(x),
{uxx, 0) = (a). "
We will search the solution of (14)—(17) in the form
=T x ), 15)
k=1

2
where X*(x) are orthonormal eigenfunctions of the operator 92 i.e. satisfying equation
x
(X*)” + M X" =0, and conditions (15), (16) and T%(t) are functions of the variable ¢.
Equation (14) is linear and homogeneous, so the sum of particular solutions is also
a solution of this equation. Substituting the assumed form of solution (18) into equation
(14), we obtain

(THY" )\ X () = —a i TF ) X5 (),

1 k=1

NE

(T%)" ()X () +

NE

A

1

A (TH)" ()M X (2) + a i TH() N X" (x) = 0,

1 k=1

Mz =

(T%)" ()X () +

Mz«

i

1

i

Z XE(@)NTR)"(t) 4+ (TH" ()M + aT*(t) M) = 0.

Multiplying the resulting equation by X*(z),s = 0,1, ... in Ly(G) we get
MTH)"(t) + (T ()M + aT* () = 0

or

A+ Xe)(TH(t) + aT ()N = 0. (19)

The characteristic equation for this differential equation has the form

(/\ + )\k),ui + aX, =0,
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where
o~
My = P
Consider the cases
1) If Ay, = —A then equation (19) has no nontrivial solutions. Therefore
T" = 0.

2) If Ay > —\ then

A a
TF = Ay cos |/ ~—25t + Bysi kg,
& COS W + B sin( N

k N -/ 3kt
T:Ake +k—|—Bk€ +k.

Combining cases 1) and 2) and returning to problem (14) — (16), we conclude that the

functions
/ —a/\kt _ / —a/\kt
_ (Ake Ak + Bie A )Xk, /\k: < —)\,

(Ay, cos )\Or;jkt + By sin( )\‘f:‘;fk HXF A > =)

3) If Ay < —A then

ug(x,t)

are particular solutions of equation (14) satisfying boundary conditions (15), (16). These
solutions satisfy initial conditions (17) of the original problem only for particular cases of
initial functions ¢(x) and ¥ (z).

Due to the linearity and homogeneity of equation (14) the sum of particular solutions

—adg Y Gl a2')
) = 3 (AeV I 4 B VIR X
EA<—X

oz)\k
A+ A

+ > (Agcos i t + By sin( (t)x* (20)

EAp>—A A+ Ak

also satisfies this equation and boundary conditions (15), (16). Here Ay, By, are arbitrary
constants.

Initial conditions allow to define constants Ay, By. We require that function (20)
satisfies conditions (17):

u(@,0) = up(z,0)= > (Ap+B)X"+ > AX*=p(x),
k=1

kAp<—=X kAp>—A

> auk —Oé)\k —Od)\k k
< —
a\
Y (B yX = ).

EAp>—A
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On the other hand decompose the functions ¢(z) and ¥ (z) as a series in eigenfunctions
Xk (x) :

p(x) = Z@ka, where @), =< ¢, X* > Lo (@)
k=1

Y(@) =Y X", where vy =< ¥, XF >1, ) .

k=1

Counsider two cases:
1) If A < —A then

{Ak + Bi = ¢k,
—al —al
Akz\/ A+)\}Ij — By, )\+)\}]j = U,
where
Bk - 90_216 B dikak ’
2 A+A:
Ap = G+ ——
2 A+A:
2) If Ay > —A\ then
Ak = Pk,

4. Justification of the Fourier method for a Boussinesq — Love
mathematical model on a geometric graph

First of all we need to check the continuity of the function

[ =92k 22k
u(x, t) = Z (Age N4 Bre A“’“t)X’“—i—

EA<—X

QA . aMg k
+ > (Akcos,/MAkHBksm( )\Jr/\k(t)X . (21)

kA>—A

Since the first sum has a finite number of summands, it is sufficient to prove uniform

convergence of the series

a ) a\
v(z,t) = Z (Akcosu)\le;\kt—l—Bk sin( )\+];\k(t)Xk. (22)

EAp>—)

It follows that wu(z,t) is continuously adjacent to its initial and boundary conditions. As
the terms of series (22) are continuous functions, uniform convergence of series is sufficient

for its continuity. Using the inequality

|or (2, £)] < [Ak| + | Bgl,
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we conclude that the series

Z(\%\ t = V) (23)
2V

k=1 V A

is a majorant for (22). If a majorant series (23) converges, then (22) converges uniformly,

i.e., the function u(z,t) is continuous.

To confirm that u(x,t) is continuously adjacent to its initial values, we need to prove
the continuity of this function, i.e. to prove the uniform convergence of series

> c%k = oz)\k /\k:
1) ~ - = t
et~ 32 = 3 ST siny [

1 =1
Yk Oé)\k
24
a)\k )\ + )\k ( )
)\+>\k
or the convergence of a majorant series
> Od)\k
Z ——=Il)- (25)

1
’SOIJ
alg
k=1 \/ A
Finally, to make sure that the function v(x,t) satisfies the equation, i.e. apply the

generalized principle of superposition, it is sufficient to prove the possibility of double
memberwise differentiation of the series for v(x,t), i.e. to show the uniform convergence

of series
9%v
vy (7, 1) Z at;’ (26)
= 821)k
Uxx(l',t) ~ Z w, (27)
k=1
= 84Uk;
Urate (T, ) — 0202 (28)

Investigate the uniform convergence of series (26) — (28) for one-edged graph from
example 1. In this case

2 k2 A A k
vm(x,t)w\/;Z—ﬂ (pk cos Oj_k t+ Ve sin( Oji_k (t)cosﬂ—x,
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2 <. m2k2a) a\
Vgt (T, 1) ~ \/;Z 7]3(9% cos g ];\k t+

2
PN+ N
% . Oé)\k Tk
+ ~ sin( /\+)\k(t) cos —-2,
Ak

which is with accuracy to the multipliers of proportionality corresponds to the majorant
series

Zk2(\@k|+\¢k\)- (29)

k=1
Therefore the problem is reduced to the proof of convergence of the series

an’%c’a (n = 07 172)7
k=1

D K], (n=0,1,2). (30)
k=1

For this purpose, we use the known properties of Fourier series. If a periodic with period
2l function F'(x) has k continuous derivatives, and its (k + 1)-th derivative is piecewise

continuous, then the series
o

Z(k"\Akl + | Bil), (31)
k=1
where A, and B, are a Fourier coefficients, converges. For decomposition in the series
by cos Tz of a function f(z) defined only in the interval (0,1), it is necessary that the
preceding requirements are met for the function F(z), resulting in an even extension of
f(z).

The continuity of function F(z) at * = 0,2 = [ is obtained automatically. For the
continuity of F'(z) it is required that f’(0) = 0, since otherwise F’(z) will break at
the point z = 0. Similarly require that f’(l) = 0. In general, for the continuity of odd
derivatives of extension of function f it is necessary to require that

f(2n+1)(0> — f@"“)(l) =0,(n=0,1,2,...). (32)

Continuity of even derivatives takes place without any additional requirements. So, for
convergence of series

an‘ﬁpk‘a (n:07172)
n=1

it is sufficient to require that the initial deviation ¢(x) satisfies the following requirements:
Derivatives of function ¢(x) to the second order inclusively are continuous, the third order
derivative of the function ¢(x) is piecewise continuous and, in addition,

'(0) =¢'(I) = 0. (33)

For the convergence of series

an‘qu)k‘v (n:07172)
k=1

2015, vol. 2, no. 2 93



A. A. Zamyshlyaeva, A. V. Lut

it is sufficient to impose the following requirements:
derivatives of function v (z) to the second order inclusively are continuous, the third order
derivative of the function ¢ (x) is piecewise continuous and, in addition,

¥(0) = ¢'(1) = 0. (34)

Theorem 3. Let the derivatives of functions o(x),1¥(x) to the second order inclusively,
be continuous, the third order derivatives of functions p(x),(x) be piecewise continuous
and, in addition, (33), (34) hold. Then there exists a unique solution of problem (14) —
(17) on one-edged graph Gy which can be represented as:

Oé)\k % . Od)\k k
u(z,t) = Z © COS )\+)\kt+ \/Wsm(\/)\_i_)\kt Xi+
kA >—A PN

—adg —adg
Pk Uy, pE e Pk Yy, A/ AEapt k
+ E —+——1]¢€ Pt —=————= ¢ XY
2 —alg 2 —ag
kAp<=A PED W P

where X¥ = \/gcos x, A= (TF)2
Similarly, the following theorems on existence and uniqueness of solution for a graphs
G5 and G3 can be proved:

Theorem 4. Let the derivatives of functions o(x),¥(x) to the second order inclusively
be continuous, the third order derivatives of functions p(x),v(x) be piecewise continuous
and, ©n addition,

p1(l) = 2(0) =0, ¢y(h) = 1(0) = 0,
5 (l2) = ¢5(0) = 0, @i (l) = ¥5(0) =0,
U1(lh) = 2(0) =0, Py(h) =41 (0) =0,
Yo(la) = 95(0) = 0, ¥(h) = ¢5(0) = 0
Then, there exists a unique solution of problem (14) — (17) on graph Go which can be

represented as:

A A
uy(x,t) = Z O COS LA Vi sin( ey XFy

]C)\k>*)\ )\ + )\]g /)\Ojr)\)]fk )\ + )\k
—alg _ [z
+ Y LS S IOV v TS S I Voo x*,

2 —alg 2 —ag
2 A 2 A

Ny (L Ny K
ug(z,t) = E O COS t+ sin( t| X5+
kAe>—A A+ A \/ —/\Oj:‘fk A+ A
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—al —a
+ Z Pk Yk e\/ /\+/\:t+ Pr Y 6_ /\+/\:t Xg,

2 —alg 2 —a)g
FAr<— 2\/ 3 2\ 5

2 k
XP =
VL L R
2 mk
X5 =4/ l
5 D cosl1+l2(x+ 1)
Tk O\’
A = .
g (zl + 12>

Theorem 5. Let the derivatives of functions o(x)y(z) to the second order inclusively be

t
continuous, the third order derivatives of functions p(x)i(x) be piecewise continuous and,
m addition,

where

e1(l) = ©3(0) = @3(l2) = ¥5(0) = 0,
Yi1(l) = ¥2(0) = ¥a(l2) = ¥3(0) = 0,

Pi(l) = 1(0) = 0, P(la) = ¢5(0) = 0, P3(l3) = ¢3(0) = 0,
1 (1) = ¥5(0) = 5(l2) = ¥5(0) =0,

Then, there exists a unique solution of problem (14) — (17) on graph G3 which can be
represented as:

A A
uy(x,t) = Z O COS N iy 2. sin( A4 Xky

k‘)\k>—)\ )\ + Ak; /)\Ojr)\)]fk A + )\k

—a) —alg
k Uy, ¢ k (8 —\/ xaet
+ ) L VIR [ 2R e VAPl XE
2 2 —a\g 2 2 —a\g
kAp<—A PEDW Ak

A A
ug(x,t) = Z ©, COS O_[i_k t+ 2. sin( /\Oj'_l;\kt X5y

—al —a
+ D %+ D VTR [ P L. ¢ VIR X5,

—a 2 —al
kAp<—X 24/ 3 24/ 3
[ aXg (L aMy k
ug(x,t) = E cos t+ sin t| X3+
3( ) Pk A + /\k: adg ( A + )\k 3
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.S L Vi . Ifi’;t+ Yk Yk . Txnt Xk,
2 2 —alg 2 2 —alg
kA <—A Ak PEW
where
2 wk
Xk = cos x,
L VA PR NI ey Y
2 wk
Xk = cos T+ 1),
R S P A A
2 wk
Xk = cos + 11+ 1s),
SN s g C TR
2
e (Y
Iy + 1o+ 13
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