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In this paper the system of Wentzell equations, which is represented by two differential
equations, namely, the Barenblatt — Zheltov — Kochina equation describing the heat
conduction process at two temperatures inside a circle with the dynamic boundary condition
of Wentzel, represented as a heat conduction equation with the Laplace — Beltrami operator,
set on the boundary of the circle. Meanwhile, in the classical theory of boundary value
problems, the boundary condition is understood as an equation on the boundary in which
the order of derivatives on spatial variables is at least one less than the order of derivatives
in the equation given in the domain. Therefore the study of Wentzell’s system of equations
opens the door to a new direction in research, where the equations can have derivatives of
any order on both spatial and temporal variables.
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Introduction

Let 2 C R™, n > 2 be a connected bounded region with boundary I', provided with
the structure of a Riemannian manifold of class C*°. On the compact 2 U I" we consider
a system of equations:

(= A)ult, 2) = ade(t,2) + Bolt,2), (6,7) € Ry x O,
wi(t,x) = yAw(t,x) + dyv(t, z) + dw(t, x), (t,z) € Ry x T,

(
(

tr v(t,x) = w(t, x). (3
v(0,z) = vo(x), x € Q, (
(

w(0,x) = wo(z),z € T.

The system (1) — (3) describes the process of thermal conductivity in the region R x
at two temperatures [1|, and at its boundary R, x T' is the classical process of thermal
conductivity with one temperature. The symbol A in (1) denotes the Laplace operator, and
in the equation (2) A is the Laplace — Beltrami operator, and equation (2) is considered
exclusively in the space of O-forms. The symbol 0, denotes the derivative with respect
to the external (relative to the region 2) normal to the boundary I'. The parameters
a, 3,0 € R, v € Ry characterize the properties of the medium both in the region €2, and
at its boundary I'.

By now, there is a tradition (see, for example, [2-4]) to call the stationary equation (2)
the «boundary Wentzell condition». Meanwhile, in classical boundary value theory (see
for example [5]) the boundary condition is an equation on a boundary in which the order
of derivatives on the spatial variables is at least one less than the order of derivatives in
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the equation given in the domain. Therefore, the study of the system of equations (1) —
(3) opens the door to a new direction in the study of systems of Wentzell equations, where
equations can have derivatives of any order both in spatial and temporal variables.

Our approach to the study of the Wentzell system (1) — (5) is traditional. Using the
classical theory of elliptic operators, we reduce it to two Sobolev type equations in the
domain and on its boundary, after which we apply a coupling condition that allows us to
obtain unambiguous solvability of the system. The article, in addition to the introduction
and the list of references, contains one section in which the theorem on the solvability of
the Wentzell system in a circle and on its boundary is described.

1. Solvability of the Wentzel system in a circle

For instance, we move on to the solvability of the system of Wentzell equations in a
circle Kgp = {(z,y) : #* + y* < R?} with radius R. To do this, perform the following
replacement

o = p(x,y), (z,y) € 0Kg, (6)

and consider the solution of the Cauchy problem for Barenblatt — Zheltov —~Kochina (7) —
(8) with nonzero Neumann condition (6)

()‘ - A)Ut(ta x,y) = OéAU(t,JL‘, y) + ﬁ’U(t, x,y), (t,l’, y) € RJr X KRa (7>

v(0,z,y) = vo(z,y), (z,y) € Kg. (8)

We look for a solution in the following form
v(t,z,y) = ult,z,y) + q(t, x,y),
where ¢(t, x,y) is a harmonic function that satisfies the following condition
dq = ¢(z,y).

Since here, in a polar coordinate system,

q(t, p,) = C’+Zan 1( n(t) cosnyp + by, ()sinn¢),

n=1
] 2 1 2
on®) =+ [ eltv)cosmid,  but) =~ [ olt0)sinnvdy,
0 0

we substitute this replacement into the original problem and get

(A = D)w(t, p, o) = alu(t, p,¥) + Bult, p,vp) — A Z

oy ( ) cos ny+

(9)

+ 0, (t )Slnnw) +ﬁz oy 1( n(t) cos ) + by (1) sinmb),

dyu =0, (10)
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w(0, p,9) = vo(p, V) — qo(p, ¥). (11)

Let us consider the differential operator A

Au(p, ) = Au(p, ), (p, ) € K. (12)

with the Neumann boundary condition
dyu=0,(p,¢) € OKp. (13)

Using formulas (12) — (13) we define the linear operator A : 4l — § in the corresponding
Banach spaces U and §. Here, § is the Sobolev space W}(Kg) for some [ € {0}UN, and the
space U = {u € Wir?(Kpg) : d,u = 0, (p,) € OKg}. Let us assume o(A) = {\,}, where
the eigenvalues of {\;} are numbered on a non-increase basis taking into account their
multiplicity. By {¢x} C C*(Kg) we denote the family of proper functions of the operator
A, orthonormal in the sense of the space §. Let us put L =X — A and M = aA+ . Then

(e 9]

L =M =2 —g;f%kxk —5 (14

The sequence in (14) converges absolutely and uniformly on any compact in C, that does
not contain points of the L-spectrum ol (M) of the operator M
al, —

= k . 1

Thus the following theorem applies.
Theorem 1. Let A\ € o(A). Then
(i) for f=-AY £ (a;(t) cosni + b, (t) sin m/)) +
n=1
+BY L (an(t) cosnp + by (1) sinnw) e CH(0,7); ) N C°([0,7]; §*) wug € Y such,
n=1

that

Z (o, Pr)pr = Z M,

A=\ A=\ ar+

there is a unique solution u € C*((0,7); ) N CO([0, 7]; %) of Cauchy problem (9) — (11);
(ii) the solution u = u(t, p,) of the problem has the form

00 (f(1), er)pn S (F(s) or)
:Z TS (uo, Pk SOk+Z )\+6 +Z( e )m(pk’

where the stroke at the sign of the sum means the absence of terms with numbers k such
that A = \.

Let us introduce a condition

The coefficients « € R u § € R, are such that no
eigenvalue \; € o(A) is not the root of the equation a§ — § = 0.

(*)
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Theorem 2. Let A ¢ o(A) and the condition (*) is satisfied.
Then for f=—=\>_ #:,1 (a;l(t) cosnap + bl (t) sin mb) +5> #:,1 (an(t) cosni +
n=1 n=1

+ b, (t)sinny | € C([0,7];F) v ug € U there is a unique solution u € C'((0,7);4l) N
C([0, 7]; &), uw = u(t) of the Cauchy problem (9) — (11), which also has following form

O‘/\k B arp—B f S 5
t pa Ze AR an(pk Pk + Z ( A ETS ) <Oé§\]€)—:pg> Pk

At the second step, we consider the solution of problem (2), having previously
performed the decomposition of the introduced function (¢, z) on the boundary of the
domain T, using the Fourier method, according to the eigenfunctions {1 : [ € N} of the
Laplace — Beltrami operator and the corresponding eigenvalues {s¢ : | € N}, orthonormal
and numbered in a non-increasing order, taking into account the multiplicity, respectively,

p(t z,y) = ZOél )t (z, ),

w(t,z,y) = Zwl )iz, y).

Substituting the expressions obtained above into equation (2), we obtain the following
system

= i)l y) VZ%zwl )iz, y) +5Zwl i@, y) = ZOél )iz, y).
=0

Equating the coefficients with the corresponding eigenfunctions, we obtain the Cauchy
problem for first-order differential equations with respect to the previously introduced
parameters w;(t) and «;(t):

—wl’(t) — ’y%lwl(t) + 5&)1(15) = —Qy,
wl(O) = wOJ(O).

Solving a linear inhomogeneous differential equation, we obtain the following function

wi(t) = (wo,l(o)*‘/te(éw (é)df) (0=san)t

Thus, the solution of the Cauchy problem for equation (2) has the form

alt) = S { (a0 + [0 %aufe)ag e o).
=0 0
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Let us proceed to the connection condition using the solutions found above, depending
on whether A lies in the spectrum of the Laplace operator o(A)

trv(z,y) = w(z,y).
For simplicity of calculations, let us suppose that A € o(A), we have,

t(akk ﬂ) alp— <f(8)7 ()Ok>
A—X A /\ _ —
E Vo,k€ k Uoﬂ% Pk + E ( k™ ) e+ 8 Pk g Wo,1+

l

t

+ [ tmaeie ) L),

0
or

t(akk ﬂ) arp—B

ZUOke = (uo, o, Z@ozwz ,y) Z ( RS ) ar +5 Z@oﬂﬂl z,Y)

Bl e

where ¢o; = (¢r(x), ¥i(x)), which is equivalent to the equation with respect to o(t)

tlal,— B)

a/\k B S,
E Vo k€ 3= % onﬁpk 8001"‘2 ( No— Nt )<£g\)_:02>900,l:
k

= (wo,l + [ e, (f)df) (8—sa)t
/

Applying the Laplace transform to both parts of the equation, we obtain

t(adp—B)

Zvo,kzﬁ{e A }(Uo, Pr)Po + ;/(C{ewt - 1}) %@oz =

k
t
= E{wo,le(‘s_””)t} +£{ /6(5—vm)(t—§)al(§)d§}7
0

which is equivalent to

A — )\k / A— /\k: 1 <f(8)7 (pk:> _
> v D= — o £ 3 ‘PWO“; ((/\ )P — adg + B _5) N+ B T

k
Wo 1 1
= ’ + LS oyt
p— 04y p—@—vm){l(%

and

Wo,1 A — Ak
Lea(t)y =(p—09+ {—7’—4— v U, +
{ it )} (p ) D—0+ 7 ; O’k()\—)\k)p—&)\k+ﬁ< 0, Pk) o
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A=\ 1\ (f(s), ox)
+Z(/\ P —ozx\k—i—,é’_]_)) aAHﬁ""OJ}‘

Applying the inverse Laplace transform, we obtain the desired coefficients o (t)

A=\
a(t) = —wo0(t) + vﬁ_l{ }u, +
!(t) 0.6(t) ; 0.k O~ M)y — a1 0 (w0, Pr) o,

'’ A= g 1 (f(8), 08)
+Zk:£ {()\—)\k)p—oé)\kﬂLﬁ p} 04)\19—1-5@01

Thus the following theorem applies.

Theorem 3. Let A & o(A). Then for f ==\ Z e ( ! (t) cosnip + bl (t) sinn¢) +
+ Z = (an( ) cosnap + by, (t) sinnw) e C1((0,7); 3% N C°[0, 7]; 1) and vy, wy € U
such that

_ A=A
a(t) = —wo0(t) + v L’l{ }u, +
!(t) 0.6(t) ; 0.k O~ M\)p— a1 0 (w0, Pr) o,

' A=A L) (f(s),on)
+y £t —— T
Zk: {()‘_)\k>p_04)\k+6 p} artp
there is a unique solution u € C*((0,7);4) N C([0,7]; L), u = u(t, p,v) of the Cauchy
problem in the Wentzell system, which also has the following form

orp-8, oo/ [ a8,

5 s udn + £ (- 1) 020, (00) € K

U(t, pa 1@ = ko; t B

5 { (wo,z<o> T [ et %q(f)dé) (5 }w v), (o) € DK,
0

=0

(16)
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AHAJIN3 CUCTEMEI YPABHEHUIII BEHTIIEJIA
B KPYT'E 1 HA EI'O TPAHUILIE

H. C. I'onuapos, I A. Cseupudiox

B pabote paccmoTrpena cucrema ypaBHeHuit Benrens, KoTopas mpeIcTaBIeHa IBYMSsI
muddepennraaIbHLIMA yPaBHEHUSAMEI, a WMEHHO, ypaBHeHmeM bapenOmarrta — 2Kemarosa
— KouunHoit, onuchiBaronuM mporece TeIjIoNpOBOIHOCTY IIPU JIBYX TEMIIEPATypax BHYTPHU
Kpyra ¢ JUHAMAYECKIM KPaeBbIM yCJIOBAEM BeHIIeJIsl, IpeICTaBJIeHHbIM B BUJIE yPABHEHUS
TEIIOIIPOBOHOCTH ¢ oreparopoMm Jlamnaca — Benbrpamu, 3a7aHabiM Ha TPAHUIE KPYTa.
Mex ity TeM, B KJIACCHYECKOI TeOpUH KPAEeBBbIX 3324 O] KPAEBBbIM YCJIOBHEM TOHUMAETCS
ypaBHEHUE Ha T'PAHUIE, B KOTOPOM MOPSIJIOK IPOM3BOIHBIX [0 MPOCTPAHCTBEHHBIM Iepe-
MEHHBIM Ha, €JIMHUILY MEHBIIEro MOPsIKa IPOU3BOIHBIX B YPaBHEHUH, 3aJJaHHON B 00JIACTH.
[TosToMy m3ydenme cucreMbl ypaBHeHUiT BeHIle/ s OTKPBIBAET JIBEph HOBOMY HAIIPABJIEHUIO
B MCCJIEJOBAHUU, T/l€ YPAaBHEHUsI MOT'YyT UMETh IIPOU3BOJHBIE JTFOOOTO MOPSIIKa KaK IO IIPO-
CTPAHCTBEHHBIM [IEPEMEHHBIM, TAK U BPEMEHHOMY [IEPEMEHHOMY.

Keywords: ypasnenue Bapenbaamma — 2Keamosa — Kowunoti; xpaesoe ycaosue Benm-

ueas; cucmema Benmuens.

JImreparypa

1.

Favini, A. Degenerate Differential Equations in Banach Spaces / A. Favini, A. Yagi. —
New York, Basel, Hong Kong: Marcel Dekker, 1999. — 236 pp.

. Hemunenko, I'B. YpaBuenusi u cucrembl, He pa3pelieHHble OTHOCHTEILHO cTapIieit

npoussoguoit / I.B. Hdemupenko, C.B. Yenenckuii. — Hosocubupcek: Hayunast kuura,
1998. — 438 c.

Sviridyuk, G.A. Sobolev Type Equations and Degenerate Semigroups of Operators /
G.A. Sviridyuk, V.E. Fedorov. — Utrecht; Boston; Koln; Tokio: VSP, 2003.

. Favini, A. Classification of General Wentzell Boundary Conditions for Fourth Order

Operators in One Space Dimension / A. Favini, G.R. Goldstein, J.A. Goldstein,
S. Romanelli // Journal of Mathematical Analysis and Applications. —2007. — V. 333,
Ne, 1. — P. 219-235.

. Venttsel’, A. D. On Boundary Conditions For Multidimensional Diffusion Processes /

A. D. Venttsel’ //Theory Probab. Appl. — 1959 — V. 4, Ne 2. — P. 164-177.

. Hextapsn, P.A. Termoodmen npu huibrparium *KuIKOCTH B KOJIBIIEBOM KaHaJIe, 3aI0/I-

HeHHOM TtopucToii cpeoii /| P.A. dextaps // Ussectus ToMcKoro mourexXHunIeckoro
yuupepcutera. Umxkunupuar reopecypcon. — 2021. — T.332, Ne8. — C. 126-134.

2023, vol. 10, no. 1 19



N. S. Goncharov, G. A. Sviridyuk

10.

11.

12.

13.

14.

15.

Goldstein, G.R. Derivation and Physimathcal Interpretation of General Boundary
Conditions / G.R. Goldstein // Advances in Difference Equations. — 2006. — V. 4,
Ne 11. — P. 419-480.

Goncharov, N.S. Non-uniqueness of Solutions to Boundary Value Problems with
Wentzell Condition / N.S. Goncharov, S.A. Zagrebina, G.A. Sviridyuk // Bulletin
of the South Ural State University. Series: Mathematical Modelling, Programming
and Computer Software. — 2021. — V. 14, Ne 4. — P. 102-105.

Apushkinskaya, D.E. LP-theory of Venttsel BVPs with Discontinuous Data /
D.E. Apushkinskaya, A.I. Nazarov, D.K. Palagachev, L.G. Softova // AAPP Atti
della Accademia Peloritana dei Pericolanti, Classe di Scienze Fisiche, Matematiche e
Naturali. — 2020. — V. 98, Ne 2. — 16 P.

Favini, A. The Heat Equation with Generalized Wentzell Boundary Condition /
A. Favini, G.R. Goldstein, J.A. Goldstein, S. Romanelli // Journal of Evolution
Equations. — 2002. — V. 2, Ne 1. — P. 1-19.

Favini, A. Classification of General Wentzell Boundary Conditions for Fourth order
Operators in One Space Dimension / A. Favini, G.R. Goldstein, J.A. Goldstein,
S. Romanelli // Journal of Mathematical Analysis and Applications. —2007. — V. 333,
Ne 1. — P. 219-235.

Coclite, G.M. The Role of Wentzell Boundary Conditions in Linear and Nonlinear
Analysis / G.M. Coclite, A. Favini, C.G. Gal, G.R. Goldstein, J.A. Goldstein,
E. Obrecht, S. Romanelli // Advances in Nonlinear Analysis: Theory, Methods and
Applications. — 2009. — V. 3. — P. 279-292.

Favini, A. Cyp-Semigroups Generated by Second Order Differential Operators with
General Wentzell Boundary Conditions / A. Favini, G.R. Goldstein, J.A. Goldstein,
S. Romanelli // Proceedings of the American Mathematical Society. — 2000. — V. 128,
Ne 7. — P. 1981-1989.

Denk, R. The Bi-Laplacian with Wentzell Boundary Conditions on Lipschitz Domains
/ R. Denk, M. Kunze, D. Ploss // Integral Equations and Operator Theory. — 2021. —
V.93, Ne2. - 26 P.

Ceupnmiok, I.A. Sagaun IIloyonrepa — Cunoposa n Kommu s jguHeitHOrO ypaBHe-
nust /I3eknepa ¢ KpaeBbiMu ycaoBusivu Benriess u Pobena B orpanndentoii obiacru /
[.A. Ceupurok, H.C. Tonuapos, C.A. 3arpebuna // Becruuk FOVpI'Y. Cepus: Ma-
remaTnka. Mexannka. @usnka. — 2022. — T. 14, Ne 1. — C. 50-63.

Tonuapos Huxuma Cepzeesun, acnupanm, xagedpa ypasHeHuss Mamemamuseckots ¢u-

suru, FOorcno-Ypaavckutdl 2ocydapemeennoti ynusepcumem (2. Yeasbunck, Poccutickas
Dedepavus), Goncharov. NS.krm@yandex.ru

Ceupudiox I'eopeuti Anamonvesuy, dokmop Gusuro-mamemamuieckux Hayk, npogpec-

cop kapedpovr ypasnenut mamemamureckot pusuxu, FOocro-Yparverkut 2ocydapcmeen-
noli yrusepcumem (2. Yeanbunck, Poccutickan @edepavus), sviridiukga@susu.ru

Iocmynuaa 6 pedaxuyuro 13 mapra 2023.

20

Journal of Computational and Engineering Mathematics



