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The article considers a deterministic Oskolkov model with a multipoint initial-final
value condition. The article, in addition to the introduction and the list of references,
contains two parts. The first part provides theoretical information about a deterministic
Sobolev type equation with a multipoint initial-final value condition. In the second part,
the solvability of the Oskolkov model with a multipoint initial-final value condition is
investigated.
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Introduction

Let © C R™ be a bounded domain with the boundary 02 of the class C°. In the
cylinder €2 x R consider the Dirichlet problem

v(z,t) =0, (x,t) € 0N xR, (1)
for a linear system of Oskolkov equations [1], [2]
A=V, =vV*0—Vp+g, V-v=0, (2)

modeling the dynamics of a viscoelastic incompressible Kelvin—Voigt fluid. Here the desired
functions v = v(z,t), p = p(x,t) correspond to the velocity and pressure of the liquid, the
specified function g = g(x,t) corresponds to an external effect on the liquid; the parameters
A € R, v € R, characterize the elastic and viscous properties of the liquid, respectively,
and negative values do not contradict the physical meaning.

Let $1 and § be Banach spaces; the operators L € L£(i;§) (i.e. linear and continuous),
M € Ci(;F) (ie. linear, closed, and densely defined). Let the operator M (L,p) be
bounded [2]|, moreover L-spectrum of the operator M is satisfied the condition [3]

ol(M) = U ol(M), m € N, where o7(M) # 0, there exists
=0

a cloused contour ; C C that bounds the domain D; D of(M),
and is such that D; Nof (M) =0, DN D, =0 for all j,k,l =1, m, k # L.

Then there are projectors

P= o | BEODdue L0 Q= o [ LEONdu e £E).g

271 - 211 "

0,m (4)
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where closed contours v, are defined (3), Ry = (uL — M)™'L and L; = L(uL — M)™"
ane right and left L-operator resolvents M, respectively. Let the operator M (L,p) be
bounded, then there are projectors P € L(U), @ € L(F) such that PP; = P;P = P;,
QQ;=0Q;Q=0Q;,j=0m,u BP=PFF=0,Q:Q;=0QQr=0,k 1=0,m, k#L

This article is devoted to the study of a deterministic model (1), (2), which is considered
together with a multipoint initial-final value condition.

Pj(u(ry) —u;) =0, j=0,m, (5)

Here 7; € R, j = 0, m, such that 7j41 > 75, 79 > 0.

The article, in addition to the introduction and the list of references, contains two
parts. The first part provides theoretical information on the solvability of Sobolev-type
equations with a multipoint initial-final value condition. In the second part, the solvability
of the Oskolkov model with a multipoint initial-final value condition is investigated.

1. Sobolev Type Deterministic Equation with Multipoint
Initial-Final Value Condition
Let 4 and § be Banach spaces, the operators L € L£(4; F) (i.e. linear and continuous)
and M € CI(4;§) (i.e. linear, closed, and densely defined). In addition, suppose that the

operator M (L,p)-bounded [3], p € Ny (here and below Ny = {0} UN), then there exist
degenerate analytic groups of resolving operators

1
27m

1
27m

Ut = RL(M)e“tdu n F'= / LE(M)edp,

defined on the spaces i u § respectively, and U° = P, F* = @ are projectors. Here v —
is a contour bounding the domain D, containing the L-spectrum ol (M) of the operator
M. For a degenerate analytic group, we define a kernel ker U- = ker P = ker U* (ker F- =
ker @ = ker F*) for any ¢ € R and an image imU- = im P =imU* (im F" = im ) = im F*)
for any t € R. Denote {° = kerU-, ! = imU-, and F° = ker F-, ' = im F", then
WU =Uand @ F' = F. Also, denote by L, (My) the restriction of the operator L
(M) to U* (domM NUF), k=0,1.

Theorem 1. [4| Let the operator M be (L,p)-bounded, p € Ny, and condition (3) be
satisfied. Then

(i) there exist degenerate analytic groups

1
271

1
L L : .
REQD . F = oL [ L anotdn, =T
Vi i

(1) U'U; = UsU" = U™, F'FP = FSF' = F;* forall s, t € R, j =1,m;
(iii) ULUS = USUL = O, FUF* = FPFL = O jor all s, t € R, k, 1 =T,m, k £ 1;

() Uy =U"= Y UL, Ft =F"'—= Y F}, fort € R.
k=1 k=1

—

J

Remark 1. The units P; = U}, Q; = F}, j = 0,m, built by virtue of the condition (3), of
degenerate analytic groups {U} : t € R}, {F} : t € R}, j = 0,m. Note that the projectors
P; u QQ; were built earlier (4).

2022, vol. 9, no. 4 45



M. M. Yakupov, A. S. Konkina

Let us introduce the subspaces 4% = im P;, §7 = im Q;, j = 0, m. By construction,
m m
gt = EB)J.U and §' = FY.
j=0 j=0
Denote by Lj; the restriction of the operator L to (%, j = 0,m, and denote by Mj;
the restriction of the operator M to domM N YUY, j = 0, m. Since, as it is easy to show,

Pjp € dom M, if ¢ € dom M, then the domain dom M;; = dom M NUY is dense in U,
7 =0m.

Theorem 2. [4]. (Generalised spectral theorem). Suppose that the operators L € L(;F)
and M € CI(3; F), while the operator M is (L,p)-bounded, p € Ny, and condition (3) is
satisfied. Then

(i) the operators Lo € L(U°%;F0), My € CL(U%;F), M;' € L(F%U%);

(ii) the operators Ly € L(UY;FY), Li; € L(UY; FY);

(iii) the operators My € L(U';F), My, € L(UY;FY), j =0,m;

(iv) there exist the operators L' € L(F';U'), Ll_jl € L(FY;41), 5 =0,m.

Let H = My'Loe L(U°), S = Ly My € L), S; = Ly} My € L), j =0,m.
So, let condition (3) be satisfied. Fix 7; € R, (7; < 7j41), the vectors u; € 4, j = 0,m,
the vector function f € C*(R;F) and consider the linear inhomogeneous equation of

Sobolev type
Li = Mu+ f. (6)

The vector function u € C*°(R;4) satisfying equation (6) is called a solution to
equation (6). Solution u = u(t) to equation (6), t € R, satisfying the conditions

Pj(u(rj) —u;) =0, j=0,m, (7)

is said to be a solution to the multipoint initial-final value problem for equation (6).
Based on Theorem 2, we reduce equation (6) to the system

Hu® =u® + M7 (1-Q)f,
(8)

u = St + LQ;f, j=0,m,

where v = (I — P)u, v = Pju, j = 0,m, and each equation is defined on <its
owns> subspace. From the first equation of (8), by differentiation of the equation and
multiplication from the left by H, due to the nilpotency of the operator H we obtain

p

ul(t) ==Y HSM; ' (1-Q)fM(t). (9)

k=0

For the remaining equations of (8), conditions (7) become the Cauchy conditions

Ulj(Tj) = Pju]', j = O,m. (10)

Solving these problems step by step, we obtain

¢
ub(t) = U;iTjuj +/ ULy Q;f(s)ds, j=0,m. (11)

J
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Therefore, we arrive at

Theorem 3. [4]| Let the operator M be (L,p)-bounded, p € Ny, and condition (3) be
satisfied. Then for any f € C®(R;F), u; € U, j = 0,m, there exists a unique solution to
problem (6), (5), of the form

u(t) = — ZHQMgl(H —Q)f®(t) + Z (U;Tjuj +/ U;SLllejf(s)ds> . (12)
k=0 j=0 '

Tj

2. The Oskolkov Model with Multipoint Initial-Final Value
Condition

Let Q C R™ be a bounded domain with the boundary 02 of the class C'°. In the
cylinder €2 x R consider the Dirichlet problem

v(z,t) =0, (x,t) €0 xR,
for a linear system of Oskolkov equations
A=V, =vV*0—Vp+g, V-v=0.

We will reduce the problem (1), (2) to an equation (6), based on the results [2]|. First
of all, let ’s redefine Vp through p, motivating this by the fact that in many cases the
consideration of the pressure gradient is preferable to the consideration of the pressure
gradient. Then the system of equations (2) takes the form

A=V, =vVv—p+g, V(V-v)=0. (13)

Note that by virtue of the Gauss—Ostrogradsky theorem, the sets of solutions to problems
(1), (2) and (1), (13) coincide. Denote by H? = (W3)", H' = (W3i)", L? = (Ly)" the
spaces of vector functions v = (v1,vs,...,v,), defined on €. Consider the linear £ =
{v € (CX)" : V-v = 0} vector functions, solenoidal and finite in the domain 2. The
closure £ according to the norm of space L2 is denoted by H,. A Hilbert space H, with
an inner product (-,-), inherited from L?, in addition, there is splitting I.? = H, & H,,
where H; is an orthogonal complement to H,. Denote by ¥ : .2 — H, the corresponding
orthoprojector. The narrowing of the projector ¥ ma H?N H' is a continuous operator,
Y H?2N H' — H2N H! Therefore, we represent the space H?N H' as a direct sum

H2N ' = H2 @ H2, rae H? = im 3, H2 = ker ¥.. Continuous and dense embeddings take
place H? — H, and H? — H,. The space H? consists of vector functions equal to zero on

99 and which are gradients of functions from W3 ().

Lemma 1. /3] (i) The formula A = (—V?*)" : H*N H' — L? defines a linear continuous
operator with a positive discrete finite—fold spectrum o(A), which condenses only to a point
“+00, moreover , the mapping A : Hg(ﬂ) — Hy(ry 1s bijective.

(ii) The formula B : v — —V(V - v) defines a linear continuous surjective operator

B:HNH — H.., moreover ker B = HZ.
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Put $f = H2 x H2 x H,,, § = H, x H, x H,,, H, = H,, Ay = A[+ A and build operators

S4, O O VA O O
L=| O 14, o |, M= 0 - IIA -
0O O O 0 B O

Obviously, L, M € L(;F), with im L = H, x H, x {0}, ker L = {0} x {0} x H,.

Lemma 2. [3/ Under any conditions A\ € R\ o(A), v € Ry the operator M (L,1) is
limited.

If we put f = col(2g,IIg, 0), then the reduction of the problem (1), (12) to the equation
(6) is finished. Find L-the spectrum o%(M) of the operator M. As it is easy to see, the
operator L — M is invertible exactly when we reverse the operator X(uAl — (u — v)A) :
H? — H,.Denote by A narrowing the operator A to HZ2. The spectrum of the operator
A € L(H2;H,) is positive, discrete, finite-fold, and condenses only to +oo (the Solonnikov—
Vorovich-Yudovich theorem). Denote by {\;} the set of eigenvalues of the operator A,
numbered by non-decreasing taking into account multiplicity. Then

l//\k;

0 = {in = 25 e o\ (1.

It is clear that it is possible to choose contours for such a set v; C C. We will build

> Moo O O

U; _ A€ot (M)

,7=0,m.
O O O
O O O

The theorem is valid

Theorem 4. For any A € R\ 0(A), v € Ry, 7; € R, u; € 8, j = 0,m vector function
g : [10,Tm] = Lo such that g € C([10, Tm]; Hy), Ilg € C*((70, T ), Hy) N C([70, Ton); Hy)
there is a single solution to the problem (1), (2), (5).
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CUCTEMA OCKOJIKOBA C MHOI'OTOYEYHBIM
HAYAJIbHO-KOHEYHBIM YCJIOBUEM

M. M. AAxynos, A. C. Konxuna

B crarbe paccmaTpuBaeTrcs ileTepMUHIPOBaHHAsT MOJIE b (OCKOJIKOBA C MHOIOTOYEYHBIM
HAYaJIbHO-KOHEYHbIM ycsioBueM. CTaThsi, KDOMe BBEIIEHUSI U CIIUCKA JIUTEPATYPhI, COAEPIKUAT
JIBe YacTU. B mepBoil 4acTsaxX MPUBOJATCI TEOPETUIECKIE CBEICHUS O JeTEPMUHUPOBAHHOM
ypaBHeHne coO0JIeBCKOrO TUIA ¢ MHOTOTOYEIHBIM HAYAIbLHO-KOHEIHBIM ycjioBueM. Bo BTO-
pOii IaCTU UCCIIEYeTCs pa3peruMocTb Mozen OCKOJIKOBA ¢ MHOTOTOYEYHBIM HAYAJIHLHO-
KOHEYHBIM YCJIOBUEM.

Karouesvie crosa: ypasrenus coboresckozo muna; modeav OCKoiko8a; MHo20mouewHoe

HAYANDHO-KOHEYHOE YCAOBUE.
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