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Introduction

In this paper, we study the asymptotic properties of some systems of differential
equations with linear delay, as well as systems with constant delay, to which these systems
are reduced by replacing the argument. The systems with constant delay obtained in this
way contain an exponential multiplier on the right side, i.e. they are not Lipschitz systems.

The studied systems with linear delay have the form

dx(t)
dt

= A(t)z(t) + B(t)x(ut), p=const, 0 <p <1, t>1ty>0. (1)

Here A(t), B(t) are continuously differentiable matrices of dimension m x m, x(t) —
m-~dimensional vector function of time (argument) ¢, the delay has the form (1 — p)t.
The solution is determined at the initial moment of time ¢, by the vector function ¢(3):
ne [/ﬂfo, to].

Systems with constant delay, to which the systems (1) are reduced by replacing the

t
argument 7 = In (t_) have a delay o0 = —In(u) and an exponential multiplier e”
0

d,;(:) = toe" [A(T)2(7) + B(7)z(1 — 0],

o>0, 7>0, 2(n) = ¢(tee”), n € [uto,to]. Here A(T) = A(toe”), B(r) = B(tge"). In
many cases, based on such systems, it is possible to obtain both sufficient conditions for
stability and instability of the studied systems. Systems with linear delay are found in
problems of mechanics, physics [1], biology. Consideration of the delay effect is important
for the correct qualitative and quantitative description of processes containing unlimited
delay.
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A further generalization of such systems are neutral type systems

d:fl—(tt) = A()z(t) + B(t)x(ut) + R(1) dxc(z?t)

, p=const, 0<pu<1, t>t;>0, (2)

where R(t) is a continuously differentiable matrix of dimension m x m. Neutral type
systems describe processes in which the speed at a given moment depends on the states
and speeds at previous moments. Note that the derivative of the initial vector function
do(n)/dn is assumed to be limited.

If we turn to a system with a constant delay, we obtain

dz(T) - _ _dz(t — o)
— toe[A B _ et
) — e [A)2(r) + Bir)e(r — o)) + uh(r) 2T,
R(t) = R(tpe™). In this case, it is easy to verify that even for the simplest neutral

type equations there are no continuously differentiable solutions under arbitrary initial
conditions.

Linear systems of differential equations with linear delay, studied, for example, in [1],
as a rule, have constant coefficients on the right side. When such (and more general)
systems are unstable, the problem arises of their stabilization over an infinite period of
time. The works [2] and [3] are devoted to the stabilization of such systems. Thus, the
problem is to obtain sufficient conditions for asymptotic stability and to construct on this
basis a stabilization algorithm for some systems with variable coefficients.

We will consider a linear normalized space R™, in which the norm of the vector w =
{w;}" (here w; (j = 1,...,m) are the components of the vector w, T is the transpose

m
symbol) is defined, for example, by the equality ||w| = ) |w;|. The norm of the matrix

j=1
D = {d;;} (1,7 = 1,...,m) is defined according to the norm of the vector [4]: | D| =

Here are some definitions that will be needed further [1].

Definition 1. The solution of the system (1) x(t) defined by a piecewise continuous initial
vector function ¢(n) is called stable if there ezists a constant C' > 0, such that from the
condition of boundedness of the quantity ||¢(n)|| it follows the inequality ||z(t, p(n))|| < C.

Definition 2. If the solution xz(t,$(n)), along with stability, has the property
tlim z(t,p(n)) = 0, then the solution is asymptotically stable.
—00

Since we will also consider systems of a neutral type, we will introduce a definition of
stability (and asymptotic stability) for such systems.

Definition 3. A solution of the linear system (2) xz(t) defined by a continuously
differentiable vector function ¢(n), is called stable if there exists a constant Cy > 0,

such that from the condition of boundedness of sup ||¢(n)|| + sup ||[dé(n)/dn|| it follows
n n

the inequality ||z(t, p(n))| < Co.

Definition 4. If the solution of a linear system of neutral type x(t,$(n)), along with
stability, has the property tlim x(t, ¢(n)) = 0, then the solution is asymptotically stable.
—00
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1. Obtaining Sufficient Conditions for Asymptotic Stability
and Instability of Systems Using Lyapunov—Krasovskii
Functionals

The asymptotic stability of some systems with linear delay, for example, for positive
1 sufficiently close to unity, can be solved using the Lyapunov-Krasovskii type functionals
of definite sign

m t
V=W(z)+ Z v, /x?(s)ds.
j=1 ut

Here W(x) is a positive definite quadratic form, v; # 0 are scalar quantities. Let’s give
the simplest example. Consider the first order equation
dz(t
% = az(t) + b(t)x(ut). (3)
Here a = const, a < 0, b(t) is a scalar function of time (argument) ¢.
To obtain sufficient conditions for the stability of the solution of equation (3) we
t
introduce the functional V°(t) = —az?(t) + & / 2%(s)ds. Here the constant a is negative.
ut
Setting @ = —a, we calculate (by virtue of equation (3)) the derivative dV°(t)/dt = ax® +
20(t)x(t)x(ut) + pa(x(ut))?, requiring the negative definiteness of the resulting quadratic
form of the variables x(t) x(ut), [5]. We obtain sufficient conditions for the asymptotic
stability of the solution of equation (3)

a <0, ‘b(t)‘ < \//7(CL - 5)7 (4>

e is a sufficiently small positive number [1]. If we study the behavior of the solution of
equation (3), for example, for b = const using more accurate methods [6], we obtain a set
of inequalities

a <0, |b] <]al (5)

valid for any 0 < p < 1. Nevertheless, for 4 — 1 the boundaries of the domain (4) are
sufficiently close to the boundaries of the domain (5). To study the instability of such

systems, we can consider the functional V,(7) = e 72%(7) + « / 2*(0)df and calculate

dV,(7)/dr by virtue of (3). In this way, we similarly obtain sufficient instability conditions
for @ > 0,]b] < a. Thus, the use of functionals of the type V,(7) allows us to obtain
sufficient instability conditions for some nonlinear systems.

2. Obtaining Sufficient Conditions for Asymptotic Stability for
One System of Neutral Type

Let us now consider a neutral type system

dz_it) — A(t)x(t) + B(t)a(ut) + R(t) d“””fijj”, t>1, 0<p<l. (6)
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By replacing 7 = In(t/ty) let’s reduce it to a system with constant delay

dz(17) L+ . _dz(t — o)
27 = by Ar)e(r) + B(re(r — )] + () EE T,

o=—In(). (7)

The system (7) is defined at the moment 7 = 0 by the initial vector function ¢(n), which
has a bounded derivative. We assume that the matrices A(7), B(7), R(7) are periodic, of
period o, and differentiable a sufficient number of times. Let A(7) be the eigenvalues of
the matrix A(7), p(7) be the eigenvalues of the matrix —A~!(7)B(7) and v(7) be the

eigenvalues of the matrix R(7). The following conditions are true

1) Re(\(1)) < =28, B = const, B >0,
2) |p(T)| <0, §d =const, 0 <§ <1, (8)
3) lv(T)] <7, v=const, 0 <vy<1.

Assuming z,,1(7) = z(no + 7), we pass to the counting system on a finite time interval
0<r<go

e U _ o A7)0 (7) + B(r)2a(7)] + 1B(7) dzééf)

Here e, = " /to, 2n+1(0) = z,(0). System (9) for sufficiently large n has a small parameter
at the derivative. Let’s transform it in the following form

e, Hzni(7) _d’T‘R(T)Z”(T)) _ [A(T)M(T) + (B(T) — e e dif)) zn(T)} .

, 0<7t<o0. 9)

Under the conditions imposed on the matrices A(7), A='B(7) the system without neutral
terms
c dYn1(7)
"odr
is exponentially stable |7, 8|. In addition, the quantity

= " [A(T)yns1(7) + B(n)yn(7)], 0<7 <0

e | Aen) + (B0 - pe 502, ) (o)

is dominant at n — oo in a relationship of the form
d([2041(7) = pR(7)20(7)) /dT = &, €T [A(T) 2n41 (7) + (B(7) — pe™"endR(7) /dT) 20 (T)].

We will obtain a solution to the system (9) by the method of successive approximations,
setting 2 (7) = y,(7), and, further

ALy (1) = R()A(T) 4, (7)
dr dr

(10)

Obviously, due to the boundedness of the derivative of the initial vector function ¢(n),
the initial data of the system (10) are bounded. The right-hand side of this relation is
exponentially stable, as is the value 22 +1(7). Having integrated both sides, we obtain from
(10) an inhomogeneous difference system

2ha(r) = WR(r)2(r) + 28,0 (7), T [120,,(r) ] =0
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Let us first consider the asymptotic behavior of a homogeneous system

Yns1(7) = R(T)Yu (7). (11)

Let us show that there exist constants Ly > 1, §: 0 < ¢ < 1, such that the solution of the
difference system (11) satisfies the estimate [9]

sup [[7 (7| < Lo(q)" sup [lyo(7)]l, n=1,2, .. (12)

Due to the uniform continuity (with respect to 7) of the matrix R(7), we can split the
interval [0, o] into a finite number [ of equal intervals of length less than §; such that the
inequality

18(7) = R(m)l| <& |7 =75 <,

j=12.,l, 0<m <..<7 =o0is valid. But then (due to the inequality with respect
to the eigenvalues of matrix R(7)) for a sufficiently small e for each interval [r;, 7j41] there
exist constants L; > 1, that for each fundamental matrix )773 ;(7) and any specified interval
the following estimate holds:

n

12,0l = 1 T[RG@ +io)ll <Ly", 7€ [r, 71,

i=1
y=const, 0<y<y<l, 7=12 .1

It follows that for any 7 € [0,0] such an inequality is valid for constants Ly = max L;
j

d =7, i.e. system (11) is exponentially stable.

Let us show that the solution of the inhomogeneous system (11) also tends to zero as
n — 00. Let’s write the solution of this inhomogeneous difference system using the formula
of the variation of constants [9]

21 (T) = R(T)" M 20(n) + R(7)"20 (1) + R(7)" ' 29(7) + ... + R(7)2(T) + 2141 (7).
From this follows
zner(T) 1 < LoV 20l + Lo 122 (7)1 + .+

+Lo7" 2 (Dl + LoV 2 (D + -+ LoFllznssa (DI + iz (DI

3. Stabilization Algorithm for One Neutral Type System

Let’s consider the stabilization algorithm of some controlled system with neutral type
linear delay

T~ 4wt + 8O + 20D 4 o),

Here u(t) is a vector function of the control action of dimension r, C' is a matrix of
dimension m x r, 1 < r < m. Now let the solution of this controlled system for u(t) =0
be unstable, or stable, but not asymptotically. Passing to the variable 7 in the absence of
control, we have the system

dz(T) _dz(t — o)

— = toe"[A(T)2(7) + B(1)2(1 — 0)] + uR(7) o
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Since the system without neutral terms is dominant, we first examine the behavior of the
eigenvalues A(7) of the matrix A(r).
If for the roots A;(7) of the characteristic equation

det{A(r) — AE,} =0,

(here E,, is the identity matrix of dimension m x m) the first of the asymptotic stability
conditions (8) is violated, then first (in view of what was proved earlier in [8]) we stabilize
the system without delay of the form

Endyni1(7)/dT = € [A(T) Y1 (T) + Cliny1(7)], n=N,N+1,...,
namely, we divide the segment [0, o] into k parts
O=T9 <+ A<T+2A< .. <19+kA=0

and correct the matrix A(7) in some way at some points 7;, where the eigenvalues of
these matrices A} do not satisfy the first of the inequalities. A fairly effective method of
stabilization is proposed in [10], namely, we solve the nonlinear equation

L()A(rj) + AT (7)T(7;) — 20(7;)CC ' T(7) = —al'(75).

Here I'(7;) is a symmetric matrix, « is a positive parameter that can be set. Finding the
unknown matrix I'(7;) due to the definition of the desired control in the form

i(1) = =C'T(7)(7) (13)

leads to the fact that for the values of the stabilized matrix A,(7) (at the points 7;) we
obtain the equality A,(r;) = A(7;) — CC'T; and for its eigenvalues Re(X3(7;)) < —0.50;
then, for a sufficiently large parameter « for each 7 from the intervals [7;, 7;11] we have
the estimate Re(A3(7)) < —0.25a. Note the following: if the matrix A~'(7;) exists, it is
more convenient to find the corresponding matrix I'(7;) by solving the linear equation

Fil(Tj)A(Tj)T + A(Tj)ril(Tj) —20CT = —&Ffl(Tj), (14)

determine from it I'"'(7;) and then find I'(7;), u(7;). At the same points where the first
of the inequalities (8) is satisfied, we set the control u,1(7) = 0. Obviously, we obtain
the value of the stabilized matrix at k points of the segment [0, o], namely, in the set of
points 0, A, 2A, ..., 0. Next, we construct a trigonometric polynomial P(7), of period o:
P19+ jA) = Ay(m9 + jA), 7 =0, ..., k. Since the matrix A(7) has a bounded derivative,
for a sufficiently large k this polynomial P,(7) ~ A,(7) for all 7 € [0, o], the eigenvalues )
of this matrix satisfy the inequality

Re(A\(7)) < =6, & = const, 0 > 0.

It is known [11], that when the last inequality is satisfied, the fundamental matrix
Yo11(7, s, ™) of the stabilized system

dyn+1(7)
n dt
2025, vol. 12, no. 3 19
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for a sufficiently small value of ¢, /ty admits the estimate
_ tod _ _
|Yoa1(r, s, u™)|| < Cexp {—QL(eT — es)} , C=const, C>1,0<s<7<o.
'un

This implies the asymptotic stability of the stabilized system without delay terms.
Obviously, for a sufficiently small value of ||B(7)|| and the smallness of u the solution
of the system

dzn i1 (T) dr—a) 010 .

"odr dr ’ to
is asymptotically stable [8]. If the resulting system is unstable, then we consider the
asymptotic behavior of the system without neutral terms and, in the case of its instability,
we stabilize it with delayed terms. Namely, there exist regions D; € [0, o] such that inside
them for |p(7;)] > 1 the second of the inequalities (8) is not satisfied (otherwise the
differential-difference system without neutral terms would be asymptotically stable [7]).
Therefore, further stabilization is necessary, namely, stabilization of the degenerate system

= €"[Au(7) 2041 (7) + B(7)2a(7)] + pR(7)

Zni1 (T) = —A7N(T) | B(T)Z(7) + C’wn(T)], n=0,1,2,... (15)

We assume that det B(7) # 0. In this case, there is a matrix (As_l(T)B(T)) and the

original system with constant delay is stabilized by methods using an algorithm similar
to that given in relations (13), (14). We again divide the segment [0, o] into k equal parts
0=7<To+A <Tp+2A < .. < Ty+kA = 0, and correct, now the matrix —A;!(7)B(7)
at those points 7;, where the eigenvalues of this matrix ﬁz are greater than or equal to one
in absolute value. To do this, we first solve matrix equations of the form [12]

_ 1. - .-
-1 O — APl AT
) ) R +_C]C] = BA] G A5, ) (16)
f=const, 0<f <1, 4;=—-A;Y(7)B(7;), C;=—A;"(7)C;,
calculate matrices R; and set control at points 7;
Nl
wu(1) = (B + GRCT) O BiAia(5) = P(5)al(s). (1)

Note that satisfactory solutions are obtained for small 3. At the remaining points 7y + iA
we assume that the control is equal to zero. Again we obtain a set of values of the stabilized
matrix By(m +iA), i =0,1,..., k. In this case, the eigenvalues of the stabilized matrix at
these points do not exceed in absolute value the value d, d = const, 0 < d < 1. Obviously,
the entire stabilized matrix can be approximated with a high degree of accuracy by the
interpolation trigonometric polynomial Py, (7) [13], where P, (1 +iA) = B,(19+iA) (or by
approximation using splines). The the eigenvalues p(7) of the matrix By(7) will, at least,
satisfy the inequality:
p(T)| <d+e<1, 0<7<o0,

¢ is a small positive number. The system without neutral terms becomes exponentially
stable. Now we check the obtained system again (already with neutral terms), i.e. we
establish its asymptotic properties. In case of instability (or stability, but not asymptotic),
we correct, the matrix uR(7) by methods similar to those used earlier for calming the
discrete system (15).
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4. Example

Let’s consider a system with an exponential multiplier on the right-hand side

dz(T)
dr

L ) - _x 5 dz(1—7)
= ¢ | Ay(7)2(7) + Ba(7)2 (T - Z)} +ertly—r—, (18)

to=1, 720, ¢(n) ={L1}", —7/4<n<0,

u(7) is a scalar, the matrices Ay(7), Bo(7), Ry and the vector Cy are defined as follows

A7) = ( 0.6c<1>§(4r) 1.551152(47) ) - Bln)= ( _1()%52‘1?1?2?)87) _(1).5 ) ’

Ry = ( o ) Gy = ( : ) L Ay(r+7/4) = As(7), Bo(r +7/4) = Ba(r).

The solution of a system without neutral terms in the absence of control is unstable. The
system without neutral terms is dominant, let’s stabilize it. To do this, first consider a
controlled system without delayed components:

dy(t _ ~

?(Jj(T ) - e[ Az (r)y(r) + Cown(7)], 720, " ={1,1}". (19)
Let the control be u; = 0. In Figure 1, the graph of the system (19) without delay terms
(shown as a dotted line) differs little from the graph of the solution of the system (18)
without neutral terms (i.e. with the zero matrix R») (shown as a solid line).
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The graph of the eigenvalues A(7) of the matrix Ay(7) is shown in Figure 2. Since
there are regions where Re(A(7)) > 0, we stabilize the system without delay terms in
accordance with the algorithm presented by equalities (8)—(10), for which we divide the
interval [0, 7/4] into k parts. For each value of 7;, we need to solve the calming problem,
i.e. solve such equations and construct a control at these points. However, in our case,
constructing a control for a = 3.5 at the point 79 = 0, we obtain that the corrected,
matrix A,(7) = Ay(1) — CC Ty has all eigenvalues satisfying the first of the inequalities
(8). Consequently, the system stabilized in this way only at the initial point is exponentially
stable. The solution graph of the stabilized system without delay is shown in Figure 3.

This stabilized system is unstable in the presence of delay terms, which can be seen
from the corresponding graph of the solution of the system shown in Figure 4. In this case,
the eigenvalues of the degenerate matrix at some points are greater than one in absolute
value. The graph of the eigenvalues of the singular matrix is shown in Figure 5. Further
stabilization is necessary, which is carried out by the algorithm for stabilizing difference
(singular) systems at the points 73 = 0.3, 74 = 0.4, 75 = 0.5 in accordance with the rule
given in (16)—(17).
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After correcting the matrix —A;!(7)B(7) it is rather difficult to show the asymptotic
properties using numerical calculation of the corresponding system without neutral terms
for large 7 (the system is stiff [13]). In order to establish the asymptotic stability of the

solution of the stabilized system
dz0 (1)
"odr
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we have the following property: its asymptotic behavior (in the first approximation)
depends on the asymptotic properties of the difference (perturbed) system |[§]

Zn1(7) = —As(7T)Bo(7) 2 (7) + Yora (7,5, 1") 20 (T + 0),
(20)

el

o=7, ZnH(O):Zn(%), 0<7<o0, pu=en.

The graph of the eigenvalues of the matrix —A;!(7)B,(7) is shown in Figure 6. We will
show that for 7 = o the solution of homogeneous system is exponentially stable (z,(c) — 0
at n — 00). Obviously, the first approximation of this system for 7 = ¢ for sufficiently
large n > N is the homogeneous (unperturbed) system

Uni1(0) = —A7H(0)By(0)yn(0),

0:%, 2n+1(0):2n<%>, 0<7r<o.

Its solution is exponentially stable, i.e. the following estimate is valid
17n(o)ll < L(@)"|Fo(m)l, L =const, L>1, 0<g<1.

Let us now consider the inhomogeneous system (20). Let’s write its solution for 0 < 7 < &
using the formula of the variation of constants

04(7) = (A7 (0)B(1) 2 + Z (47 B®) Yy (7.5 s (7 + 0).

Since || <(—A*1(T)BS(T))ZH < Lg (i=1,2,..), and § = o, we obtain the estimate

S

_ LL ;.
24P < 7= 12

The presence of an unstable neutral matrix xR, having eigenvalues v, = 0.614, v, = 1.38,
even under the condition of calming down the system of the form
d 0
% = e7[Ay(7)2°(7) + Bs(7) (7 — 7 /4)]
-
still leads to the fact that the system stabilized in this way, having only neutral
terms on the right-hand side, is unstable (for example, with the initial data

dz(n) dz5(n) : .
{;7 = sin(n); 27 = cos(n)} (Fig. 7)). In this case, the matrix pRy has
n n

eigenvalues 1, = 1.2213, 1, = 0.3745. Performing stabilization by neutral terms, i.e.
assuming in addition the control

_ _ le dZ2 T
US(T):—(El—l—CTRC)lCTRuRQ{ d@; dy)} -

_ o35 { DN _ g gg50 { T
) e {5

T dr
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we obtain that the stabilized neutral, matrix has components

0.9963  1.0778
—0.2414 —0.1240 )’

its eigenvalues p; = 0.66764, p; = 0.2047. We have a stabilized system of neutral type.
Finally, we obtain control w(7) = u1(7) + ua(7) + uz(7), where u;(7) linearly depends on
the values z1(7), 22(7); ua(7) linearly depends on the values zi(7 — o), 2o(7 — 0); us(7T)

linearly depends on the values

dzi (1 —0) dzo(T — o)
dr ’ dr
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METOAbI NCCJIEJOBAHNA ACUMIITOTUYECKNX
CBOIVCTB U YCIIOKOEHI A HEKOTOPEIX CUCTEM
C JIMHEMHBIM 3AIIA3IBIBAHUEM

B. I'. I'pebernusuros', C. A. 3azpebuna', A. B. Jloscnuxos®
Okn0-Ypasbeknuil rocynapeTBeHHbI yHuBepenTeT, I. Yeasaoumnck,

Poccuniickasa @eneparnusi,

2 Mncturyt Maremaruku u Mexanuku uM. H.H. Kpacosckoro, Exarepun6ypr,
Poccuiickas Peepartiust

3 Vpanbcknit degepanbnbii yausepeuret, Exarepun6ypr, Poccniickaa Peneparms

B pabore mpeiiiaratorcsi METO/IbI IOy 9€HUST JOCTATOYHBIX YCIOBHIA aCHMIITOTHIECKOM
YCTONYMBOCTU U HEYCTOWYMBOCTH I cucTeM judpepeHImabHbIX YPaBHEHU, colepKa-
X JINHEeHOe 3ama3apiBanue. Ha ocHOBaHMM 9TUX YCIOBUIl HCCIIEAYIOTCS HEKOTOPBIE CHCTE-
MBI JINHEWHBIX JTuhdepeHnaibHbIX yPABHEHUIT, TIPU 9TOM JJIsi OJHON U3 HUX IPOU3BEIECHA
crabuIn3aIms Ha 0ECKOHETHOM MPOMEXKYTKE BPEMEHH.

Karouesvie cr08a: acuMnmomudeckas Ycmotuusocms, sunetnoe 3ana3doieanue; cma-
bUNU3AUUA.
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