COMPUTATIONAL MATHEMATICS

MSC 35G61 DOI: 10.14529/jcem240103
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The Avalos-Triggiani problem for a linearized Oskolkov system and a system of wave
equations is investigated. The mathematical model contains a linearized Oskolkov system
and a wave vector equation corresponding to some structure immersed in the Kelvin—Voight
incompressible viscoelastic fluid. The theorem of the existence of the unique solution to the
Avalos—Triggiani problem for the indicated systems is proved using the method proposed
by the authors of this problem.
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Formulation of the Problem

Let 2 be a bounded domain in R",n = 2,3, with sufficiently smooth boundary 0f2.
Let u = col(uy, ua, ..., u,) be a n— dimensional velocity vector n = 2,3, the scalar function
p be a pressure, and the vector w = col(w;.wy, ..., w,) be a vector of displacement of a
body, which occupies the domain €2, and is immersed in a fluid occupying the domain
Q. Therefore, 2 = Q, U Qf,ﬁs N ﬁf = 002, = I'y is the common boundary of €2, and
25. Let us denote the outer boundary of Q by I'y (Fig. 1). Our goal is to investigate
the Avalos-Triggiani problem (AT problem) [1, 2| for the case when the fluid in Qy is an
incompressible viscoelastic Kelvin—Voigt fluid discribed by the linearized Oskolkov system.
Note that here the vector-function u = col(wy, U, ..., U,) corresponds to the stationary
solution of the original system [3] . The mathematical model in question is defined by the
system

(1=AVHu, —nVu— (i-V)u— (u-V)a+Vp=0, V(t,z) € (0,T] x Qr = Qry, (1)
V-u=0, V(t,z) € Qpy, (2)

wy — Vw+w=0, V(tz)ec (0,T]x Q= Qp, (3)

with the boundary value conditions

u\rf =0, V(t,z) € (0, 7] xI'y =I'py, (4)
U = wy, V(t,x) € (0,T] x I's = I'pg, (5)
ou Ow
% — % = pr, V(t, .1') -~ FTs (6)
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Fig. 1. The physical model

and the initial value condition
(w(()?')?wt(ov ),U(O,)) = (wvahuO) cH, (7>

where H = (H*(Q,))" x (L*(Q))" x Hy and H; = {f € (L*(Q))" : V- f=01in Q; and
f -Vl =0},

In system (1), the parameters A and 7 characterize the elastic and viscous properties
of the fluid, respectively, v is an unit normal vector. In the case of A = 0, problem (1)—(7)
without clauses containing u was investigated in [1, 2|. The AT problem for the linear
Oskolkov system and a system of wave equations for A\ # 0 was considered in [4, 5|, and
the AT problem for the linear Oskolkov system of non-zero order and a system of wave
equations is investigated in |6, 7| . The AT problem for the linearized Oskolkov system
and a system of wave equations is considered at the first time and generalized the results

14].

1. Reduction to the Abstract Cauchy Problem

Following [1], |2], we assume that p(t) satisfies the following elliptic problem:

Ap = in Qry,

_ Ou ow r
p—g'V—a—'V on Ts» (8)
Ip

E:Auw/ on I'py.

Then the pressure p can be represented as follows:

p(t)ZDs{(ag—(yw-v—agit)-u) }+ Ne((Au(t) - v)p,,)  in Qry,

I'rs
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where the Dirichlet map Dy is defined by the relations

AhZO n Qf,

_ h=g on I},
h = Ds(g) & oh

P
and the Neumann map Ny is defined by the relations

0 on Pf,

AhZO n Qf,

_ h=0 on I},
h_Nf(g)@ Oh

o
Then original system (1)—(4), which describes the interaction of the fluid and the body
immersed in the fluid, takes the form

on Pf.

(1 =2V —nViu — (i Vu— (u- V)i — Gw — Gau =0, V(t,z) € Qrs,  (9)

V-u=0, (10)
Wit — v2w +w = 07 V(t, 33') € QTs (11>
with the boundary value conditions
u\rf =0, V(t,x) € Iy, (12)
u = wy, V(t,x) € I'rs, (13)

where

S {Ds {(azgl(/t) .V)}FTS} in Qry,

Gou = —V {DS { ((9;(;) _ y) } + Nf<(Au(t) : V)FTf)} in Q.

Let us rewrite problem (9)—(13), in which pressure is excluded, in the form of an
abstract Cauchy problem

Lo = Mv, v(0) = v, (14)
where the operators L and M are defined by the matrices respectively
I O O @) I O
o1 O |, A—-T1 O 0]
O O A, Gy O B+Gy

and v = col(w,wy,u), A\=1—=AV:B:u—nV*u— (0 -Vu—(u-V)u[8], Iisa
unit operator whose domain is clear out of context.
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2. Solvability of the Abstract Cauchy Problem
We study problem (14) based on the results obtained in [9]-[12].

Lemma 1. Let A € R, n € Ry, the operators L and M be linear continuous operators
from G to H (L,M € L(G,H)), then there exists L' € L(H). Here is the space
G = (H?*(Q))" x (H*(Q2%))" x Gy, where Gy is closure according to the norm of the space
(H?(2))" spaces of infinitely differentiable solenoid functions such that (12)-(13) are
fulfilled.

Theorem 1. For any A € R,n € Ry and vy € G, there is a unique solution to problem
(14) v € C%(R, G)

Remark 1. Received results can be generalized to the AT problem with the linearized
Oskolkov system of the more high order [3].

Remark 2. We intend to develop our research in the direction indicated in [13] — [15].

This work was supported by the laboratory of differential equations and mathematical
physics of the Center for Applied Mathematics of the Yaroslav the Wise Novgorod State
Unwersity. The authors express their gratitude to Professor Georgy A. Sviridyuk for his
attention to the work and discussion of the results.
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JINHEAPN30BAHHAYA CUCTEMA OCKOJIKOBA
B SAJTAYE ABAJIOC - TPUJ2KNTAHN

T. I Cyxauesa, A. O. Kondrwoxos

Uccnenyercs 3amgada Asastoc—Tpujikuanu it THHEAPU30BAHHON crcTeMbl OCKOTIKOBA
U CHCTEeMBbI BOJIHOBBIX ypaBHeHHuil. Maremarudeckasi MOJE/b COAECPIKUT JTUHEAPUIOBAHHY O
cucremy OCKOJIKOBa U BOJIHOBOE YpPaBHEHUE, COOTBETCTBYIOIIEE HEKOTOPOI CTPYKTYpe, IO~
IPY’KEHHOW B HECXKUMAEMYIO BI3KOYIPYyTyIo Kuakocth KenbBuna—Qoiirra. C mOMOIIBIO
METOJIa, MPEJIJIOKEHHOTO aBTOPAMU 9TOW 3aJ1a4l, JOKA3bIBAETCS T€OpEMa CYIIEeCTBOBAHMUS
€MHCTBEHHOTO pelenns 3a1a49u Apajoc—TpupKuany il yKa3aHHBIX CUCTEM. Pesysbra-
THI JIJAHHON CcTaThbu 0000INAIOT PE3YJIbTATHI, IOy YeHHbIE PaHee.

Karuesvie caosa: 3adava Asaroc — Tpudrcuaru,; HECHCUMAEMAS BASKOYNPY2aH HCUOD-
KOCTb; AUHEAPU3068aHHaAA cucmema Ockoaxosa.
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