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The article considers a linear equation of the Sobolev type with a relatively sectoral

operator. This type of equation arises when modeling various processes: the evolution

of the free surface of a liquid, the flow of a viscous incompressible liquid, plane-parallel

thermoconvection of a viscoelastic incompressible liquid, etc. The paper considers the

following stabilization problem: it is necessary to find a control action on the equation

so that it becomes uniformly asymptotically stable. The solution to this problem is based

on the theory of semigroups and groups of operators with kernels. In the case when the

relative spectrum consists of two parts, one of which lies in the left half-plane of the

complex plane, and the second in the right half-plane of the complex plane, it is possible to

construct a resolving semigroup and a group of operators, and to carry out their exponential

estimates. In this case, the solution of the equation can be represented as the sum of a stable

and unstable solutions. The stabilization of an unstable solution is based on the feedback

principle. An equation describing the evolution of the free surface of a liquid is considered

as an application.
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Introduction

Let us consider a linear Sobolev-type equation

Lu̇ = Mu. (1)

Here, the operators L, M are linear and continuous operators acting from the Banach
space U to the Banach space F, the kernel of the operator L is nontrivial, and the operator
M is a relatively sectorial operator. Equations of type (1) arise in modeling various physical
processes.

Studies of equations unsolved with respect to the time derivative appeared in the works
of A. Poincare. However, the systematic study of such equations began with the works of
S.A. Sobolev. At present, the theory of Sobolev-type equations is actively developing, and
various directions have been formed (see, for example, [1–4]). This study is based on the
theory of operator semigroups with kernels. Papers [5–7] have been devoted to the study
of the solvability of the Cauchy problem for equation (1) with respect to the sectorial
operator. In [8], the stability of solutions of the equation (1) in terms of invariant spaces
and dichotomies of solutions was studied for the first time. In [9], the method of Lyapunov
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functions was applied to study the stability of solutions. In [10], the solvability of a linear
stochastic equation of Sobolev type is studied; in [11], stability results are obtained and
numerical experiments are carried out.

The aim of the paper is to develop a general method for stabilizing solutions of the
equation (1). The paper consists of two parts. The first part contains known results on the
theory of semigroups and groups of operators with kernels and the phase space of a linear
Sobolev equation. In the second part, following [8], we consider exponential estimates of
semigroups and operator groups in the case when the relative spectrum does not intersect
the imaginary axis, we solve the problem of stabilization of unstable solutions from the
feedback principle. As an application, the Dzekzer equation is considered.

1. Resolvent Semigroups

Let U and F be Banach spaces, operators L, M ∈ L(U;F). The set ρL(M) =
{µ ∈ C : (µL−M)−1 ∈ L(F;U)} is the L-resolvent set, the set σL(M) = C \ ρL(M) is
the L-spectrum of the operator M . Let µq ∈ ρL(M), q = 0, 1, ..., p. The operator-functions
RL

µ (M) = (µL − M)−1L and LL
µ(M) = L(µL − M)−1 are called respectively right L-

resolvent and left L-resolvent of the operator M , and RL
(µ,p)(M) =

p
∏

q=0

(µqL − M)−1L

and LL
(µ,p)(M) =

p
∏

q=0

L(µqL − M)−1 — right (L, p)-resolvent and left (L, p)-resolvent of

the operator M . The operator is called (L, p)-sectorial if for some real number a, some
K ∈ R+ and some Θ ∈ (π/2, π) sector SL

a ,Θ(M) = {µ ∈ C : |arg(µ− a)| < Θ, µ 6= a} lies
in the relatively resolvent set of the operator M and

max
{

||RL
(µ,p)(M)||L(U), ||L

L
(µ,p)(M)||L(U)

}

≤
K

Πp
q=0|µq − a|

for all µq ∈ SL
a,Θ(M), q = 0, 1, ..., p.

Definition 1. Mapping V • ∈ C(R+;L(V) (V • ∈ C(R;V)) is called a semigroup (group)
in the Banach space V, if

V sV t = V s+t ∀s, t ∈ R+ (∀s, t ∈ R). (∗)

A semigroup {V t : t ∈ R+} is called holomorphic, if it is analytic in some sector
containing the ray R+, and the condition (*) is satisfied. A group is called holomorphic,
if it is analytic in the entire complex plane C and the condition (*) holds. A semigroup
(group) is called uniformly bounded, if ‖V t‖U ≤ const on any compact subset of R+ (R).
The set ker V • = {v ∈ V : V tv = 0∃t ∈ R+} is called the kernel, and the set imV • = {v ∈
V : v = V 0v} is image of the analytic group {V t : t ∈ R+}. Let U1 (F1) denote the closure
of imRL

(µ,p)(M) (imLL
(µ,p)(M)) in the norm of the space U (F).

Theorem 1. [7] Let the operator M be (L, p)-sectorial. Then there exists a holomorphic
and uniformly bounded semigroup of operators

U t =
1

2πi

∫

Γ

RL
µ (M)eµtdµ (F t =

1

2πi

∫

Γ

LL
µ(M)eµtdµ), (2)
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where the contour Γ ⊂ ρL(M) is such that |argµ| → Θ for µ → ∞, µ ∈ Γ, t ∈ R+.

Let the operator M be (L, p)-sectorial and the following conditions hold:

U = U0 ⊕ U1, F = F0 ⊕ F1, (A1)

there exists an operator
L−1
1 ∈ L(F;U). (A2)

consider the linear equation (1). A vector-function u ∈ C∞(R;U) is called a solution of
the equation (1) if it satisfies this equation.

The set P ⊂ U is called the phase space of the equation (1) if the solution of the
equation (1) u(t) ∈ P for all t ∈ R+, and for any u0 ∈ P there exists a unique solution to
the problem

lim
t→0+

u(t) = u0 (3)

for the equation (1).

Theorem 2. [7] Let the operator M be (L, p)-sectorial, and the conditions A1 and A2
hold. Then:

(i) there exists a resolvent semigroup for the equation (1) of the form (2);
(ii) for any u0 ∈ U1, the unique solution to the problem (1), (3) is given by u(t) = U tu0.

2. Exponential Estimates and the Stabilization Problem

Let the operator M be (L, p)-sectorial, and the conditions A1 and A2 hold. Denote by
U0 = U⊖U1 and L0, (M0) the restriction of the operator L (M) to U0, and let the operator
H = M−1

0 L0. Let σL(M)
⋂

iR = ∅ and σL
u (M) = {µ ∈ σL(M) : Reµ > 0}, σL

u (M) 6= ∅.
Then σL

u (M) is a bounded set, and let Γr be the contour that encloses σL
u (M) and lies to

the right of the imaginary axis. The part of the spectrum σL
s (M) = σL(M) \ σL

u (M) lies
in a sector bounded by the contour

Γl = {µ ∈ C : Reµ < 0, |argµ| ∈ (π/2, π)}.

The operator Pr =
1

2πi

∫

Γr

RL
µ(M)dµ ∈ L(U) is a projector. Denote by Iu = imPr,

Is = U1 ⊖ Iu, and let Ms (Ls) and Mu (Lu) denote the restrictions of M (L) to Is

and Iu, respectively. Furthermore, the operator Ms is relatively bounded, while Mu is a
relatively sectorial operator.

We will consider the equation (1) in the form of a reduced system:

Hu̇0 = u0, (4)

Lsu̇
s = Msu

s, (5)

Luu̇
u = Muu

u. (6)

The solution u = u(t) of the equation (1) u = u0+us+uu, where u0 = u0(t) is the solution
to equation (4), us = us(t) is the solution to equation (5), uu = uu(t) is the solution to
equation (6).
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Definition 2. The equation (1) will be called uniformly exponentially stable if there exist
constants N > 0 and γ > 0, such that for all t ∈ R+ and any u0 ∈ P the solution u = u(t)
of the problem (1), (3) satisfies the exponential estimate:

‖u(t)‖U ≤ Ne−γt‖u0‖U. (7)

Let us solve the following stabilization problem. It is required to find such a control
action on equation (1), that it becomes uniformly exponentially stable. If the operator M
is (L, p)-sectorial, then the solution u0 = u0(t) of equation (4) equals zero for any t ∈ R+.
There exists a decaying semigroup for equation (5)

U t
l =

1

2πi

∫

Γl

(µLs −Ms)
−1Lse

µtdµ

and a resolving group for equation (6)

U t
r =

1

2πi

∫

Γr

(µLu −Mu)
−1Lue

µtdµ.

Due to the closure of the spectrum, there exist constants α, β > 0, such that Re σL
u (M) > β

и Re σL
s (M) < −α. Then

‖U t
l ‖L(U) ≤ Ce−αt, ‖U t

r‖L(U) ≤ Ceβt, t ∈ R+. (8)

Based on the estimates (8) it is clear that equation (5) is uniformly exponentially stable,
whereas equation (6) is not uniformly exponentially stable.

So, the stabilization problem reduces to finding a vector function f , such that for the
solution of the equation

Luu̇
u = Muu

u + f. (9)

the following condition holds:

‖uu(t)‖U ≤ Nue
−γut‖uu

0‖U. (10)

We will find f through feedback: f = Cuu, where C is a known linear bounded
operator. Equation (9) then takes the form

Luu̇
u = Muuu + Cuu = (Mu + C)uu. (11)

Let m = max
Re µ

µ ∈ σ(Mu). Let’s put the operator C = −(ε+m)I, where ε > 0 is arbitrarily

small. Then the relative spectrum of the operator Mu +C lies in the left half-plane of the
complex plane, and for the solution of equation (11) condition (10) holds.

Let is consider the application of the obtained results to the Dzekzer equation:

(λ−∆)ut = α∆u− β∆2u. (12)

where the parameters α, β ∈ R+ and λ ∈ R. Let Ω ∈ Rn be a bounded region, and its
boundary ∂Ω ∈ C∞. Define the spaces U and F:

U = {u ∈ W 4
2 : u(x) = 0, (x) ∈ ∂Ω}, F = L2(Ω).
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Let {ϕk} be the eigenfunctions of the Laplace operator ∆ orthonormalized relative
scalar product in U, the spectrum σ(∆) = {νk}. In [7], it is shown that the operator M is

strongly (L, 0)-sectorial, and for α, β, λ ∈ R \

{

0,
α

β

}

, there exists a solution η = η(t) to

the Cauchy problem (1) for the equation (3) of the form:

u(t) =
∞
∑

l=1

′e
ανl−βν2

l
λ−νl

t
< u0, ϕl > ϕl.

Let α, β > 0 and λ < ν1. Then,

σL
u (M) =

{

(α− νkβ)νk
λ− νk

: λ < νk

}

.

for λ < ν1. For the stabilization problem, we take B = −(ε + (α − νnβ)νn)I, where n is
the index of the maximum value µk ∈ σL

u (M), ε > 0. Then the solution to the stabilized
equation (12) is given by:

u(t) =
∑

λ>νk

e
ανk−βν2

k
λ−νk

t
< u0, ϕk > ϕk +

∑

λ<νk

e
ανk−βν2

k
−(ε+ανn−βν2n)

λ−νk
t
< u0, ϕk > ϕk.

Сonclusion.

In the future, it is planned to develop a general approach to solving the problem of
stabilizing solutions of semilinear Sobolev type equations with a relatively sectoral operator
[12]. Following the work of [13–15], computational experiments are planned to find stable
and unstable solutions and solve the stabilization problem.

This work was supported by the Russian Science Foundation under grant no. 25-21-
20017.
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VSP, 2002. DOI: 10.1515/9783110900163

5. Sviridyuk G.A. On the General Theory of Operator Semigroups. Russian Mathematical
Surveys, 1994, vol. 49, no. 4, pp. 45–74. DOI: 10.1070/RM1994v049n04ABEH002390

2025, vol. 12, no. 1 7



O. G. Kitaeva, E. D. Akhmadeev

6. Sviridyuk G.A. Sobolev-Type Linear Equations and Strongly Continuous Semigroups
of Resolving Operators with Kernels. Russian Academy of Sciences. Doklady.
Mathematics, 1995, vol. 50, no. 1, pp. 137–142.

7. Sviridyuk G.A., Fedorov V.E. [Linear Sobolev Type Equations]. Chelyabinsk,
Chelyabinsk State University, 2003, 179 p. (in Russian).

8. Sviridyuk G.A., Keller A.V. Invariant Spaces and Dichotomies of Solutions of a Class of
Linear Equations of Sobolev Type. Russian Mathematics, 1997, vol. 41, no. 5, pp. 57–
65.

9. Moskvicheva P.O. Stability of the Evolutionary Linear Sobolev Type Equation.
Bulletin of the South Ural State University. Series: Mathematics. Mechanics. Physics,
2017, vol. 9, no. 3, pp. 13–17. (in Russian) DOI: 10.14529/mmph170302

10. Favini A., Sviridiuk G.A., Manakova N.A. Linear Sobolev Type Equations with
Relatively p-Sectorial Operators in Space of “Noises”. Abstract and Applied Analysis,
2015, vol. 2015, Article ID 697410. – 8. DOI: 10.1155/2015/697410

11. Kitaeva O.G. Exponential Dichotomies of a Non-Classical Equations of Differential
Forms on a Two-Dimensional Torus with “Noises”. Journal of Computational and
Engineering Mathematics, 2019, vol. 6, no. 3, pp. 26–38. DOI: 10.14529/jcem190303

12. Sviridyuk G.A. Semilinear Equations of Sobolev Type with a Relatively Bounded
Operator. Doklady Mathematics, 1991, vol. 43, no. 3, pp. 797–801.

13. Kitaeva O.G. Invariant Spaces of Oskolkov Stochastic Linear Equations on the
Manifold. Bulletin of the South Ural State University. Series: Mathematics. Mechanics.
Physics, 2021, vol. 13, no. 2, pp. 5–10. DOI: 10.14529/mmph210201

14. Kitaeva O.G. Stable and Unstable Invariant Spaces of One Stochastic Non-
Classical Equation with a Relatively Radial Operator on a 3-Torus. Journal
of Computational and Engineering Mathematics, 2020. vol. 7, no. 2, pp. 40–49.
DOI: 10.14529/jcem200204

15. Kitaeva O.G. Stabilization of the Stochastic Barenblatt – Zheltov – Kochina Equation.
Journal of Computational and Engineering Mathematics, 2023, vol. 10, no. 1, pp. 21–
29. DOI: 10.14529/jcem230103

Olga G. Kitaeva, PhD(Math), Associate Professor, Department of Mathematical
Physics Equations, South Ural State University (Chelyabinsk, Russian Federation),
kitaevaog@susu.ru

Evgeny D. Akhmadeev, Student, Department of Mathematical Physics Equations,
South Ural State University (Chelyabinsk, Russian Federation), akhmadeeved@susu.ru

Received February 9, 2025

8 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

УДК 517.958 DOI: 10.14529/jcem250101

СТАБИЛИЗАЦИЯ РЕШЕНИЙ ЛИНЕЙНОГО УРАВНЕНИЯ
СОБОЛЕВСКОГО ТИПА С ОТНОСИТЕЛЬНО
СЕКТОРИАЛЬНЫМ ОПЕРАТОРОМ

О. Г. Китаева1, Е. Д. Ахмадеев1

1Южно-Уральский государственный университет, г. Челябинск,
Российская Федерация

В статье рассматривается линейное уравнение соболевского типа с относитель-

но секториальным оператором. Такого вида уравнения возникают при моделирова-

нии различных процессов: эволюции свободной поверхности жидкости, течения вязкой

несжимаемой жидкости, плоскопараллельная термоконвекция вязкоупругой несжима-

емой жидкости и т.п. В работе рассматривается следующая задача стабилизации: тре-

буется найти управляющее воздействие на уравнение, чтобы оно стало равномерно

асимптотически устойчивым. Решение данной задачи базируется на теории полугрупп

и групп операторов с ядрами. В случае, когда относительный спектр состоит из двух

частей, одна из которых лежит в левой полуплоскости комплексной плоскости, а вто-

рая в правой полуплоскости комплексной плоскости, то можно построить разрешаю-

щие полугруппу и группу операторов, провести их экспоненциальные оценки. В этом

случае решение уравнения можно представить в виде суммы устойчивого и неустой-

чивого решения. Стабилизация неустойчивого решения проводится на основе принци-

па обратной связи. В качестве приложения рассматривается уравнение, описывающее

эволюцию свободной поверхности жидкости.

Ключевые слова: уравнения соболевского типа; инвариантные пространства; за-

дача стабилизации.
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