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The question of �nding the numerical solutions of optimal control problems in

mathematical models based on the degenerate semilinear equations of mathematical physics

is one of the most important. It is so because of a large number of applications of such

problems. In the case of non-linear state equation the search for the numerical solution of

optimal control problem becomes more di�cult. A lot of initial-boundary value problems

for the equations and the systems of equations which are not resolved with respect to time

derivative are considered in the framework of abstract Sobolev type equations that make up

the vast �eld of non-classical equations of mathematical physics. We are interested in the

optimal control problem to solutions of the Showalter � Sidorov problem for the semilinear

Sobolev type equation. The article proposes to use a decomposition method, allowing to

linearize a non-linear equation, and the penalty method, which allows to �nd an approximate

solution of the problem. Our numerical method is based on the Galerkin method, and the

method of decomposition. Using it we �nd approximate solutions of optimal control problem

for the Ho� mathematical model and the generalized mathematical model of deformation

of the structure of I-beams.

Keywords: the Sobolev type equation; optimal control; the Showalter � Sidorov problem;

the Galerkin method; decomposition method.

Introduction

The need for constructing and examination of mathematical models is growing due to
the high rate of production and technology. The possibility of studying the process using
a mathematical modelling is quite relevant because the conducting of natural experiments
is expensive. A large class of mathematical models is based on non-classical semilinear
partial di�erential equations that are not solved for the derivative of time. Now equations,
which are not solved for the time derivative, are called the Sobolev-type equations. This
tradition takes place in the native works [1�6], and the foreign ones, e.g., [7]. As a rule,
the processes in mechanics, engineering and manufacturing are controllable. The study of
external in�uence on the studied process, using which it is possible to achieve the desired
result, plays a special role.

Consider optimal control
J(x, u) → min (1)

by solutions of the Showalter � Sidorov problem

L(x(0)− x0) = 0 (2)

for the semilinear Sobolev type equation

L
.
x +

k∑
j=1

Nj(x) = u. (3)
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Here J(x, u) is some specially constructed quality functional; the control u ∈ Uad, where
Uad is some closed convex set in the space of controls, which is denoted U. Linear optimal
control problem for the Sobolev type equation with initial Cauchy condition was �rst posed
and studied by G.A. Sviridyuk and A.A. Efremov [8]. The work [9] is dedicated to the
study of optimal control problems for the linear Sobolev type equations with initial-�nal
condition. The study of optimal control problems for the Sobolev type equations of high
order was begun in [10]. Recently there were applications of optimal control problems for
the Leontief type systems [11,12] to the problems of dynamic measurements, see [13,14].

In [15] it is shown that condition (2) for equation (3) is more natural and allows to
avoid di�culties associated with the study of the Cauchy problem. The Showalter � Sidorov
condition is a direct generalization of the Cauchy condition. The initial-�nal condition is
more general initial condition for the linear Sobolev type equations than condition (2),
see [16]. The application of the Showalter � Sidorov condition (2) led to a simpli�cation of
numerical studies of the Leontief type systems [11], and its optimal control problems [12].

The using of the decomposition method for �nding the numerical solution of optimal
control problem was proposed in the monograph [17]. This method allows to linearize the
state equation and to transfer the whole phenomenon of non-linearity to the functional.
Research and construction of numerical methods for solving optimal control problems
come to the fore due to the development of modern computing technology. The work [11]
is devoted to the constructing of algorithm of numerical solution of linear optimal control
problems. Obtaining of analytical solution or distribution of existing approaches for �nding
numerical solutions of optimal control problems in nonlinear degenerate model is not
always possible. The numerical method based on the Galerkin method and the method of
decomposition is constructed in the paper. Using our method one can �nd approximate
solutions of the optimal control problem (1) � (3). On the basis of this method we �nd
approximate solutions of optimal control problem for the Ho� mathematical model [18] and
the generalized mathematical model of deformation of the structure of the I-beams [19].

1. Optimal Control Problem

LetH = (H; ⟨·, ·⟩) be a real separable Hilbert space identi�ed with its dual. Let (H,H∗)
and (Bj,B

∗
j), j = 1, k, k ∈ N be dual (with respect to the duality ⟨·, ·⟩) pairs of re�exive

Banach spaces, moreover, let the embeddings

H ↪→ Bk ↪→ ... ↪→ B1 ↪→ H ↪→ B∗
1 ↪→ ... ↪→ B∗

k ↪→ H∗

be dense and continuous, and enclosure

H b H

be compact. Let L ∈ L(H;H∗) be a linear self-adjoint positive semide�nite Fredholm
operator orthonormal (in the sense of H), set {φk} of eigenvectors be a basis in the
space H. In further, let Nj ∈ Cr(Bj;B

∗
j), j = 1, ...k, be an s-monotone operators (i.e.⟨

N
′
jyx, x

⟩
> 0, ∀x, y ∈ Bj\{0}) and a pj-coercive operator (i.e. ⟨Nj(x), x⟩ ≥ CN∥x∥pj

and ∥Nj(x)∥∗ ≤ CN∥x∥pj−1 for some constants CN , CN ∈ R+ and pj ∈ [2,+∞) and for
any x ∈ Bj, where ∥ · ∥, ∥ · ∥∗ are the norms in the spaces Bj and B∗

j , respectively),
where pk = max

j
pj. For smooth operator Nj : Bj → B∗

j , strong monotonicity implies

s-monotonicity, and s-monotonicity implies strict monotonicity [20].
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Consider the Showalter � Sidorov problem (2) for the semilinear Sobolev type
equation (3). Let T ∈ R+. Consider the space U = Lqk(0, T ;B

∗
k), p

−1
k + q−1

k = 1, and
de�ne a closed convex set Uad ⊂ U. Consider the optimal control problem (1) by the
solutions of problem (2), (3), where cost functional is given as

J(x, u) = β

T∫
0

∥x(t)− zd(t)∥pkBk
dt+ (1− β)

T∫
0

∥u(t)∥2H dt, β ∈ (0, 1), (4)

where zd = zd(t) � wishful state of the system, which we need to achieve using the control.
Consider the space

X = {x|x ∈ L∞(0, T ; coimL) ∩ Lpk(0, T ;Bk),
dx

dt
∈ L2(0, T ;H)}.

De�nition 1. A pair (x̃, ũ) ∈ X× Uad is called a solution of problem (1) � (3), if

J(x̃, ũ) = inf
(x,u)

J(x, u)

and every (x, u) satis�es (2), (3), and vector ũ is called an optimal control.

Theorem 1. [18] For an arbitrary x0 ∈ H, T ∈ R+ there exists solution of problem
(1) � (3).

In monograph [17] it was proposed to use the decomposition method to �nd numerical
solution of the optimal control problem. This method allows to linearize the state equation
and to extend a phenomenon of nonlinearity to the functional. Let us linearize the equation
in (3) using an additional variable in the state equation. To this end let x = x(u, v) =
x(t, u, v) be a solution of linear problem with respect to vector-function x

Lẋ+
k∑

j=1

Nj(v) = u, x(u, v) = v, L(x(0)− x0) = 0, u ∈ Uad, v ∈ Lpk(0, T ;Bk). (5)

Therefore the optimal control problem (1) � (3) with the penalty functional (4) is
equivalent to the problem (1), (5) with the functional

Jθ(x, u, v) = θ · β
T∫

0

∥x(t)− zd(t)∥pkBk
dt+

+(1− θ) · β
T∫

0

∥v(t)− zd(t)∥pkBk
dt+ (1− β)

T∫
0

∥u(t)∥2H∗ dt, θ ∈ (0, 1).

(6)

Theorem 2. [21] For any x0 ∈ H, T ∈ R+ there exists the solution of optimal control
problem (1), (5).

Consider the problem of �nding an approximate solution of problem (1), (5). To this
end we use the penalty method [17] and consider the system of states

Lẋ+
k∑

j=1

Nj(v) = u, L(x(0)− x0) = 0, u ∈ Uad, v ∈ Lpk(0, T ;Bk) (7)
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and the optimal control problem

Jε
θ (x, u, v) → min (8)

with the penalty functional in the following form:

Jε
θ (x, v, u) = θ · β

T∫
0

∥x(t)− zd(t)∥pkBk
dt+ (1− θ) · β

T∫
0

∥v(t)− zd(t)∥pkBk
dt+

+(1− β)
T∫
0

∥u(t)∥2B∗
k
dt+ rε

T∫
0

∥x(t, v, u)− v(t)∥2H dt.

(9)

where (x, v, u) � is a solution of the problem (7), and rε → 0+ is a parameter of �ne.

Theorem 3. [21] For any x0 ∈ H, T ∈ R+, ε > 0 there exists the solution (xε, vε, uε) of
the problem (7), (8).

Theorem 4. [21] For any x0 ∈ H, T ∈ R+ and when ε → 0+ there exists the sequence
{vε, uε} such that

vε → ṽ, uε → ũ,

where the pair (ṽ, ũ) = (x̃, ũ) � solution of the problem (1) � (3).

2. Algorithm for the Numerical Method

We are interested in the process of the control of solutions of the Showalter � Sidorov
problem (2), (3). Our goal is to �nd the approximate solution of optimal control problem
(1) by the solutions of problem (2), (3), where cost functional is given as (4). Let us
describe the algorithm for the numerical solution of the problem (1) � (3). This algorithm
is based on the modi�ed Galerkin � Petrov method and the Ritz method.

Let σ(L) be spectrum of the operator L. Because of the properties of the operator L,
its spectrum σ(L) is non-negative, discrete, �nite multiplicity and thickens only to +∞.
Let {λi} be the set of the eigenvalues, which are numbered in non-decreasing according to
multiplicity. Let {φi} be the set of the corresponding eigenfunctions which are orthonormal
with respect to the scalar product < ·, · > from H. They form an orthonormal basis in the
space H.

Let us �nd an approximate solution x̃(s, t) of problem (2), (3) as the sum

x̃(s, t) = xm(s, t) =
m∑
i=1

ai(t)φi(s), (10)

where m ∈ N, m > l, l = dimkerL (to take into account the e�ects of the reduced
equation).

We represent the right side of equation (3) as

ũ(s, t) =
m∑
i=1

< u(s, t), φi(s) > φi(s) =
m∑
i=1

ui(t)φi(s). (11)
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We substitute Galerkin sums (10) and (11) to equation (3). So we get a system of nonlinear
di�erential equations

⟨Lxm
t , φi⟩+

⟨
k∑

j=1

Nj(x
m), φi

⟩
= ⟨u, φi⟩ , i = 1, ...,m. (12)

Here, depending on the parameter λ, the equations of this system can be di�erential
or algebraic. Because of nonlinearity of the equations, we can not obviously obtain the
dependence aj(t) from ai(t), i = 1, ...,m, i ̸= j and ui(t), i = 1, ...,m. In contradiction
to the linear case, this does not allow us to solve the problem of �nding the functional
minimum with respect to ui(t), i = 1, ...,m. Therefore before performing of consecutive
approximations of the Galerkin � Petrov method we do the following. First we decompose
equation (2) such that to linearize this equation. After that we introduce the penalty
functional, which allows to �nd an approximate solution of the original problem. To this
end we introduce in equation (3) an unknown function v(s, t) such that

L
.
x +

k∑
j=1

Nj(v) = u, x(s, t) = v(s, t). (13)

The equations in (13) are linear with respect to the function x(s, t). By the second equality
in (13), the penalty functional (4) is equivalent to the functional (6). By the theorem 2,
the solution of problem (1) � (3) with penalty functional (4) is equivalent to the solution
of problem (1), (2), (13) with penalty functional (6).

To �nd the required approximate solution we use the penalty method. Let the penalty
functional be in the form (9). Then our problem reduces to �nding triples of minimizing
functions (x, v, u). Represent ṽ(s, t) as a sum

ṽ(s, t) = vm(s, t) =
m∑
i=1

vi(t)φi(s). (14)

Substitute Galerkin sums (10), (11), (14) in equation (13). We get the di�erential equation

L
.

x̃ +
k∑

j=1

Nj(ṽ) = ũ. (15)

Then, scalar in H we multiply resulting equation (15) on the eigenfunctions φi(s), i =
1, ...,m, and we get the system of the equations

⟨Lxm
t , φi⟩+

⟨
k∑

j=1

Nj(v
m), φi

⟩
= ⟨um, φi⟩ , (16)

i = 1, ...,m.
Depending on the parameter λ, equations of system (16) can be di�erential or algebraic.
Consider these cases.
(i) Let λ /∈ σ(L). In this case all equations of system (16) are ordinary di�erential

equations of the �rst order. To solve this system with respect to ai(t), i = 1, ...,m, we
�nd m initial conditions in the following way. Scalar in H we multiply conditions (2)
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on eigenfunctions φi(s), i = 1, ...,m. After that we solve thus obtained system of linear
�rst order di�erential equations with initial conditions and express unknown function
coe�cients aj(t), j = 1, ...,m in the approximate solution x̃(s, t) = xm(s, t) through
ai(t), i = 1, ...,m, i ̸= j, vi(t), i = 1, ...,m, ui(t), i = 1, ...,m.

(ii) Let λ ∈ σ(L), where l � the multiplicity of the �rst eigenvalue L. In this case
the equations of system (16) with numbers 11, ..., 1l are algebraic, and the rest ones �
di�erential. Consider the systems of the �rst order di�erential equations and the algebraic
equations. To solve the system of algebraic-di�erential equations with respect to ai(t), i =
1, ...,m, we �nd m− l initial conditions from the Showalter � Sidorov condition (2). The
solution of the algebraic-di�erential system exists for any initial functions. We exclude the
initial conditions corresponding to a1j(0), j = 1, ..., l and solve the algebraic-di�erential
system. After that the unknown function coe�cients ai(t), i = 1, ...,m are expressed in the
approximate solution x̃(s, t) = xm(s, t) through vi(t), i = 1, ...,m, ui(t), i = 1, ...,m.

(iii) Let us �nd the minimum of the functional. To this end we substitute the obtaining
representation for x̃(s, t) = xm(s, t) and (11), (14) to functional (9). After that, using the
Ritz method, we �nd unknown values vi(t), i = 1, ...,m, ui(t), i = r, ...,m in the form

vi(t, N) =
N∑

n=1

bn sin(
πnt

l
), ui(t, N) =

N∑
n=1

cn sin(
πnt

l
) (17)

or

vi(t, N) =
N∑

n=0

bnt
n, ui(t, N) =

N∑
n=0

cnt
n. (18)

Note that we choose the coe�cients bn and cn such that the functions vi(t, N), ui(t, N)
minimizes functional (9). Therefore, the problem is reduced to �nding the extremum of
function of 2(N + 1)×m (2N ×m) variables.

An algorithm of �nding the approximate solution of problem (1) � (3) is reduced to
six steps.

Step 1. To �nd eigenvalues and eigenfunctions of the operator L, that is, the solution
of the problem

< Lφ, v >= λ < φ, v >

with appropriate boundary conditions.
Step 2. To �nd the number m such that from m we can calculate the approximate

solution using the condition: m > l, l = dimkerL.
Step 3. To check by speci�ed parameter λ: mathematical model corresponds to

degenerate case or to non-degenerate one.
Step 4. To express ai(t), i = 1, ...,m in the approximate solution x̃(s, t) = xm(s, t)

through vi(t), i = 1, ...,m, ui(t), i = 1, ...,m, using the speci�ed initial functions,
depending on cases (i), (ii).

Step 5. To represent the unknown functions vi(t), i = 1, ...,m, ui(t), i = 1, ...,m
using (17) or (18) in penalty functional (9).

Step 6. To �nd the minimum of a functional and functions x̃(s, t), ṽ(s, t), ũ(s, t).

3. Computational Experiments

We are interested in the process of control of the behavior of the I-beam [18], which
is under constant load. In a cylinder QT = (0, l) × (0, T ), T > 0 consider the Dirichlet

48 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

condition

x(s, t) = 0, (s, t) ∈ (0, l)× (0, T ) (19)

and the Showalter � Sidorov condition

(λ+∆)(x(s, 0)− x0(s)) = 0, s ∈ (0, l) (20)

for the generalized Ho� equation

(−λ−∆)xt + αx+ α1x
3 + α2x

5 + ...+ αk−1x
2k−1 + αkx

2k+1 = u, (21)

where function u = u(s, t) describes the impact of the external manager (side loading),

and operator ∆ =
∂2

s2
. Our goal is to �nd an approximate solution of the optimal control

problem

J(x, u) → min (22)

by the solutions of problem (19) � (21), where cost functional is in the form

J(x, u) = β

T∫
0

l∫
0

|x(s, t)− zd(s, t)|2k+2dsdt+ (1− β)

T∫
0

l∫
0

|u|2dsdt. (23)

The algorithm for �nding an approximate solution of problem (19) � (21) using
decomposition, penalty, Galerkin � Petrov methods was described in 2. By the proposed
method, in a cylinder QT we consider Dirichlet condition (19) and Showalter � Sidorov
condition (20) for the equation

(−λ−∆)xt + αx+ α1v
3 + α2v

5 + ...+ αk−1v
2k−1 + αkv

2k+1 = u. (24)

Equation (24) is linear with respect to the function x(s, t). We de�ne a penalty functional
as

Jε
θ (x, v, u) = βθ

T∫
0

l∫
0

|x(s, t)− zd(s, t)|2k+2dsdt+

β(1− θ)
T∫
0

l∫
0

|v(s, t)− zd(s, t)|2k+2dsdt+

+(1− β)
T∫
0

l∫
0

|u|2dsdt+ 1

ε

T∫
0

l∫
0

|x− v|2dsdt.

(25)

Example 1. Consider problem (19) � (22) in the case λ = 1, α = 1, α1 = 2, l = π, T =

1, θ = 1
2
, β = 99

100
, ε = 1

10
, x0(s) =

√
2
π
(sin s+ 2 sin(2s) + 2 sin(3s)), zd(s, t) =

√
2
π
(sin s+

(t+2) sin(2s) + (t2 +2) sin(3s)), m = 3, N = 3. Graphs of the functions x0(s), zd(s, t) are
shown in Fig. 1.

The results of the calculations are the coe�cients of the control (see. Table 1), such
that the value of the functional J = 4, 098527. An approximate solution of the problem
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a) b)
Fig. 1. The initial functions of problem (19) � (22):

a) function x0(s); b) function zd(s, t)

Table 1

b10 = 3, 78551 b11 = 0, 191363 b12 = 0, 332450 b13 = 0, 014591
b20 = 9, 54792 b21 = −5, 66737 b22 = 13, 4783 b23 = −10, 5349
b30 = −0, 125106 b31 = 6, 52025 b32 = 1, 12257 b33 = −7, 21200
c10 = 0, 232990 c11 = −0, 020644 c12 = 0, 051504 c13 = 0, 000723
c20 = 0, 941092 c21 = 0, 780535 c22 = −0, 235198 c23 = −0, 000466
c30 = 1, 90204 c31 = −1, 23850 c32 = 0, 447985 c33 = 0, 001871

(19) � (22) is in the form:

x(s, t) = 0, 207035 sin(s) + 1, 94309 · 105 sin(2s)− 1, 33263 · 107 sin(3s)−
−3, 94892 · 10−9 sin(s)t9 − 7, 12624 · 10−9 sin(3s)t9 − 1, 94308105e−

1
3
t sin(2s)+

+1, 16963 · 10−8 sin(2s)t9 + 1, 33263 · 107e− 1
8
t sin(3s) + 1, 66578 · 106 sin(3s)t−

−1, 04111 · 105 sin(3s)t2 + 0, 002711 sin(2s)t7 + 0, 000011 sin(2s)t8+
+4337, 61 sin(3s)t3 − 135, 521 sin(3s)t4 + 3, 30193 sin(3s)t5 − 0, 049447 sin(3s)t6−
−0, 000959 sin(3s)t7 − 0, 000005 sin(3s)t8 + 0, 198778 sin(2s)t6−
−5, 92736 sin(2s)t5 − 64768, 6 sin(2s)t+ 96, 5275 sin(2s)t4−
−1195, 08 sin(2s)t3 + 10792, 9 sin(2s)t2 + 0, 089563 sin(s)t−
−0, 000003 sin(s)t8 − 0, 000553 sin(s)t7+, 292602 sin(s)t5−
−0, 035173 sin(s)t6 − 0, 871872 sin(s)t4 + 1, 05038 sin(s)t3 − 0, 499923 sin(s)t2,

v(s, t) = 0, 576594e− 3 sin(s)t3 + 0, 0410941 sin(s)t2−
−0, 0164711 sin(s)t+ 0, 185899 sin(s)− 0, 000372 sin(2s)t3−
−0, 187661 sin(2s)t2 + 0, 622777 sin(2s)t+ 0, 750882 sin(2s)+
+0, 001493 sin(3s)t3 + 0, 357441 sin(3s)t2 − 0, 988178 sin(3s)t+ 1, 51761 sin(3s),
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u(s, t) = 0, 011642 sin(s)t3 + 0, 265256 sin(s)t2 + 0, 152685 sin(s)t+
+3, 02040 sin(s)− 8, 40566 sin(2s)t3 + 10, 7541 sin(2s)t2 − 4, 52191 sin(2s)t+
+7, 61814 sin(2s)− 5, 75434 sin(3s)t3 + 0, 895680 sin(3s)t2 + 5, 20241 sin(3s)t−
−0, 099820 sin(3s).

The graphs of an approximate solution of problem (19) � (22) are presented in Fig. 2 and
Fig. 3. The graphs of the functions x(s, 1), v(s, 1), zd(s, 1), when t = 1, are presented in
Fig. 4.

a) b)
Fig. 2. The graph of the numerical solution of problem (19) � (22):

a) function x(s, t); b) function v(s, t)

We are interested in the process of the control of a behavior of the construction of
I-beams under a constant load. Consider �nite connected directed graph G = G(V ; E),
where V = {Vi}Ni=1 is a set of the vertices, and E = {Ej}Nj=1 is a set of the arcs. We assume
that each arc has a length lj > 0 and the cross sectional area of an edge dj > 0. On a
graph G we consider the equation

−λxjt − xjtss + α1
jxj + α2

jx
3
j + ...+ αk

jx
2k+1
j = uj,

äëÿ âñåõ s ∈ (0, lj), t ∈ R, j = 1, N.
(26)

For equations (26) at each vertex Vi, i = 1,M we de�ne the boundary conditions∑
j:Ej∈Eα(Vi)

djxjs(0, t)−
∑

r:Er∈Eω(Vi)

drxrs(lr, t) = 0, (27)

ur(0, t) = uj(0, t) = uh(lh, t) = um(lm, t), (28)

for all Er, Ej ∈ Eα(Vi), Eh, Em ∈ Eω(Vi). Here E
α(ω)(Vi) is a set of the arcs with the end

at a vertex Vi.
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Fig. 3. The graph of an optimal control u(s, t) by solutions of problem (19) � (22)

Fig. 4. The graph of the numerical solution of problem (19) � (22) at the time moment t = 1

Let us add the initial Showalter � Sidorov conditions

(λ+∆)(xj(s, 0)− x0j(s)) = 0, äëÿ âñåõ s ∈ (0, lj), (29)

to (27), (28). So we get the Showalter � Sidorov � Neumann problem for equations (26).
Our goal is to �nd an approximate solution of the optimal control problem

J(x, u) → min (30)
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by the solutions of problem (26) � (30), where the cost functional is in the form

J(x, u) =
∑

Ej∈E
β

T∫
0

dj

lj∫
0

|xj(s, t)− zjd(s, t)|2k+2dsdt+

+(1− β)
∑

Ej∈E

T∫
0

lj∫
0

dj|uj|2dsdt.
(31)

The algorithm for �nding an approximate solution of problem (26) � (30) using
decomposition, penalty, Galerkin � Petrov methods was described in 2. By the proposed
method on the graph G consider the equations

−λxjt − xjtss + αjxj + α1
jv

3
j + ...+ αk

j v
2k+1
j = uj. (32)

Equations (32) are linear with respect to the functions xj(s, t). We de�ne a penalty
functional in the form

Jε
θ (x, v, u) =

∑
Ej∈E

βθ
T∫
0

dj

lj∫
0

|xj(s, t)− zjd(s, t)|2k+2dsdt+

+
∑

Ej∈E
β(1− θ)

T∫
0

dj

lj∫
0

|vj(s, t)− zjd(s, t)|2k+2dsdt+

+(1− β)
∑

Ej∈E

T∫
0

lj∫
0

dj|uj|2dsdt+

+
∑

Ej∈E

1
ε

T∫
0

dj

lj∫
0

|xj(s, t)− vj(s, t)|2dsdt.

(33)

Example 2. It is required to �nd the approximate solution of problem (26) � (30) on
the oriented graph G, which consists of two serially connected edges and three vertices.
Here k = 1, λ = 0, α1 = α2 = 1, β = θ = 1

2
, ε = 1

10
, d1=1, d2= 1, l1=π, l2=π, N=2 and

the initial functions (see Fig. 5) are

x01(s) = 0.225676 cos s, x02(s) = −0.225676 cos s,

z1d(s) = (0.225676(t2 + 1)) cos s, z2d(s) = −(0.225676(t2 + 1)) cos s.

The results of the calculations are the coe�cients of the control (see. Table 2) such
that the value of the functional J = 0, 758280. An approximate solution of problem (26)
� (30) is in the form:

x1(s, t) = −0, 000269 + 0, 000858t− 0, 035642t2 + 0, 016320t9 − 0, 085926t8−
−0, 327578t6 + 0, 203202t7 + 0, 415751t5 − 0, 364575t4 + 0, 177582t3−
−0, 000022e−4t(−57885, 8e4tt7 + 15705, 2e4tt8 − 2048, 73e4tt9−
−2, 53678 · 105e4tt5 − 3, 62799 · 105e4tt3 + 2, 66670 · 105e4tt2−
−1, 39073 · 105e4tt+ 3, 53474 · 105e4tt4 + 1, 40785 · 105e4tt6 + 38532, 2e4t−
−38532, 3) cos(0, 5s) + 0, 564191e−t(39958, 5− 39957, 8et + 39958, 0ett+
+332, 582ett5 − 55, 1402ett6 + 6659, 28ett3 − 1664, 61ett4 − 19978, 8ett2+
+7, 69238ett7 − 0, 866750ett8 + 0, 611560e− ett9) cos(s),
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Fig. 5. The initial de�ection x01, x02

Table 2

b00 = −0, 000898 b01 = 0, 000519 b02 = 0, 004183 b03 = −0, 004247
b10 = −0, 150189 b11 = −0, 009871 b12 = 1, 003754 b13 = −0, 804374
b20 = 0, 664529 b21 = 0, 074235 b22 = −0, 374667 b23 = −0, 360942
c00 = −0, 000514 c01 = −0, 009678 c02 = 0, 028825 c03 = −0, 019824
c10 = −0, 008221 c11 = −0, 495853 c12 = 1, 146591 c13 = −0, 595256
c20 = 1, 000790 c21 = −0, 522917 c22 = 0, 438774 c23 = −0, 306497

x2(s, t) = −0, 000269− 3 + 0, 00086t− 0, 0356416t2 + 0, 016320t9 − 0, 085925t8−
−0, 327578t6 + 0, 203202t7 + 0, 415751t5 − 0, 364575t4 + 0, 177582t3+
+0, 000022e−4t(−57885, 8e4tt7 + 15705, 2e4tt8 − 2048, 73e4tt9 − 2, 53678 · 105e4tt5−
−3, 62799 · 105e4tt3 + 2, 66670 · 105e4tt2 − 1, 39073 · 105e4tt+ 3, 53474 · 105e4tt4+
+1, 40785 · 105e4tt6 + 38532, 2e4t − 38532, 3) sin(0, 5s)− 0, 564191e−t(39958, 5−
−39957, 8et + 39958, 0ett+ 332, 582ett5 − 55, 1402ett6 + 6659, 28ett3−
−1664, 61ett4 − 19978, 8ett2 + 7, 69238ett7−
−0, 866750ett8 + 0, 061156ett9) cos(s),

v1(s, t) = −0, 007908t3 + 0, 011499t2 − 0, 003861t− 0, 000204+
+0, 564191(−0, 595256t3 + 1, 14659t2 − 0, 495853t− 0, 008221)) cos(0, 5s)+
+0, 564191(−0, 306497t3+, 438774t2 − 0, 522917t+ 1, 00079)) cos(s),

v2(s, t) = −0, 007908t3 + 0, 011499t2 − 0, 003861t− 0, 000204−
−0, 564191(−0, 595256t3 + 1, 14659t2 − 0, 495853t− 0, 008221)) sin(0, 5s)−
−0, 564191(−0, 306497t3+, 438774t2 − 0, 522917t+ 1, 00079)) cos(s),

u1(s, t) = −0, 001694t3 + 0, 001668t2 + 0, 000207t− 0, 000358+
+0, 564191(−0, 804374t3 + 1, 00375t2 − 0, 009870t− 0, 150189)) cos(0, 5s)+
+0, 564191(−0, 360942t3 − 0, 374667t2 + 0, 0742352t+ 0, 664529)) cos(s),
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u2(s, t) = −0, 001694t3 + 0, 001668t2 + 0, 000207t− 0, 000358−
−0, 564191(−0, 804374t3 + 1, 00375t2 − 0, 009870t− 0, 150189)) sin(0, 5s)−
−0, 564191(−0, 360942t3 − 0, 374667t2 + 0, 0742352t+ 0, 664529)) cos(s).

The graphs of an approximate solution of problem (26) � (30) are presented in Fig. 6 and
Fig. 7.

a) b)
Fig. 6. The graph of numerical solution of problem (26) � (30):

a) function x1(s, 1), x2(s, 1), zd1(s, 1), zd2(s, 1); b) function x1(s, 1), x2(s, 1), v1(s, 1), v2(s, 1)

Fig. 7. The control u1(s, 1), u2(s, 1)
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ÀËÃÎÐÈÒÌ ×ÈÑËÅÍÍÎÃÎ ÌÅÒÎÄÀ ÐÅØÅÍÈß
ÇÀÄÀ×È ÎÏÒÈÌÀËÜÍÎÃÎ ÓÏÐÀÂËÅÍÈß ÄËß
ÏÎËÓËÈÍÅÉÍÛÕ ÌÎÄÅËÅÉ ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ
ÍÀ ÎÑÍÎÂÅ ÌÅÒÎÄÀ ÄÅÊÎÌÏÎÇÈÖÈÈ

Í.À. Ìàíàêîâà

Â ñâÿçè ñ áîëüøèì êîëè÷åñòâîì ïðèëîæåíèé íà ïåðâûé ïëàí âûõîäèò âîïðîñ î

íàõîæäåíèè ÷èñëåííîãî ðåøåíèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ â ìàòåìàòè÷åñêèõ

ìîäåëÿõ íà îñíîâå âûðîæäåííûõ ïîëóëèíåéíûõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè.
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Â ñëó÷àå íåëèíåéíîãî óðàâíåíèÿ ñîñòîÿíèÿ ïîèñê ÷èñëåííîãî ðåøåíèÿ çàäà÷è îïòè-

ìàëüíîãî óïðàâëåíèÿ çíà÷èòåëüíî çàòðóäíÿåòñÿ. Îáøèðíûé êëàññ íà÷àëüíî-êðàåâûõ

çàäà÷ äëÿ óðàâíåíèé è ñèñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ íå ðàçðåøåííûõ îò-

íîñèòåëüíî ïðîèçâîäíîé ïî âðåìåíè ìîãóò áûòü èçó÷åíû â ðàìêàõ òåîðèè óðàâíåíèé

ñîáîëåâñêîãî òèïà. Íàñ èíòåðåñóåò èññëåäîâàíèå çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ

ïîëóëèíåéíîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà. Â ñòàòüå ïðåäëîæåíî èñïîëüçîâàòü ìåòîä

äåêîìïîçèöèè, ïîçâîëÿþùèé ëèíåàðèçîâàòü íåëèíåéíîå óðàâíåíèå, è ìåòîä øòðàôà,

ïîçâîëÿþùèé íàõîäèòü ïðèáëèæåííîå ðåøåíèå ïîñòàâëåííîé çàäà÷è. Íà îñíîâå ìåòîäà

Ãàëåðêèíà è ìåòîäà äåêîìïîçèöèè ïîñòðîåí ÷èñëåííûé ìåòîä, ïðè ïîìîùè êîòîðîãî

íàõîäÿòñÿ ïðèáëèæåííûå ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ìàòåìàòè÷å-

ñêîé ìîäåëè Õîôôà è îáîáùåííîé ìàòåìàòè÷åñêîé ìîäåëè äåôîðìàöèè êîíñòðóêöèè

èç äâóòàâðîâûõ áàëîê.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà; îïòèìàëüíîå óïðàâëåíèå; çàäà÷à

Øîóîëòåðà � Ñèäîðîâà; ìåòîä Ãàëåðêèíà; ìåòîä äåêîìïîçèöèè.
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