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Many important natural processes involving the motion of a fluid with a free surface in
a gravitational field and characterized by a negligibly small vertical scale compared to the
horizontal scale, for example, modeling tidal waves, flood flows, and tsunamis, are described
by the shallow water equations. The article is devoted to studying the question of obtaining
a priori estimates in Sobolev spaces for solutions to an initial-boundary value problem
for a quasi-hydrodynamic system of equations in the shallow water approximation. These
estimates to some extent characterize the behavior of a solution as ¢ — co. We assume
that a solution to the problem exists globally in time and is regular, i.e.; all generalized
derivatives occurring into equations exist and summable to some power. The proofs of a
priori estimates rely on the embedding theorem, interpolation properties of Sobolev spaces
and, in particular, interpolation inequalities of various types.
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Introduction

We consider the following system of quasihydrodynamic equations in the shallow water
approximation (see paragraph 3.1 in [1]):

a—]z + div (hdl) = div (hd), @ = 7((@, V)@ + gVh),
a(hil)
ot

2
+div (ht ® @) + gV (%) = 2div (vho (1)) + div (hil @ U + hil @ W),

(t,x) € Q= (0,T)x G, GCR*: (1)
— where the strain rate tensor ¢ is of the form:
1 1

G is a bounded domain with boundary I" € C?, the fluid kinematic viscosity coefficient v
and the characteristic relaxation time 7 are positive constants. Let S = (0,7') x I'. The
vector 4 = (Uy(t, x1,x2),Us(t, x1,22)) is the height-averaged flow velocity. The function
h = h(t,x1,x2) is interpreted as the vertical distance from the flat bottom of the water
body, located in the zjoxs plane, to the free surface of the fluid. The system includes
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Galileo’s constant g = 9.8 (m/c?), equal to the modulus of the free fall acceleration in the
Earth gravitational field. The symbols div and V stand for the divergence and gradient,
respectively.

The system (1) is supplemented with initial-boundary conditions

ﬁ|5’ - 07 (U_j : 17)|5' - 07 ﬁ|t:0 = ﬁo: h|t:0 = hO? (2>

where 7/ is the vector of the outward unit normal to I'. Note that the second condition in
(2) implies that 2%(g = 0.

Many important natural processes involving the motion of a fluid with a free surface
in a gravitational field and characterized by a negligibly small vertical scale compared
to the horizontal scale, for example, modeling tidal waves, flood flows, and tsunamis,
are described by the shallow water equations [2—4]. The system of quasihydrodynamic
equations in shallow water theory (1) is an analogue of the Saint-Venant equation [1], which
is a system of nonlinear hyperbolic partial differential equations that approximate the
complete system of Euler equations [5,6], and the analogue of which in gas dynamics is the
quasigasdynamic system of equations derived by Elizarova T.G. and Chetverushkin B.N.
[7,8]. The derivation of the Saint-Venant equations and their detailed analysis are presented
in [9-11]. It should be noted that a large part of the literature is devoted to the study
of the issues of existence and uniqueness of solutions of the Saint-Venant equations [12-
16]. In the article [12]|, the authors investigate the uniqueness of a classical solution to
the system of one-dimensional Saint-Venant equations. The local and global existence of
classical solutions for dissipative shallow water equations are considered in [13] and [14],
respectively. In [15] the Cauchy problem for one-dimensional Saint-Venant equations is
studied using a topological approach based on the theory of the sum of two fixed point
operators in Banach spaces. The results of the study of the questions of existence and
uniqueness of regular solutions in Sobolev classes of initial-boundary value problems for
a quasihydrodynamic system of equations in the shallow water approximation in the two-
dimensional case are presented in [16]. In the works of Lyapidevskii V.Y., Chesnokov A.A.
and others, models are analyzed that reflect the influence of inhomogeneities of the velocity
and density fields on the structure of waves in stratified and multiphase flows described
by hyperbolic systems of differential and integrodifferential equations in the shallow water
approximation [17,18]. It should be noted that the development and elaboration of models
of layered fluid motion were significantly influenced by the work of Ovsyannikov L.V.,
devoted to the study of models of two-layer shallow water [19]. Some results of numerical
solution of problems in the shallow water approximation are presented in [20-22|. We can
refer also to the articles by Teshukov V.M. [23,24]. Despite the fact that the equations in
the shallow water approximation have been studied in considerable depth, it appears that
there are no theoretical results addressing the issues of generalized solvability of initial-
boundary value problems for regularized Saint-Venant equations. The authors aim to fill
this gap in this work. We will consider the system of quasihydrodynamic equations in the
shallow water approximation for the two-dimensional case (see paragraph 3.1 in [1]) and
obtain a priori estimates that, to some extent, characterize the behavior of a solution in
the Sobolev classes of the initial-boundary value problem as ¢t — oo.
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1. Preliminaries

First, we present some definitions. As usually, the expression (u,v) stands for the
inner product in the space Lo(G), i. e., (u,v) = [u(z)v(z)dr. We use the same
G

notation (unless otherwise specified) in the case of the space Ly(G) of vector-functions

@ = (u1,us). Sometimes we also use the notation « - ¥ which denotes the inner product

in R2. Thus, for vectors @, 7 we have (¢,0) = [@-Udx. Let E be a Banach space. By
G

L,(G;E) (G is a domain in R"), we mean the space of measurable functions defined
on G with values in £ and the finite norm |/||u(z)| g| z,(@). The notations for Sobolev
spaces W3 (G), W3(Q), etc. are standard (see [25]). We also use the anisotropic Sobolev

spaces W5 (Q) = L,(G; W3 (0,T))NL,(0,T; W} (G)). Definitions of Hélder spaces C*#(Q),
C*(Q), etc. can be found, for example, in [26]. We consider all spaces and coefficients of
the equation (1) to be real. To simplify the notation, we denote the spaces of vector-
functions and scalar functions by the same symbol and the membership ' € W (G) of the
vector-function v means that each coordinate of this vector-function belongs to W (G).
By the norm of a vector, we mean the sum of the norms of coordinates, unless otherwise
stated.

The definitions validate the equalities
div(h(d — @) @ @) = h(d — @, V)i + hdiv(d — @)id + Vh - (4 — @), (3)

div(hil ® @) = h(il, V)i + hdivii & + Vh - i . (4)

Next, we use the representations

div(6(@)) = At + V(divid), (5)
2 2
div(hé (i) = hdive (@) + H, H = () ha,0i1, > ha,0i2)" (6)
=1 =1

We assume below that hg € Wy /7 (G) (p > 4). In this case the embedding theorems
[25] yield hy € C*=4P(G), put mg = inf,eq ho(x), My = sup,.q ho(z).

The proof of existence and uniqueness of a regular solutions to the problem (1), (2) is
exhibited in [16]:

Theorem 1. Let @iy € Wy P(G), dolr = 0, ho € Wy 7P(G) (p > 4), holz) > 0 in Q,
%\p = 0. Then there is a constant qo > 0 independent of the data iy, hg such that if

- My 1 My,
[0 | 20w () (Mo + o + %) + WOHUOH%OO(G) <

in G, where the constants My, mg are such that My > ho(x) > mg > 0 for almost all
x € G, then on some interval [0, | there exists a solution to the problem (1), (2) such that
w,h € Wy*(Q™) and h(t,z) > 0 in Q, where Q* = (0,7) x G. If (i, h1), (ta, hs) are
two solutions of the problem (1), (2) and there is a constant 6y > 0 such that h;(t,z) > do
(Z = 1,2), then 17:1 = ’JQ, hl = hg.
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2. Main Results

Theorem 2. Let the data of the problem g, hg satisfy the conditions of Theorem 1, the
solution of the problem (1), (2) exists globally in time and is regular, i.e. @, h € W}*(Q")
for each T > 0. If h >0 in Q = (0,00) X G, then the following equality holds:

0 |a]|? g h? 2 —
a/(7h-|— = )dx+ - /h\w[ dx+/Zawhdx 0,t € (0,00),

a G 2,7=1

1
045 = i(ule + uj%’)

and, respectively, the estimate

t>0

max/(Wh +gh*)de < /(wo\?ho +gh2)dr =M.
G G

If there are constants mg < My such that My > h(t,z) > my > 0 almost everywhere,
then the following estimate is valid:

16 Ly0,00wi iy + 19V R+ (@ V)] Ly q) < CL(M),

] Lo 0,00:L2(@) F 1]l Loc(0,0022(G)) < Ca(M), (7)
(@, V)| Ly (0,005 (@) < C3(M), po € [1,2), qo = 2po/(3po — 2),
HVhHM(O,OO;Ll(G)) < 04(M)7

where the constants C; depend only on the value M, the Lebesque measure u(G) of the
domain G, T and the norms of the initial data.

Proof. We multiply the equations in (1) by h, @, respectively, and integrate the result
over G. From the first equation of the system (1) we have:

(ght, h) — (hti, Vh)g + g(hw, Vh) = 0. (8)

hyil o [ i
(hily, @) + (%”ﬁ) = a/%hd:p. (9)
G

From the second equation of the system it follows that

3 -0, 52).

+ (h(€, V)i, W) + g ( vh ) — (h(d — W, V)u,u) + /Zafjhdx =0. (10)
G

Next, we infer

2
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Denote vl
(Mw—u) f‘) (Wil — 5, V)i, ). (11)
and rewrite ( as follows:
0 U . oo , Vh? 2
§/¥?' # 0@ 90+ (55 ) + [ Sognar =0
G

Adding (12) to (8), multiplied by g, we obtain that

2 2 h2
2/ (M h + g_) dx + (h(u, V)i, W) + g (6, V_) — (hi, Vh)g + (hi, Vh)g+

ot 2
G
—l—/ZU?jhdx. (13)
G
Thus, we arrive at the equality

9 |af® gh? 2 2
5% ( h+=—/ 5 dxr + — /h\w\ dx+/20ijhdx:0. (14)
G

G

If there exist constants mg < My such that My > h(t,z) > my > 0 almost everywhere,
then, using Proposition 1.2 §1.1.3 in [27|, we obtain the inequality

9 2 B2 h
aﬁ/(w‘h+%;)¢p3/(ﬁwf+mwmvm”+wm)wws0. (15)
G

Integrating this inequality with respect to ¢, we obtain the estimates

h
mtax/|2_[|2h+gh2dx+/ (—|1B|2+moco(\Vﬁ|2+W|2> dxdt <
T
G Q

2 /(\uB\Qho +ghg)dr =M. (16)

G
As a result, we can conclude that
18] oo 0.00:L2(G)) + 1] Lo 0.005L2(6)) < C1(M), (18)

where C(M) is some constant depending on M, 7. Proceed with the remaining estimates.
The Hélder inequality yields

1@, V)l L,y ) < IVl Lo - [l 2pg0(c)s (19)

where ¢ = ﬁ. Assume that pg € [1,2). If po > 1, then we use the embedding theorem [25]:
W3 (G) C L.(G),r =2py/(2—po) with s = 2(po—1)/po. The inequality s < 1 is equivalent
to the inequality py < 2. From (19), it follows the estimate

1@, V)il L,y () < CLllVEl Loy - 1llws ) - (20)

16 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

Now we estimate the last factor using the interpolation inequality:
1llws ) < Claliys ey - 191l 6)- (21)
The inequality (20) implies that
(@ V)l L,y < Cllillye - 1l (22)

In the case of py = 1 we have an inequality (i.e. we do not use the embedding theorem)

The estimates (18), (22), (23) validate the inequality

(@, V)|, ) < ClVill Ly - |17l Lo (23)

/qo
N N 1+s
. V)l g0 0120y 0 < o / e i) (24)

where we choose qo(1 + s) = 2, i.e. go = 2po/(3po — 2), po € [1,2). Thus, we have

H(u v)“Hqu(OOOLpo(G) 03( )7 Do € [172)7 qo = 2p0/(3p0 - 2) (25)

In view of (17), we derive the inequality

| Lo@y = (G20 Ly = ol VAlL@) — cill(w, V)ullrye)

where the triangle inequality and Holder’s inequality are involved, ¢; are positive constants.
From here we obtain the inequality

VAl @) < callwlliye) + esll(u, V)ullL, @),

which implies the estimate (see (25), (17))
IVl Lo0.00:20)) < €2l|wlla,0022(0)) + sl V)t La0,00m0(6)) < C3(M). (26)

Conclusions

The questions of obtaining a priori estimates in Sobolev spaces for solutions to
an initial-boundary value problem for a quasi-hydrodynamic system of equations in the
shallow water approximation are examined. These estimates to some extent characterize
the behavior of a solution as ¢t — oo. It is assumed that a solution to the problem
exists globally in time and is regular, i.e., all generalized derivatives occurring into
equations exist and summable to some power. The proofs of a priori estimates rely on
the embedding theorem, interpolation properties of Sobolev spaces and, in particular,
interpolation inequalities of various types.
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HEKOTOPBHBIE OILIEHKU PETr'VJIAPHBIX PEIITEHU
HAYAJIBHO-KPAEBOI 3AJTAYN

TJIA KBABUTUIPOINHAMUNYECKOI CUCTEMBI
B [IPUBJINKEHU MEJIKOI BO/bI

®. A. Escees', C. I. I[Tamxos®

'Hay4Ho-anaaunTu4ecKuii IIeHTP PAIIOHAIBHOTO HEJPOIIOIb30BAHIA
nMm. B.Y. Hnounsmana, r. Xaarel-Mancniick, Poccuiickag ®enepariud,
2IOropckuii rocy1apcTBeHHbIH YHUBEPCUTET, I. XaHThl-Mamncuiick,
Poccniickas ®enepariust

Muorue ecTecTBEHHBIE TPOIECCHI, CBSI3aHHBIE C OMMCAHUEM IBUKEHUS YKUJIKOCTH CO
CBODOIHOM TIOBEPXHOCTHIO B TPABUTAIMOHHOM II0JI€ U XapPAKTEPHU3YIOMIUeCs HUITOXKHO Ma-
JIBIM BEPTHUKAJILHBIM MACIITAO0M IT0 CPABHEHHUIO ¢ TOPU30HTAJILHBIM, HAIIPUMED, MOJAEIUPO-
BaHWe NMPUWJINBHBIX BOJIH, HABOJIHEHUI, I[yHAMHU OMMCHIBAIOTCS YPABHEHUSIMHI MEJIKOM BOJBI.
CraTbs MOCBSIIEHA I0JIyY€HUIO allPUOPHBIX OIIEHOK B IpocrpancTBax CoboJieBa sl pere-
HUI OJHOII HAYAJIbHO-KPAEBOU 3a/1a4u JjId KBA3UTUAPOAUHAMAYECKONA CUCTEMbl yPABHEHUI
B npubJimzkeHun MeJikoit Bojpbl. OIeHKN B HEKOTOPOI CTEIeHN XapaKTePU3yIOT MTOBEIEHNE
pertennii ipu ¢ — 00. MBI IpejoaraeM, 9To pelleHne 3aaqu CyIecTBYeT IJI00aIbHO 110
BPEMEHHU U SIBJISIETCSI PErYJISIPHBIM, T.€., Bce 0000IIEHHbIE IIPOU3BOIHBIE, BXOISIINE B YPAB-
HeHne, CYIEeCTBYIOT U CyMMHUPYEMbBI C HEKOTOPOM cTemeHnbio. JlokaszaTebCcTBa OMHIPAIOTCST
Ha TeOPEMbI BJIOXKEHHsI, THTEPIIOJISAIMOHHbIE CBOcTBa pocTpancTB CobosieBa, B 4aCTHOCTH,
Ha UHTEPIIOJIAIMOHHBIE HEDABEHCTBA PA3/IMYHBIX TUIIOB.

Karouesvie cao6a: Ha4aAbHO-KpAEBas 300a4a; K6a3ULUIPOOUHAMUMECKAS CUCTIEMA,

NPubAUHCEHUE MEAKOT 800Dl CYW,LCTNEOBAHUE; ATPUOPHBLE OUEHKU.
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