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This paper develops algorithms for calculating the eigenvalues of partial differential
operators on star graphs with time-varying edges. The obtained analytical formulas allow
finding the eigenvalues of such operators of the required order at a given time. Numerical
experiments on calculating the eigenvalues of the problems under study are carried out in the
Maple mathematical environment. The calculations performed show the high computational
efficiency of the developed method. Using the analytical formulas for calculating the
eigenvalues of the operators under consideration obtained in the paper, it is possible to
develop algorithms for solving inverse spectral problems for operators on quantum graphs
with time-varying edges.
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Introduction

In some cases, the development of mathematical modeling methods aims to develop
solutions to spectral problems defined on quantum graphs with time-varying edges. The
need for research in this direction arises when it is necessary to study some natural
phenomena and processes in various fields of science and technology. Nanotechnology and
the development of nanosystems and microsystems engineering are the areas that use
quantum graph models [1] — [3].

The paper extends the methodology for the numerical solution of spectral problems
for differential operators on quantum graphs with constant edges, described in [4] — [7], to
spectral problems on quantum graphs with varying edges.

The method constructed in the paper will allow the previously developed methodology
for solving inverse spectral problems defined on quantum graphs with constant edges to
be applied to quantum graphs with time-varying edges [8|.

1. Spectral Problems on Quantum Star Graphs

To develop algorithms for finding the eigenvalues of partial differential operators
on quantum star graphs with variable edge lengths, it is necessary to consider the
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corresponding initial-boundary value problems for these operators. In our case, we study
spectral problems for second-order parabolic partial differential equations.

Let G = G(V, F) be an oriented star graph with j, edges and jo+ 1 vertices. V' denotes
the set of vertices and F denotes the set of edges of the graph G. We study the problem
of finding eigenvalues on the quantum graph G on special function spaces defined on the
interval [0, T|(T < o0).

We denote the graph G by G if the lengths of its edges E; do not change over time
and are equal tol;, and by G if the lengths of its edges change over time according to the
laws

Li(t) = LL(t), l; € Ry, 0<t <T, j=1,j, (1)

where L;(t) are twice differentiated functions that are greater than zero for any t.
On the star graph G we introduce the space of square summable functions L?(G) with
the norm

1/2 ] i
HUHLQ(G) = </u2(z)dz> y L= (217227 "'7Zjo)7 J = 17]07
G

and on the set I' = G x (0,7T) we introduce the space of functions L?*(G) with the norm

T
1/2 . .
l|u|| 21y = / </u2(z,t)dz) dt, z = (z1,22, .., %)), J =1, Jo-
0 T

The restriction of the function u(z) to the edge E; of the graph we denote as ug;, (z;).
The integral over the graph G of the function u(y) is defined as the sum of the integrals
of the restrictions up, (2;) over each edgelJ;, that is,

[uterty =3 [, s,
G =g,

Next, we need two problems defined on the star graph G, which we consider below.
First, on the graph Gy, we consider the vector operator S = (51, 5s,...,Sj,)

d*®

se— -2
dy?’

P = (9017()02 .. '90]'0)7 y= (y17y27 s 7yjo)' (2)

with the domain of definition Dg=L?*(Gy). Let us consider spectral problems for the
components of the vector operator S, defined on the edges of the graph Gj:

d2 ] . a——
— @2] = Xoj, ¢ = 9i(y;), 0<y; <ly, =1, 7%, (3)
dyj
901(0) :902(0) == @5 =0, (4>
901(l1) = @2(52) == @jo(ljo)a (5>
Jo
dp;
—=(1;) = 0. 6
il (6)
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Boundary conditions (4) define the Dirichlet condition at the extreme vertices, and (5)
and (6) define the continuity condition and the Kirchhoff condition at the central vertex
of the star graph Gj.

We are interested in the eigenvalues {\,}2%, and the corresponding eigenvector
functions {®,,}2° ; of the vector operator S, which are found when solving (3) and (6).

We can show that the eigenvalues {\, } ~, are the roots of the transcendental equation

> eta(l;) =0, (7)

and the components of the eigenvector functions ®,, which correspond to the
eigenvalues 77\, on the j-th edge of the graph Gy have the form

. . . 2
Slfl()\nyj)a J= 17]07 Bn — l Sln(2)\nlj) , n S N. (8)
jo 9T T oy

7 i)

2\,
jzl sin®(\,l;)

It is easy to verify that the system of functions {®,} ~  is orthonormal.

i 0, n#m
/q’”q’mdy = Z/@jn(yj)%m(yj)dyj = { ’ ’
Jj=1 0

1, n=m.
Go

Moreover, it is a basis of the space L?(Gy) [3]. Therefore, for any function f(y) €
L?(Gy), there is a Fourier series expansion in the system of functions {®,,}°,

oy
f(y) = an®nly), an= /f(y)‘Pn(Y)dy = Z/fj(yj)sojn(yj)dyj‘

n=1 Go

Next, on G we consider a vector operator M = (M, M, ..., M;,), defined by the rule

09 o0

Mo - 20
ot Oy?’

Q= (whw%‘ . ‘wjo)v y= (yhy?v .- 'yj0)7 Yj € [O7lj]7 j: 17j0 (9>

with the domain Dyy = L>'(Gy), where the functions w;(y;,t) € Wi (L>1(0,1;) x [0, T7]).
For the projections M; onto the edges of the graph of the vector operator M, we consider
the initial boundary value problems

ow; O*w
a—t] - ay]gj = 07 Wy :wj(yj7t>7 J= 17]07 (10)
w1 (0,t) = ws(0,t) = --- =w;,(0,t) = 0,, t € [0,T], (11)
Wl(llyt) = w?(l27t) == wjo(ljmt)m te [O7T]7 (12>
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Jo aw
— =0, tel0,T], 13
Dy =t [0, 7] (13)
w;(y,0) = ¢(y;)- (14)

The physical meaning of boundary conditions (11) — (13) is described above. Condition
(14) is the initial condition. To solve problems (10) — (14), using the method of variable
separation, we find

y]7 Zw]n yj7 ) wjn(yjat) - ane_AntSOjn(yj% .] = 17j07 n < N. (15>

30 L
Here a, = Z f¢ y;)ein(y;)dy;, n € N; A, are the eigenvalues of the boundary value
7j=10
problem (3) — (6) and are found when solving equation (7).
Let us compose a system of vector functions {€2,}7°, with components @;,(y;,t) =

1 2\, ) . .
dnwin(y;, t), vae d, [ It is easy to check that it is orthonormal in L*!(Gy)
T T . lj
~ ~ & 0, n#m
//Qn(y,t) t)dydt =/ / D (Y5> )i (Y5 )dyjdtz{ 1 o (16)
0 Go 0o =19 ’
and satisfies the boundary conditions (11)—(13).
2. Calculation of Eigenvalues
We introduce a discrete semibounded differential operator F = (Fy, F5, ..., Fj,) in

partial derivatives of the second order of parabolic type on a quantum star graph Gr,
whose edge length varies in time according to the laws (1)

ou  9*U ou
FU=(T+P)U, TU=22_2" pUu-= 7= 1
U=(T+P)U, TU = 5 2 U = pi(x,t) o + po(x,t)U (17)
with  the definition domain Dy = L* (Gr). Here U(x,t) =
(ui(z1,t),ua(@e,t), - ug(@h,0); Pi(x,t) = (Pa(@1,1), Pia(T2, 1), - - o, Dijo (T 1))

X = (21,29,...,2j,); x; € (0,L;(t)); t €[0,T];i=0,1; j =1, jo.
Let us consider spectral problems for the components of the vector operator F', defined
on the edges of the graph G

—' - W +p1]a +p0]u] ,uuja (18)
Uj:Uj(l'j,t), O<£Ifj <L](t), jzl,jo, t e [O,T],
ul(O,t) = u2(0,t) == ujO(O,t) = O, t e [O,T], (19)

ul(Ll(t)7t) = u2(L2(t)7t) == ujo(Ljo(t)vt)7 te [OvT]v (2())

6 Journal of Computational and Engineering Mathematics




COMPUTATIONAL MATHEMATICS

Jo
3uj

O (Lj(t)vt) =0,, te [OvT] (21)

uj(x,0) = §(z)). (22)

Let us find a solution to the problems (18) — (22) on graph G with time-varying edge
lengths by the change of variables

Y
YLy (23)
t, =t.
Let’s move on to the problems on graph GGy, whose edge lengths do not change. To do
this, we express the partial derivatives included in (18) and (21) with respect to ¢ and z;
through the partial derivatives with respect to ¢; and y;.

0 B 0 B 0 0y; 0 Oty B
a—:l:juj(xjvtl) = axjug(yg(%,tl),tl) = ayjuj(yjatl)a ; + 3t1uj(y]’t1>3xj =
1 0 0 1 0
= il t — wuilvit) -0 = — uiluit1).
L(tl) ayju](yja 1) + atlu](yja 1) L(tl) ayjuj(yja 1)

By analogy,

0 1 5

8—x§uj(xj’tl) = ma—nguj(yjatl)a
) Lt,) 0 )
preiCH e _L(tl)yja—yjuj(yj’tl) + a—tluj(yj,h)-

Here L denotes the time derivative. Further, since the replacement t=t; is formal, we
denote t; as t. As a result of the change of variables (23) in (18) — (22), we obtain spectral
problems on the graph Gy

1 & p1j(y;,t) —y; L(t) O
or ) = g ) gy e )
+p0j(yj7t)uj(yjat> = ,uuj(yjat>7 0< Yj < lja ] = 17j07
ul(O,t) = u2(0,t) == ujo((],t) = O, t e [O,T], (25)
ui(ly,t) = us(le, t) = -+ = uy (I, ), t €[0,T], (26)
Jo O
8—3»(lj’t) =0, te[0,T], (27)
=1 7Y
u;(y5,0) = &(y5). (28)

Note that in problems (24) — (28) the functions u;(y;, t) satisty the boundary conditions
(25) — (27), which are written on the graph G, edges of constant length /;, and not with
time-dependent edge lengths, as in problems (18) — (22) on the graph Gp. This means
that they actually satisfy the boundary conditions (4) — (6).

To find the eigenvalues p of the vector operator F', we use the method developed in
the papers [4] — [8] for approximately calculating the eigenvalues of discrete semibounded
differential operators defined on Hilbert spaces.
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Let us consider the spectral problem
Ww = pw, Guw|pr = 0. (29)

for a discrete semibounded differential operator W, which is defined in the Hilbert space
H.

We construct a sequence {H,}>, of finite-dimensional spaces that is complete in H.
If orthonormal bases {¢x}7_; of spaces H,, C H satisfying boundary conditions (29), are
known, then the following theorem is true.

Theorem 1. Approximate eigenvalues [, of the spectral problem (29) are found by the
linear formulas

= (W¢m ¢n) + Sna n €N, (30)
~ n—1

where 0, = > [ar(n — 1) — f(n)], fr(n) is the n-th Galerkin approximation to the
k=1

corresponding values py of the spectral problem (29). In this case, lim \gn] =0.
n—oo

To solve our problem of finding the eigenvalues of boundary value problems defined
on the star graph (24) — (28) we use the theorem, taking the system of functions {€2,,}°
as the basic functions. As a result, we obtain

Jol

[ F (@l )ty Dyt + (1) = [ 35 [ [ 23001

T
,Un(T> = f
0 Go j=1

10 pij(y;,t) —y;L(t) O _ .
_Wa—y?wjn(yjat) + 10 ?—ijwjn(yjat) + poj (yj, )sm(y; t) | x - (31)
X@jn(y;. t) dydt + 6,(T), 6,(T) = k;[ﬁzfl(T) — fap(T)], n € N.

The obtained formulas (31) allow us to calculate the eigenvalues y,, BekTOp — O1IEpaTOpA
Fof the vector operator F' defined on the star graph G7T with time-varying edges at the
required time points.

To simplify the form of (31) , we substitute the functions @;,(y;, t) from (15) into (31)
and calculate some definite integrals included in them. For the first term of formula (31)

jo i a
f y], tw]n(yja )dyjdt = _)‘nd% 2 fe 2>\an7- Zl f (p]n Yj dy]
0 M2 1T e (32)

S — A
1 — e 2T 2\,

J=1

For the second one,

2 2

jo U a
be n(Yj, 1) oy zwjn(yja t)dy; = da;, et Z f¢]na 2¢Jn yj, t)dy; =

7j=10

)\2d2 2 —2>\ntzf¢ y] dy] —)\2d2 2 —2>\n

nOnan€ nOnan€
7j=10
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S

Jo (92 2 72)\71
w]n Yj, )a ijn(yja )dy]dt _/\ nQ / (3?))
0

For the part of the thlrd term,

oy
Jo Jo
_ 0
Z /ij]n yj7 w]n(ij )dyj - diaie PAnt Z/y]qun(yj)@qun(yj)dy]
J=17 J

)\ d2a2 B2e —9\,t JO 1 b

T X ) / s =
Jj=1 0

a2 Blem?t Esin(2\,0) — 201, cos(2\,l;)
8\, sin®(\,l;) ’

j=1

T g b [(r 0 . N
OfZl‘({‘%yja—y‘wjn(ijt)wjn(ijT)dyjdt =
J= J

(34)

_ d?a? B? fL 2t gy Z Sin(2Anl;) — 2,1, cos(2/\nlj)'
8\, o L(t) sin®(\,l;)

After substituting (32) — (34) B (31) and reduction of similar terms, we find

T =2\t

fn(T) = =X, + N2d2a2 dt—
)= ) TR

sin(2Anl;) — 2A,15 cos(2A,15)
sin®(A\,l;)

t) —2A\n nt It Z

L(t) a—ijjn(yjat>+

Po; (Y, )0 (Y5 t)] WDin(y;, t) dy;dt + on(T)

jif] [py(y],t) d

or
—2Xnt

T
fin(T) = =X\, + d2a2 [ R, (t)———dt+
0 L(t)

+6f Jo bf [pljlfi(yg)a )a:ayj (y]7 )+ (35)

+p0j (ij t a)jn(yja t)] a)jn(yja t) dyjdt + 5n(T)7

A2 B2L(t) & sin(2)\,05) — 2,05 cos(2M\,0;)  « nl
n_ n n n n (5n T ~n—1 T) —
L(t) 8\, = sin(\,l;) 0T = kzl[“ @

where R,(t) =
fi (T)]-

Using formulas (35), we can find approximate eigenvalues fi,(7") of the operator F,
with the required sequence numbers at the required moments of time 7', specified on
a quantum star graph Gp with edge length varying in time according to laws (31). In

addition, based on (31), it is easy to write down the system of equations
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Go (36)

Saf ] [ [F(uly.0)0m0.0-
ufl (¥, £)n y,t)]dydt} =0, m=1,M,

that allows finding the eigenvalues fi,(T") of the operator F' using the [10].

3. Computational Experiments

Based on the developed algorithms and the obtained formulas (31), (36) , we conducted
numerous computational experiments to find approximate values of the first eigenvalues
of the operator F' defined on the quantum graph G with varying edges.

Let ji denote the approximate eigenvalues of the operator F' found by the Galerkin
method using (36). As an example, in formula (1), in numerical calculations, we use the
harmonic dependence of the function L(t) on time t in the form

L(t) = a+ bcos(wt), a,b € Ry,

where w = 27T} is the oscillation frequency, T} is the oscillation period. The following
simulation parameters were chosen:

3 ll 1 lg e, l3
a—l,b—0,5,w—1.

Table 1 shows the results of calculating the eigenvalues at pl; = 0; ply = 0; 3ys sin(wt);

pls = 0; p0; =y sin(wt); pOy = ya cos(wt); pOs = ys.
Table 1

Results of calculating the first eigenvalues at time 7' = 0, 37
0.8415 | —0.5949 1.4363
2.1290 0.3092 1.8205
2.4452 1.1565 1.2887
2.4528 2.1611 0.2917
2.6942 2.4842 0.2100
3.1572 2.7523 0.4049
5.1334 3.7003 1.4331
5.1830 4.4951 0.6879
6.0688 5.8683 0.2005
10 | 7.5333 7.2015 0.3318
11| 9.3789 9.2671 0.1117
12 |1 104772 | 10.2329 0.2443
13 | 12.8859 | 12.7686 0.1174
14 | 14.3653 | 13.8972 0.4681
15| 16.9494 | 16.9494 0.0000

© 00 O Ut Wi -

Numerous calculations have shown high computational efficiency of the developed
method for finding eigenvalues of partial differential operators given on star-type graphs
with time-varying edges.
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Conclusion

The paper proposes a method for finding approximate eigenvalues of discrete

semibounded partial differential operators of parabolic type on star-type graphs with time-
varying edges. The found formulas (31) will allow us in the future, using the theory of
solving inverse spectral problems on quantum graphs with constant edges [8|, to develop
a method for solving inverse spectral problems on quantum graphs with varying edges.
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AJITOPNUTMbBI BBIYCJIEHN YA COBCTBEHHDBIX
SHAYEHUN INO®DPEPEHIIMAJIBHBIX OIIEPATOPOB
BTOPOI'O ITIOPAJIKA ITAPABOJIMYECKOI'O TUITA
SAJJAHHBIX HA KBAHTOBbBIX I'PA®AX — 3BE3/IA
C UISMEHAKOIHINMNCA PEBPAMUA

C. U. Kaoduenxo', JI. C. Pasanosa'
'MarauToropekuii rocynapcTsennnlii Texandecknii ynusepenter um. [V, Hocosa,
r. Marauroropck, Poccuiickas Peneparins

B crarbe pazpaboTaHbl aJrOPUTMbI BBIYUCIEHUSI COOCTBEHHBIX 3HAUEHU uddepeH -
aJIbHBIX OIIEPATOPOB B YaCTHBIX IIPOM3BOJHBIX, 33 IAHHBIX Ha I'padax — 3Be3/a C IepeMeH-
HbIMu pébpamu. [losrydyersl aHasmTudecKre pOPMYJIbI, TO3BOJISIONINE HAXOIUTH COOCTBEH-
Hble 3HAYEHUS ITUX OIEPATOPOB HEOOXOIMMOI'O HOPSIKA B 33JaHHBI MOMEHT BpeMeHu. B
MaremaTnyaeckoit cpeze Maple mpoBenensl dnciieHHbIE S9KCIIEPUMEHTHI 10 BHIYUCIEHIIO CO0-
CTBEHHBIX YHCEJI UCCJIEIyeMbIX 3a1a4. [IpoBeéHnble BEIYUCICHUS TOKA3A/IM BBICOKYIO BbI-
YUCIUTENIBHY 0 3 DEeKTUBHOCTL pa3paboTaHHOTO MeTo/1a. VICIo/b3ys oIy YeHHbIE B CTAThHE
aHAJIUTHIeCKre (POPMYJIbI BBIYUC/IEHUs COOCTBEHHBIX 3HAYEHUN PAcCCMATPUBAEMbBIX OIlepa-
TOPOB, MO2KHO Pa3paboTaTh aJrOPUTMBI PEeHUs OOPATHBIX CHEKTPAIbHBIX 33029 JJIs Ole-
pPaTOpPOB, 3a/IAHHBIX HA KBAHTOBLIX I'padax ¢ M3MEHSIOIMINMICS BO BpeMeHn pEdpaMu.

Karouesvie crosa: epagdol; cobcmeermvle wucaa u cobcmeennoie Gynrkyuu; uckpemmoie
U CAMOCONPANCEHHDBIE ONEPATNOPDL; MEMOO PELYAAPUIOBAHHBIL CAed08; memod [anrepruna.
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