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OF OPTIMAL CONTROL TO NONSTATIONARY SOBOLEV
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In this paper we prove the existence of a unique optimal and hard control over solutions
of Showalter — Sidorov problem for nonstationary model, which is described by Sobolev
type equations. In this case, one of the operators in the equation is multiplied by a scalar
function of the time-variable, besides stationary equation has a strong continuous degenerate
resolving semigroup of operators.
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Introduction

In bounded domain 2 C R™ with a bound 0f) from class C'*™° consider the boundary

value problem
Ax(s,t) = x(s,t) =0, (s,t) € 02 x [0,T] (1)

for partial differential equations [1]
(A — Az, = v(t) Az — iv(t)dA%z + u. (2)

Here the coefficients A\,d € R describe the parameters of the system, vector function u
responds to external influences on the system and is a function of control.

The equation (2) is the equation of Sobolev type [2|. The Sobolev type equations with
coefficients depending on the time was proposed in [3|. For the first time the optimal control
for stationary Sobolev type equations was considered in [4]. Some technical challenges can
be seen as an optimal control problem for nonstationary Sobolev-type equations [5].

In this paper the optimal control problem for the model (1), (2) are investigated with
the help of abstract results. Let X, ) and 4l be Hilbert spaces. We define the operators L
and M in the following way: L € L(X;9)), M € CI(X;9).

Consider Showalter — Sidorov problem [6]

P(z(0) — z0) =0 (3)
for Sobolev-type equation [2, 7|
Li(t) = a(t)Mx(t) + u(t), (ker L # {0}) t€[0,7]. (4)

Consider the penalty functional

u):az;/ﬂz(q)( — ) |2dt + (1 - ) ZE/@VW u? (1)), dt,  (5)
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where o € (0,1), k =0,1,...,p+ 1, 2 = Cxz, the operator C € L(X;3), and z4 = z4(t, s) is
an observation from some space of observations 3. Operators N, € L(U), ¢ = 0,1, ..., k are
self-adjoint and positive definite operators. Note that a € (0,1) and (1 — «) are weighting
coefficients purposes of optimal control are used to achieve planned targets observable
quantity without abrupt changes (the first term in (5)) and to minimize the resources
spent for the control (the second term in (5)). The application of abstract results obtained
in [8] is represented in this paper.

1. Relatively Radial Operators
Recall the standard notation of the theory of relatively p-radial operators [2].

Definition 1. Sets p/(M) = {u € C: (uL — M)~ € L(;X)} and o% (M) = C\ p~t(M)
are called L-resolvent set and L-spectrum of M, respectively.

Definition 2. Operator-valued functions (uL — M)™', RY(M) = (uL — M)~'L, and
Li(M) = L(uL — M)~" are respectively called resolvent, right resolvent, and left resolvent
of M with respect to L (or briefly L-resolvent, right L-resolvent, and left L-resolvent of M).

Denote
p p .
k=0 k=0

Definition 3. An operator M is called p-radial with respect to an operator L (or briefly
(L, p)-radial), whenever

(i) weRVu >w = pe pt(M);

(i) 3K > 0 Vu > w, k =0,p, Vne N

n n K
max{|[|(R(, ) (M)l ex), | (LG (M) ey} < 5

[T (e — )

k=0

Also denote X° = ker Rf%p)(M), ° = ker L{L’p)(M), Ly=1L N My=M N
Denote a closure of the linear imR(, (M) (imLf, (M)) by X' (9'), and a closure of the
linear X*+HmR}, (M) (Y°HmL(, ,,(M)) in the norm of the space X (2)) by X (D).

Definition 4. Strong continuous mapping V* : Ry — L(V) is called strong continuous
semigroup of solving operators (or Cy-semigroup of solving operators) for some equation

i) VsVt =Vstt Vst > 0;

(i) v(t) = V'uy is the solution of this equation for all vy from dense in V linear;

(iii) s- im Vo =v Yo e V.

t=to

Semigroup {V(t) € L(V) : t € R} is called exponentially bounded with constants

C,w, whenever
30 >0 weR VLeRy |[V(®)|ew) < Ce.
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Theorem 1. Let operator M be (L,p)-radial. Then there exists a strong continuous
semigroup of solving operators for the homogeneous equation (4) such that it is
ezponentially bounded with constants K,w from Definition 4 and a = 1, under review
on the subspace X.

Remark 1. Operators of solving semigroup for equation (4) such that a =1 and ¢t > 0
can be represented as

N\ k g
X' =5 lim ((L — —M> L) = s lim (—R%(M)) :
k—o0 k k—oo \ T %
taking into account the amendments, which are discussed in paper [9].
Remark 2. A unit of the semigroup {X(t) € £(X) : t € R, } is projector P along X° on X'.

Definition 5. An operator M is called strong (L,p)-radial, whenever for all
Aa Koy B1y -5 Hp > w
(i) there exists dense lineal ) in ) such that for all y €9

IMOAL = M) ZE,  (M)ylly < —— W)
) TT (s — w)
k=0
I K

(i) |7

y(M)AL = M) £z <

(e,

(n =) I (- W)

Theorem 2. Let M be strong (L, p)-radial operator. When
Hx=x"0X, 9=9"eY"
(ii) the operators Ly = L' e L(Xk: %), My=M € Cl(Xk; "),

Xk domMj,
domM;, = domM NX*, k=0,1;
(iii) there emist operators My ' € L(D% X°) and L' € L(DL; X1).

2. Optimal Control

Definition 6. A vector function z € H'(X) = {z € Ly(0,7;X) : @ € Ly(0,7;X)} is
called a strong solution of equation (4), whenever it satisfies (4) almost everywhere in the
interval (0, 7). Strong solution z = z(t) of equation (4) is called strong solution to the
Showalter-Sidorov problem (3), (4), whenever it satisfies (3).

Denote Ny = N U {0}. Construct the Hilbert space

HP7(Y) = {y € Ly(0,7;9) : y"™) € L,(0,7;9), p € No}

p+1 7

with the scalar product [y, z] = Z / (y@, Z(q)>gj dt.
q=0 0

Suppose that (L, p)-radial operator M is strong for all zo € X and f € HP™1()). Then,
by results in [8], there exists a unique strong solution z € H'(X) of Showalter — Sidorov
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problem (3) for equation (4) and it has a form

t t t
a(€)d a
2() = X0 Py + / XN L0 (s) + Bu(s))ds—
0

p
(Mg L) Mg (1 - Q)(ADYMA (£(1) + Buft)).
k=0

Consider spaces X :V([)/é(Q), 2 = W, ().

Let A, d € R be fixed, then the operators take the form L = A — A, M = A — idA?,
where A is Laplace operator. It is shown in [1] that operator L € L(i;§), operator
M € Cl(4;F), and domM = {x € W3 (Q) : Az(s,t) = z(s,t) = 0,s € IN}. We denote
by {A\x} the sequence of eigenvalues of the homogeneous Dirichlet problem for Laplace
operator A in €. Sequence {)\;} is index eigenvalues with respect to their multiplicities by
descending. Denote by {(} an orthonormal (in terms of Ly(€2)) sequence of corresponding
eigenfunctions, ¢ € C*(9), k € N.

Lemma 1. Operator M is strong (L, 0)-radial for all \,d € R.
Proof of Lemma 1 is given in [1].

Definition 7. Vector function v € H}(4) is called optimal control of model (1),(2) by
solutions of the problem (3), (4), whenever

J(v) = min  J(u), (6)
(w,u)eXx H(L0)

where pairs (z,u) € X x HA() satisfy (3), (4) and H}(81) is closed, convex subset in
H(LL).

Theorem 3. Let M be strong (L, p)-radial, p € Ny, function a € CP*1([0,7);R,). When
for all xy € X there exists unique optimal control v € HE (88) for model (1),(2) of problem

(3),(5),(6).

3. Numerical Experiment

We calculate minimum of the functional J(u) on the subset of admissible controls
using system of Maple 18 having built-in procedure for finding extrema of functions of
several variables. Let us consider an example, which illustrates the results obtained above.

In domain Q2 = {(s1,82) €ER?:0< 53 <1l;, 0 < 89 <y} consider in a cylinder 2 xR
Dirichlet problem

x(s1, S2,t) = Ax(sy, $2,t) =0 (s1,52,t) € 02 x R
for equation

A=A)zy =v(t) (Az — iA*z) + u

with Showalter — Sidorov condition

P(z(0) — o) = Z (z(0) — o, Vi) Vi

KEN\{l:\ =)}
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Parameters of the equation are defined as follows:
Q:{(51782> €R210§81 S 1,0§82 S 1},
N=2 M=2 \A=31 vi)=——, a=—, C=1I, N,=1L
Initial condition is
xo(81, S2) = sin(mwsy) sin(msy) + sin(27s;) sin(msy) + sin(27s1) sin(27s,),

planned state is
S . : : .
zq(s1, $2,t) = ~1 sin(2msy) sin(mwsy) + sin(wsy) sin(7sg).

The minimum value of the functional J.,;, = 0,2576 on the set of admissible controls
M

which is determined by the condition Y (u?(t) + 43 (t)) < 1.
j=1

Construct a solution x(sy, $2,t) obtained above and planned state z4(sy, s2,t) (see Fig.).

2

0s

0z 04 06 0z 1
sl

-0%

Required observation and solution of the optimal control problem

at s9 = % at the final time
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UNCJIEHHOE PEHHIEHUE 3A/TAYM OIITUMAJIBHOI'O
YIIPABJIEHU Y OJHOM HECTAIIMOHAPHONM MOJIEJIN
COBOJIEBCKOTI'O TUITA B OTHOCHUTEJIBHO
PA/INAJIBHOM CJIVHAE

A.H. IlTyaenos

B pabore paccmorpena Mojesib, OIMUCHIBAEMAs HEKJIACCUYECKUM yPABHEHHEM MaTeMa-
TUYEeCKOU GU3uKU, ¢ KOIDMUITHEHTAMY 3ABUCAIIIIMEI OT BpeMeHu. Takue ypaBHEHUS 9acTo
HA3BIBAIOT YPABHEHUSIMU CODOJIEBCKOTO THUITA, B OTHOCUTEIBLHO PAINATBLHOM CIYYae, T.e. CTa-
IHOHAPHOE ypaBHeHue 00/1a7aeT Pa3peIiaonei CUIbHO HEIPEPhIBHON BBEIPOXK IEHHOM TOIY-
rpynnoit. [lokazano cymecrsoBanne eIUHCTBEHHOIO ONTUMAJIBHOTO YIIPABICHUS PEIEHUs-
mu 3aga4au [Hloyonrepa—Cumoposa Jjis HECTAIMOHAPHON MOJIEIH.

Karoueevte ca06a: onmumasbroe Ynpaeaenue; HeCmayuonapHsie YpasHerus cobosee-
CKO20 MUNG; OMHOCUMENLHO PAOUAALHBIT CAYAT.
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