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The paper continues the study of theoretical issues related to finding mean derivatives of
stochastic diffusion processes. A theorem on the existence of the backward mean derivative
for Li-random processes in R™ with continuous sample trajectories is proved using an
equality based on the properties of conditional expectation. For Ito stochastic processes of
diffusion type in R", a relation connecting the backward mean derivative with vector fields
is proved.
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Introduction

The notion of mean derivatives was introduced by E. Nelson (see [1-3|) for the needs of
his Stochastic Mechanics, a version of quantum mechanics. The equation of motion in the
Stochastic Mechanics was the so called Newton—Nelson equation, a second order stochastic
equation with mean derivatives where a special second order mean derivative was in use.

Note that in [4] a new mean derivative, called quadratic, in addition to Nelson notions
of forward, backward and symmetrical derivatives. Our definition is a slight modification
of Nelson ideas. (Nelson defined quadratic derivative as a unit operator multiplied by
some constant). The use of quadratic mean deriovative together one of the Nelson’s mean
derivative allows one recover the process from its mean derivative and it makes possible to
obtain solutions to many equations including mean derivatives occurring in mathematical
physics.

In this paper we present some methods and formulae for calculation the mean
derivatives of stochastic processes. The proofs of some of them were absent in the literature.

1. General Definitions

The newest introduction in the ewtheory of mean derivatives can bi found in [5].
Here we describe only the notions tht are necessary for description of the main reesults.
Everywhere below we deal with processes, equations, etc., given on a certain finite time
interval [0, 7).

Consider a stochastic process £(t) in R", t € [0, T], given on a certain probability space
(Q, F,P) and such that £(t) is L;-random variable for all ¢. Every stochastic process £(t)
in R, ¢t € [0,1], determines three families of o-subalgebras of o-algebra F:

(i) the “past” P¢ generated by pre-images of Borel sets in R™ by all mappings & (s): Q@ —R"
for 0 < s <t;
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(ii) the “future” .7-"f generated by pre-images of Borel sets in R"™ by all mappings £(s) :
Q—=R"fort<s<lI;

(iii) the “present” (“now”) N generated by pre-images of Borel sets in R” by the mapping
().

All families are supposed to be complete, i.e., containing all sets of probability 0.

For convenience we denote the conditional expectation of (t) with respect to ./\ftE by
Ef() Ordinary (“unconditional”) expectation is denoted by E. Strictly speaking, almost
surely (a.s.) the sample paths of £(¢) are not differentiable for almost all ¢. Thus its
“classical” derivatives exist only in the sense of generalized functions. To avoid using the
generalized functions, following Nelson (see, e.g., [1-3]) we give

Definition 1. (i) Forward mean derivative DE(t) of £(t) at time t € [0,T) is an Ly-random

variable of the form
DE(t) = lim ES (é(HAAti_f(t)) (1)

where the limit is supposed to exists in L1(§2, F,P) and At — +0 means that At tends to
0 and At > 0.
(i1) Backward mean derivative D.E(t) of £(t) at t € (0,T] is an Li-random variable

D6 = Jim 5 (S22 2)

At—+0 At

where the conditions and the notation are the same as in (i).
(iti) The derivative Dg = (D + D) is called symmetric mean derivative. The vector
v8(t) = v5(t, (L)) = Ds&(t) is called current velocity of £(t)

Please note that the current velocities are natural analogues of physical velocities od
deterministic processes.

From the properties of conditional expectation (see [6]) it follows that DE(t) and D,&(t)
can be represented as compositions of {(t) and Borel measurable vector fields (regressions)

£t + A1) ~ ()
(5 e =)

YOt,x) = lim E

At—+0
Vo(t.r) = Jim B (5(’” e e ) 3)

on R™. This means that DE(t) = YO(¢,£(t)) and D.E(t) = Y2(¢,£(1)).

Definition 2. For an Li-stochastic process (t), t € [0,T], its quadratic mean derivative
Do&(t) is defined by the formula

A (4)

Dyt(t) = lim Ef ((f(HAt) — ) (E(t+ At —g@))*)
At—+0 ¢ s
where (£(t + At) — £(t)) is a column vector and (£(t + At) — &(t))* is its conjugate, i.e.,

the row vector, the limit is supposed to exist in L, (€2, F,P).

One can easily derive that for an Ito process £(t) = fot a(s)ds + f(f A(s)dw(s) its
quadratic mean derivative takes the form Dy{(t) = AA*.
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The mean derivatives defined above particular cases of object defined as follows. Let
x(t) and y(t) be L; stochastic processes in R", given on (€2, F, P). Introduce the forward
y mean dreivative of z(t) by the formula

Dia(t) APE}FO EY (x(t + AAI?f — x(t)) (5)

and the backward y mean derivative of x(t) by the formula

DYz(t) = lim EY (x(t) i At)) (6)

At—+0 At

where, of course, thed limist must exist in L, (2, F, P).

2. Main Results

Theorem 1. Let g(t) and h(t) be Ly-random processes with continuous sample trajectories
in R, defined for t € [0,T] on the same probability space. Consider the process Elg(t).
Let Dh(t) and D.h(t) exist. Then:

(i) Dhg(t) exists if and only if D"Elg(t) exists, and D"Elg(t) = D"g(t);
(ii) Dhg(t) exists if and only if D"Elq(t) exists, and D'Elg(t) = Dhg(t).

Proof. We choose an arbitrary smooth real-valued function f : R® — R with compact
support. Using equality

(Eryasg(t+ A0) f (h(t+ A1) — (Efg(1)) [ (h(t) =
{Etyang(t + At) — EPg()}f(A(t + At))+ (7)
Efg(O){f (h(t+ At)) — f(h(t)},
We we obtain
EDH{(Eg(t)) f (h(t))},
using (2) from the definition of the backward mean derivative,

(Eth (Efg(t)f (h(t) — E?Aii(t — At f (h(t — At)))) ’

lim F
At—+0

using the equality (7),

Epg(t) — B a9t — A)
: h =t t—At
E }gm o E; ; f(h(t))+

f(h(t)) — f (h(t — Al))
At

B Jim EPEL gl — A1)

using the definitions of the mean derivative on the right side (1) and on the left (2), we
obtain
EDMEl'g(t)f ((t)) — EE!g(t — At)D"f (h(t — At))
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The existence of the second term on the right-hand side follows from the conditions
of the lemma. Thus, the limit exists if and only if D"E"g(t) exists. On the other hand, by
(iii) the property of the conditional expectation:

ED"g(t)f (h(t)) — Eg(t — A)D" f (h(t — At))
Similarly, if and only if D"g(t) exists. Obviously,

ED;E{g(t)f (h(t)) = EDg(t)f (h(t))
EEM"g(t — At)D" f (h(t — At)) = Eg(t — At)D" f (h(t — At))

Lemma 1.
(1) If z(t) is a martingale with respect to Py, then DYx(t) = 0.
(11) If z(t) is an inverse martingale with respect to F{, then DYx(t) = 0.

The proof of the lemma is based on a technical application of the properties of the
conditional expectation and is omitted here.

Theorem 2. For the Ito process in R™, the following formulas hold:

DZ = %Z +(Y°-V)Z + %tr Z"(A, A),
(8)
D.Z = %Z + Y-V Z — %tr Z"(A, A),

where V = ( . %), tr 1s the trace, the dot denotes the scalar product in R™, and the

)
Oxl) ") fgn
vector fields YO (t,£(t)) and Y2 (t,£(t)) are introduced in (3)

Proof. The vector field Z(t,x) can be viewed as a continuously differentiable mapping
Z [0, T] x R® — R™. We expand it in a Taylor series in a neighborhood of the point xg, to.

oz 10*°Z 1

where the primes denote the derivatives of Z with respect to = at the point xy. We
substitute into it the increment of the Ito process 9¢(s) = a(s)ds + A(s)Ow(s). We get

Z(s,£(8)) = Z(tg, x0) + aa—fas + 7' (a(s)0s + A(s)0w(s)) + %%

+%Z”(a(s)88 + A(s)duw(s), a(s)ds + A(s)w(s)) + ... =
o7 ) . 10%°Z7 )
18_568 + Z'a(s)0s + Z'A(s)0w(s) + 5@(35) +

+3 (Z"(a(s),a(s))(9s)* + Z"(a(s)0s, A(s)ow(s))+

+Z"(A(s)0w(s),a(s)0s) + Z"(A(s)ow(s), A(s)Ow(s))) + ...

(0s)*+

= Z(to,l’o) + (10)
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Integrating this formula, we find that if Z(¢, ) is a continuously differentiable (once with
respect to t and twice with respect to x) mapping, then for process Z (£(t)) the classical
Ito formula holds:

Z(&(s)) = Z(&) +/ {%—f + 7" (a(s)) + %trZ" (A(s), A(s))} ds+
° (11)

n / 7' (A(s)) dus),

Where .
trZ" (A(s), A(s)) = Z Z" (A(s)ei, A(s)e;) (12)

€1, ..., €y is an arbitrary orthonormal basis in R*. Indeed, by formulas (i) and (ii) of Theorem
2, exactly one second-order integral

%/o Z"(A(s)dw(s),A(s)dw(s)):/0 %trZ"(A(s),A(s)) ds (13)

is not equal to zero. Since the Ito integral is a martingale with respect to Pf (see Theorem
1 and Lemma 1), the last term of expression 11 is zero. Also note that E (Z'(8)) =

(Y- V)Z) (&(t)). Thus, we obtain the first expression from (8).
Similarly, we can apply the inverse Ito formula to Z (¢,£(t)). Then repeating the steps
above:

YD (8, 6() = Du&(t) = B (B(1) — 2u* (£,£(1)),
C2ut (£, €() = lim ES (“’(t) —wit= 6t>) . 14

- At——+0 ot

Next,

ES (2 (B) + Jim Ef

L "dw
<%> = ((Y?-V)Z) (&(t)) (15)

Thus, we arrive at the second expression from (8)
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HEKOTOPBIE @OPMYVYJIBI J1JI4d BBIYMICJIEHN A
IMTPOM3BOJHBIX B CPE/IHEM

M. KO. Xyodsaxosa, Boponexckuii rocy1apcTBeHHbII yHUBepcuTeT, T. BopoHex,
Poccniickas ®enepariust

B crarbe npomoirkeHo ucciieioBanne TeEOPETUIECKIX BOIIPOCOB, CBA3AHHBIX C HAXO0XK 1€~
HUEM IIPOU3BOHBIX B CPEIHEM CTOXaCTUIECKUX IIPOIeccoB auddy3nonnoro tumna. lokazana
TeopeMa CYIIECTBOBAHUS ITPOU3BOIHON B CPEJIHEM CJieBa Jjist L1-CIydaiiHBIX IIPOIECCOB B
R™ ¢ HenpepbIBHBIMEI BHIOOPOYHBIMU TPACKTOPHUSIME, UCIOJIB3Ysl PABEHCTBO, OCHOBAHHOE Ha,
CBOICTBAaX YCJIOBHOIO MATEMATUIECKOTro oxkumanus. s nuddy3noHHBIX CTOXaCTHIECKAX
poreccoB Uto B R™ 10Ka3aHO COOTHOIIIEHNE, CBI3BIBAIOIIEE IIPOU3BOIHYIO B CPEIHEM CJIEBA
C BEKTOPHBIMHU TTOJISIMU.

Karouesvie caosa: npoudsodnvie 6 cpednem; cmoxacmuveckue duddeperiyuaroroie
YPABHEHUA BTMOP020 NOPAJKG; CMOTACTNUYECKUE AA2e0D0-0UPPHEPEHUUAADHBIE YPAEHEHUA.

Xyodarosa Mapuna FOpvesna, cmydenm, darxysvmem npurksadnoti Mamemamurs, uH-
dopmamury u mexanuku, Boponescexkut eocydapemeennodi yrusepcumem. (2. Boponeoic,
Poccutickasn @edepayus), khudyakova-myu@yandez.ru

Hocmynuana 6 pedarxuyuro 11 saBapst 2026 r.

8 Journal of Computational and Engineering Mathematics



