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In this paper we prove the existence of a unique optimal and hard control over solutions

of Showalter � Sidorov problem for nonstationary model, which is described by Sobolev

type equations. In this case, one of the operators in the equation is multiplied by a scalar

function of the time-variable, besides stationary equation has a strong continuous degenerate

resolving semigroup of operators.
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Introduction

In bounded domain Ω ⊂ Rn with a bound ∂Ω from class C∞ consider the boundary
value problem

∆x(s, t) = x(s, t) = 0, (s, t) ∈ ∂Ω× [0, T ] (1)

for partial di�erential equations [1]

(λ−∆)xt = ν(t)∆x− iν(t)d∆2x+ u. (2)

Here the coe�cients λ, d ∈ R describe the parameters of the system, vector function u
responds to external in�uences on the system and is a function of control.

The equation (2) is the equation of Sobolev type [2]. The Sobolev type equations with
coe�cients depending on the time was proposed in [3]. For the �rst time the optimal control
for stationary Sobolev type equations was considered in [4]. Some technical challenges can
be seen as an optimal control problem for nonstationary Sobolev-type equations [5].

In this paper the optimal control problem for the model (1), (2) are investigated with
the help of abstract results. Let X, Y and U be Hilbert spaces. We de�ne the operators L
and M in the following way: L ∈ L(X;Y), M ∈ Cl(X;Y).

Consider Showalter � Sidorov problem [6]

P (x(0)− x0) = 0 (3)

for Sobolev-type equation [2, 7]

Lẋ(t) = a(t)Mx(t) + u(t), (kerL ̸= {0}) t ∈ [0, τ ]. (4)

Consider the penalty functional

J(u) = α
1∑

q=0

τ∫
0

∥z(q)(t)− z
(q)
d (t)∥2Zdt+ (1− α)

k∑
q=0

τ∫
0

⟨
Nqu

(q)(t), u(q)(t)
⟩
U
dt, (5)
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where α ∈ (0, 1), k = 0, 1, ..., p+ 1, z = Cx, the operator C ∈ L(X;Z), and zd = zd(t, s) is
an observation from some space of observations Z. Operators Nq ∈ L(U), q = 0, 1, ..., k are
self-adjoint and positive de�nite operators. Note that α ∈ (0, 1) and (1−α) are weighting
coe�cients purposes of optimal control are used to achieve planned targets observable
quantity without abrupt changes (the �rst term in (5)) and to minimize the resources
spent for the control (the second term in (5)). The application of abstract results obtained
in [8] is represented in this paper.

1. Relatively Radial Operators

Recall the standard notation of the theory of relatively p-radial operators [2].

De�nition 1. Sets ρL(M) = {µ ∈ C : (µL−M)−1 ∈ L(Y;X)} and σL(M) = C \ ρL(M)
are called L-resolvent set and L-spectrum of M , respectively.

De�nition 2. Operator-valued functions (µL − M)−1, RL
µ(M) = (µL − M)−1L, and

LL
µ(M) = L(µL−M)−1 are respectively called resolvent, right resolvent, and left resolvent

ofM with respect to L (or brie�y L-resolvent, right L-resolvent, and left L-resolvent ofM).

Denote

RL
(λ,p)(M)=

p∏
k=0

RL
λk
(M), LL

(λ,p)(M)=

p∏
k=0

LL
λk
(M), λk∈ρL(M) (k = 0, p).

De�nition 3. An operator M is called p-radial with respect to an operator L (or brie�y
(L, p)-radial), whenever

(i) ∃ω∈ R ∀µ > ω ⇒ µ∈ ρL(M);
(ii) ∃K > 0 ∀µk > ω, k = 0, p, ∀n∈ N

max{∥(RL
(µ,p)(M))n∥L(X), ∥(LL

(µ,p)(M))n∥L(Y)} ≤ K
p∏

k=0

(µk − ω)n
.

Also denote X0 = kerRL
(µ,p)(M), Y0 = kerLL

(µ,p)(M), L0 = L

∣∣∣∣
X0

, M0 = M

∣∣∣∣
domM∩X0

.

Denote a closure of the linear imRL
(µ,p)(M) (imLL

(µ,p)(M)) by X1 (Y1), and a closure of the

linear X0+̇imRL
(µ,p)(M) (Y0+̇imLL

(µ,p)(M)) in the norm of the space X (Y) by X̃ (Ỹ).

De�nition 4. Strong continuous mapping V • : R+ → L(V) is called strong continuous
semigroup of solving operators (or C0-semigroup of solving operators) for some equation

(i) V sV t = V s+t ∀s, t > 0;
(ii) v(t) = V tv0 is the solution of this equation for all v0 from dense in V linear;
(iii) s- lim

t→t0
V tv = v ∀v ∈ V .

Semigroup {V (t) ∈ L(V) : t ∈ R+} is called exponentially bounded with constants
C, ω, whenever

∃C > 0 ∃ω ∈ R ∀t ∈ R+ ∥V (t)∥L(V) ≤ Ceωt.
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Theorem 1. Let operator M be (L, p)-radial. Then there exists a strong continuous
semigroup of solving operators for the homogeneous equation (4) such that it is
exponentially bounded with constants K,ω from De�nition 4 and a ≡ 1, under review
on the subspace X̃.

Remark 1. Operators of solving semigroup for equation (4) such that a ≡ 1 and t > 0
can be represented as

X t = s- lim
k→∞

((
L− t

k
M

)−1

L

)k

= s- lim
k→∞

(
k

t
RL

k
t

(M)

)k

,

taking into account the amendments, which are discussed in paper [9].

Remark 2. A unit of the semigroup {X(t) ∈ L(X̃) : t ∈ R+} is projector P along X0 on X1.

De�nition 5. An operator M is called strong (L, p)-radial, whenever for all
λ, µ0, µ1, ..., µp > ω

(i) there exists dense lineal
◦
Y in Y such that for all y ∈

◦
Y

∥M(λL−M)−1LL
(µ,p)(M)y∥Y ≤ const(y)

(λ− ω)
p∏

k=0

(µk − ω)

;

(ii) ∥RL
(µ,p)(M)(λL−M)−1∥L(Y;X) ≤

K

(λ− ω)
p∏

k=0

(µk − ω)

.

Theorem 2. Let M be strong (L, p)-radial operator. When
(i) X = X0 ⊕ X1, Y = Y0 ⊕Y1;

(ii) the operators Lk = L

∣∣∣∣
Xk

∈ L(Xk;Yk), Mk =M

∣∣∣∣
domMk

∈ Cl(Xk;Yk),

domMk = domM ∩ Xk, k = 0, 1;
(iii) there exist operators M−1

0 ∈ L(Y0;X0) and L−1
1 ∈ L(Y1;X1).

2. Optimal Control

De�nition 6. A vector function x ∈ H1(X) = {x ∈ L2(0, τ ;X) : ẋ ∈ L2(0, τ ;X)} is
called a strong solution of equation (4), whenever it satis�es (4) almost everywhere in the
interval (0, τ). Strong solution x = x(t) of equation (4) is called strong solution to the
Showalter-Sidorov problem (3), (4), whenever it satis�es (3).

Denote N0 ≡ N ∪ {0}. Construct the Hilbert space

Hp+1(Y) = {y ∈ L2(0, τ ;Y) : y(p+1) ∈ L2(0, τ ;Y), p ∈ N0}

with the scalar product [y, z] =

p+1∑
q=0

τ∫
0

⟨
y(q), z(q)

⟩
Y
dt.

Suppose that (L, p)-radial operatorM is strong for all x0 ∈ X and f ∈ Hp+1(Y). Then,
by results in [8], there exists a unique strong solution x ∈ H1(X) of Showalter � Sidorov
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problem (3) for equation (4) and it has a form

x(t) = X

t∫
0

a(ζ)dζ
Px0 +

t∫
0

X

t∫
s
a(ζ)dζ

L−1
1 Q(f(s) +Bu(s))ds−

−
p∑

k=0

(M−1
0 L0)

kM−1
0 (I−Q)(AD)kA (f(t) + Bu(t)) .

Consider spaces X =
◦
W1

2(Ω), Y = W−1
2 (Ω).

Let λ, d ∈ R be �xed, then the operators take the form L = λ − ∆,M = ∆ − id∆2,
where ∆ is Laplace operator. It is shown in [1] that operator L ∈ L(U;F), operator
M ∈ Cl(U;F), and domM = {x ∈ W 3

2 (Ω) : ∆x(s, t) = x(s, t) = 0, s ∈ ∂Ω}. We denote
by {λk} the sequence of eigenvalues of the homogeneous Dirichlet problem for Laplace
operator ∆ in Ω. Sequence {λk} is index eigenvalues with respect to their multiplicities by
descending. Denote by {φk} an orthonormal (in terms of L2(Ω)) sequence of corresponding
eigenfunctions, φk ∈ C∞(Ω), k ∈ N.

Lemma 1. Operator M is strong (L, 0)-radial for all λ, d ∈ R.

Proof of Lemma 1 is given in [1].

De�nition 7. Vector function v ∈ H1
∂(U) is called optimal control of model (1),(2) by

solutions of the problem (3), (4), whenever

J(v) = min
(x,u)∈X×H1

∂(U)
J(u), (6)

where pairs (x, u) ∈ X × H1
∂(U) satisfy (3), (4) and H1

∂(U) is closed, convex subset in
H1(U).

Theorem 3. Let M be strong (L, p)-radial, p ∈ N0, function a ∈ Cp+1([0, τ);R+). When
for all x0 ∈ X there exists unique optimal control v ∈ Hp+1

∂ (U) for model (1),(2) of problem
(3),(5),(6).

3. Numerical Experiment

We calculate minimum of the functional J(u) on the subset of admissible controls
using system of Maple 18 having built-in procedure for �nding extrema of functions of
several variables. Let us consider an example, which illustrates the results obtained above.

In domain Ω = {(s1, s2) ∈ R2 : 0 ≤ s1 ≤ l1, 0 ≤ s2 ≤ l2} consider in a cylinder Ω×R
Dirichlet problem

x(s1, s2, t) = ∆x(s1, s2, t) = 0 (s1, s2, t) ∈ ∂Ω× R

for equation

(λ−∆)xt = ν(t)
(
∆x− i∆2x

)
+ u

with Showalter � Sidorov condition

P (x(0)− x0) =
∑

k∈N\{l:λl=λ}

⟨x(0)− x0, ψk⟩ψk.
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Parameters of the equation are de�ned as follows:

Ω = {(s1, s2) ∈ R2 : 0 ≤ s1 ≤ 1, 0 ≤ s2 ≤ 1},

N = 2, M = 2, λ = 3π2, ν(t) =
1

t+ 1
, α =

8

10
, C = I, Nq = I.

Initial condition is

x0(s1, s2) = sin(πs1) sin(πs2) + sin(2πs1) sin(πs2) + sin(2πs1) sin(2πs2),

planned state is

zd(s1, s2, t) = −5

4
sin(2πs1) sin(πs2) + sin(πs1) sin(πs2).

The minimum value of the functional Jmin = 0, 2576 on the set of admissible controls

which is determined by the condition
M∑
j=1

(u2j(t) + u̇2j(t)) 6 1.

Construct a solution x(s1, s2, t) obtained above and planned state zd(s1, s2, t) (see Fig.).

Required observation and solution of the optimal control problem

at s2 =
1
2 at the �nal time
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×ÈÑËÅÍÍÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È ÎÏÒÈÌÀËÜÍÎÃÎ
ÓÏÐÀÂËÅÍÈß ÎÄÍÎÉ ÍÅÑÒÀÖÈÎÍÀÐÍÎÉ ÌÎÄÅËÈ
ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ Â ÎÒÍÎÑÈÒÅËÜÍÎ
ÐÀÄÈÀËÜÍÎÌ ÑËÓ×ÀÅ

À.Í. Øóëåïîâ

Â ðàáîòå ðàññìîòðåíà ìîäåëü, îïèñûâàåìàÿ íåêëàññè÷åñêèì óðàâíåíèåì ìàòåìà-

òè÷åñêîé ôèçèêè, ñ êîýôôèöèåíòàìè çàâèñÿùèìè îò âðåìåíè. Òàêèå óðàâíåíèÿ ÷àñòî

íàçûâàþò óðàâíåíèÿìè ñîáîëåâñêîãî òèïà â îòíîñèòåëüíî ðàäèàëüíîì ñëó÷àå, ò.å. ñòà-

öèîíàðíîå óðàâíåíèå îáëàäàåò ðàçðåøàþùåé ñèëüíî íåïðåðûâíîé âûðîæäåííîé ïîëó-

ãðóïïîé. Ïîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî îïòèìàëüíîãî óïðàâëåíèÿ ðåøåíèÿ-

ìè çàäà÷è Øîóîëòåðà�Ñèäîðîâà äëÿ íåñòàöèîíàðíîé ìîäåëè.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå; íåñòàöèîíàðíûå óðàâíåíèÿ ñîáîëåâ-

ñêîãî òèïà; îòíîñèòåëüíî ðàäèàëüíûé ñëó÷àé.
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