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The theory of holomorphic degenerate semigroups of operators constructed earlier
in Banach spaces and Frechet spaces is transferred to quasi-Sobolev spaces of sequences.
This article contains results about existence of the exponential dichotomies of solutions to
evolution Sobolev type equation in quasi-Sobolev spaces. To obtain this result we proved the
relatively spectral theorem and the existence of invariant spaces of solutions. All abstract
results are applied to investigation of properties of solutions to Dzektser mathematical
model in quasi-Sobolev spaces.

The article besides the introduction and references contains three paragraphs. In the
first one, quasi-Banach spaces, quasi-Sobolev spaces and polynomials of Laplace quasi-
operator are defined. Moreover the conditions for existence of degenerate holomorphic
operator semigroups in quasi-Banach spaces of sequences are obtained. In other words,
we state the first part of generalization of the Solomyak — Iosida theorem to quasi-Sobolev
spaces of sequences. In the second paragraph the phase space of the homogeneous equation
is constructed. Here we show the existence of invariant spaces of equation and get the
conditions for exponential dichotomies of solutions. The last paragraph presents results on
properties of solutions to Dzektser equation.
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Introduction

The article is devoted to a quasi-Banach analogue of homogeneous Dirichlet problem
in a bounded domain for linear Dzektser equation [1-4]

(A=A)u,=BAu—aA*u+f.

We develop the theory of degenerate semigroups by spreading the results obtained in
Banach spaces to quasi-Sobolev spaces.

Firstly holomorphic degenerate semigroups appeared in [1, 5] as solving semigroups
for evolution Sobolev type equation

Li=Mu, (1)

where operator L € L(i;§), and operator M € CIl(4; F), 4, §F are Banach spaces. Explicit
theory of such semigroups can be found in [6].

Interest in Sobolev type equations has recently increased significantly [7-9]|, moreover,
there arose a necessity for their consideration in quasi-Banach spaces. The need is dictated
not so much by the desire to fill up the theory but by the aspiration to comprehend non-
classical models of mathematical physics [2] in quasi-Banach spaces [10].
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Since the Cauchy problem for the Sobolev type equation is not solvable for arbitrary
initial data it is necessary to construct the phase space of equation as the set of admissible
initial values containing all solutions of equation [6]. The phase spaces of evolution and
dynamical Sobolev type equations were constructed earlier in Banach spaces [6]. Moreover
there were found conditions when the phase space splits into direct sum of invariant with
respect to equation spaces and the solutions have exponential dichotomies [11]. By now
these problems are completely solved in Banach spaces [9]. Our goal is to spread these
ideas to one class of evolution Sobolev type equations in quasi-Sobolev spaces of sequences.
We construct invariant spaces for the Dzektser equation and obtain conditions when its
solutions have exponential dichotomies.

1. Holomorphic Degenerate Semigroups of Operators

Let 4 be a lineal over R. An ordered pair (L ||.||) is called a quasi-normed space, if
the function ||.|| :4 — R satisfies the following conditions:

L. y|jul| > 0 for all u € 4, moreover y ||u|| = 0 iff u = 0, where 0 is a zero element in ;
2. y|lou| =la|y||ul for all u € 4, o € R;

3. gllu+ o] =C(y ||lul] +¢ |lv||) for all u,v € L, where the constant C' > 1.

The function g ||u|| with properties (i)—(iii) is called a quasi-norm. Obviously, in case
C' =1 this function is a norm.

The metrizable complete quasi-normed space is called a quasi-Banach space. The
spaces of sequences {,, g € (0,1) are well known quasi-Banach spaces (for ¢ € [1,+00)
the spaces {, are Banach spaces).

Let henceforth {\;} C R, be a monotone sequence such that lim \; = +o00. The

k—o00
quasi-Banach space

b= {u:{uk}: i <>\,€%]uk|>q< + oo}

m a\ 1/4q
with a quasi-norm }* [Ju|| :<ZZ°:1 </\/<;2 |uk|> ) , m € R is called a quasi-Sobolev space.

Obviously, for ¢ € [1,4+00) the spaces ;" are Banach spaces; fgzéq, and there is a
dense and continuous embedding £ into (" for n > m and g € Ry.

Example 1. Let Y = €7'7" F = {7*; Qn(\) be a polynomial of power n. Consider
operator Qn(A)u={Q,(\,)ur}, n € N, where {u,} € 4. It is easy to see that operator
Qn(A) € L(;F), moreover Qn(A) £ — (7" is a toplinear isomorphism.

Let 4 and § be quasi-Banach spaces, operators L € L(;F) and M € Cl(L;F),
following [5, 6], take into consideration L-resolvent set p"(M) ={u € C: (uL—M)™" €
L(F; )} and L-spectrum o (M) =C\p(M) of operator M. It is easy to show that the
set pP(M) is always opened, therefore the L-spectrum of operator M is always closed.

Definition 1. Operator M is called strongly (L, p)-sectorial, p € {0} UN, if
(i) there exist constants a € R and 6 € (7/2; ) such that the sector
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See(M) ={n € C: |arg(p—a)| <0, u>a} C p"(M);
(ii) there exists a constant K € R, such that

K

max { s || RE, (M) L(F LE, (M)} € =———,

{ ( )H (1:p) H H (up) H} T2, lx—al
for all g, g1, .. ,,up € SLy(M). Here R(Lu,p)<M) =[li_o R} (M) is the right
and L, (M) =[15_o L (M) is the left (L,p)-resolvent of operator M, and

L _ _ —1 .

RY(M) = (uL—M)~ L and L(M) =L(uL—M)™" are the right and the left L-resolvents
of operator M respectively.

(iii) there exists a dense in § lineal §° such that

const

NI} lrax]

where const = const(f); for all \, uy, € SF(M), k=0,...,p

(iv)

(AL — M)'LE, , (M) f]| < for all f €3,

const

INTTi o lrae]

for arbitrary A,y € SF(M), k=0,...,p and some const € R,.

Example 2. Let U=("*>", =" m € R, g € R, Q, (N) = 31y iN Ry (N) =320 d;V
be polynomials of powers n and s respectively (n < s) with real coefficients (f < 0),
without common roots. Construct operators L = @Q,(A), M = R (A) as in example L.
It is easy to show that Ry (A) € CI(; ), domRy(A) = £72%, the L-spectrum o(M) of
operator M consists of points pp = Rs(M\)(Qn(Ax))™!, & € N: )\ is not the root of the
polynomial Q,, (\).

£ ||(AL—M) ™ L( M)|| <

(1)

Lemma 1. [12] Operator M defined in example 2 is strongly (L,0)-sectorial.

Theorem 1. [12| Let operators M and L be defined as in example 2. Then
(i) operators L and M generate holomorphic semigroups {U' : t € R, } and {F":t €
R} on spaces U and § respectively given by

1 1
Ut—2m R (M)edu € £ () Ft—zm LE(M)e*dp € L(3) (2)

for t € R, where the contour T' C p*(M) is such that |argu| — 0 npu p — oo, p € L.

(ii) there exist semigroup’s units which are the projectors P € L(U) and Q) € L(F)
given by

I— > <.ep>e, ifthereexist ¢ € N: )y is the root of Q,(N),
keNk=¢

{ I, if \; is not the root of @, ()) for all k € N;
P i

(the projector Q) has the same form), splitting the quasi-Banach spaces 3 and § into direct
sums

U= i F=F'eF:
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(iii) there is splitting of operator actions Ly € L(U*;T*), M) € ClL(U*; %), k= 0,1,
and existence of operators My ' € L(F%U), LT € L(FHUb);

(v) operators H=My ' Ly (G=LoMy ") are nilpotent and operators S=Ly*M;: domMnN
U = U and T=M, L7 :M[domM]|NF' — ' are sectorial.

2. Invariant Spaces and Exponential Dichotomies of Solutions

Let 4l and § be quasi-Sobolev spaces of sequences, operators L € L(;§) and M €
Cl(84;§) be constructed in example 2. Consider linear evolution Sobolev type equation

Li = Mu. (3)

Vector-function u € C'(R;4l), satisfying (3) pointwise is called (a classical solution
of this equation. The solution u = u(t) of (3) is called a solution to the weakened Cauchy
problem (in sense of S.G. Krein), if in addition for uy € U

Ji u(0) = v 2

holds.

Definition 2. The set P C U is called a phase space of equation (3), if
(i) any solution u = u(t) of (3) lies in P pointwise, i.e. u(t) € P for all t € R,;
(i) for all ug € B there exists a unique solution to (3), (4).

Theorem 2. [12]| Let operators M and L be defined as in example (2). Then the subspace
U is a phase space of (3).

Consider the following condition:
Let of(M)=ocF(M)Uok(M) and oF(M) is not empty,

there exists a bounded domain_Ql C C with a boundary of class C1, (5)
such that Q) D ol (M) and Q; (ol (M) is empty.

If this condition holds then there exist [11] operators given by integrals

1
- omi

1
P L(M)d =— | L¥(M)d
=g | RO ma @ = o [ Lond

where 71 = 09;. By construction operators Py € L(4) and Q1 € L(F).

Lemma 2. Let L,M € L(;F) be defined in example 2 and condition (5) hold then
operators Py € L(U) and Q1 € L(F) are projectors in corresponding spaces.

Put 4 = im P, " = im @y, 4% = ker P, F'° = ker Qy; and by Ly; (M;;) denote
restriction of operator L (M) onto L.

Theorem 3. [13] Let conditions of lemma 2 be fulfilled. Then
(i) operators Liy, My, € LU FH);
(ii) there exists an operator L] € L(F;UM).

Corollary 1. [13] Let conditions of lemma 2 be fulfilled. Then P, = PP, = PP and
Q1 = Q1 = Q.
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Construct operators P, = P— P; and ()2 = QQ — Q1. Due to corollary 1 these operators
are projectors. Put U2 = im P, §? = im @ and by Lo (Mj3) denote restriction of
operator L (M) onto $A2.

Corollary 2. [13] Let conditions of lemma 2 be fulfilled. Then
(Z)u:uo @u17 8280@317 ulzull @um? 812311@512;
(ii) operators Ly, My € L($2; F1?);
(iii) there exists an operator Ly € L(F'?;U'?).

Definition 3. Let B be a phase space of (3). The subset J C B is called an invariant
space of equation (3), if for arbitrary uy € J the solution v = wu(t) of (3), (4) lies in J
pointwise (i.e. u(t) € J for all t € R).

Theorem 4. [13] Let operators L, M € L(;F) be defined as in example 2 and condition
(5) hold then the image of group
1
Vi=— [ RY(M)e"du,t € R, 6
is an invariant space of (3).

Definition 4. We say that solutions of (3) have exponential dichotomy, if

(i) the phase space of (3) can be represented as P = J* @ J?, where J'@ are invariant
spaces of equation (3);

(ii) for arbitrary ug € J* (up € J?) solution u = u(t) of (3), (4) is such that  ||u(t)|| <
Cre ™ |luol (ulju(?)]] = Coe™y ||lugl|) for some a > 0 and all t € R,

Theorem 5. [13] Let operators L, M € L(LU;§) be defined as in example 2 and condition
c“(M)NniR =0

hold. Then solutions of (3) have exponential dichotomy.

3. Properties of Solutions to Dzektser Mathematical Model

Consider Dzektser equation
A=MNu, = (aA>+ BN u+ f, A, BER, acR, (7)

in quasi-Sobolev spaces U = E;"“ and § = (7', m € R, ¢ € R;. Define the domain
dom(aA* 4+ BA) = £
By theorem 1 we have the following

Corollary 3. For all m,\, € R 7,q,a € Ry, ug € Y, f© € CY((0,7);F°) and f' €
C((0,7);F") there exists a unique solution u € C*((0,7);40) of (4), (7), given by

u(t) =— My O () +Ulug+ / t UL f(s) ds.

0

Here
30_{ {0}, if A\ # A\ forall k € N;

{f c ka: 07 k < N\{é/\g:/\}},
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3,1_{ S, if A\ # X forall k e N;
| {f €T fi=00=0)

M-l { O, if Ay # A for all /fle N;
’ ZkGN:)\kz)\ (a/\z+6)\k) <., € > €.

t— Dopey €< e >ey, if \p # A for all k € N;
B ZkeN:k;A@ elrt< . ep>e,, if there exist £ € N: =)\,
where fi= (@A2+BA)(A=\p) "

1= P (A=Xe) ' <., en>ey, if \p # X for all k € N;
! ZkeN:k;ﬁe ()\—)\k)_1<-, ep>e;, if there exist ¢ € N:\,=\.

Let’s investigate the properties of solutions to homogenious equation (7). Consider the
following condition:

Let ol(M)=ol(M)Uok(M);
ol (M) consists of finite number of points {pux} C of(M);

(), C C is a disc containing the points of o*(M) and Q; Nol(M) = 0.

(8)
Obviously, due to (8) condition (5) holds. Then by lemma 2 there exist projectors

P = Z < ., e >epand Q = Z < .,ep > e

jn€at (M) jk€at (M)

Construct the spaces
UW=imP ={uel:u=0if pu, ¢ oy (M)},
F'=imQ={feF: fr=0if p, ¢of(M)},
ﬂlo:kerPlz{ueil:uk:Oif ukEUf(]\/[)},

F0=ker Qi ={f€F: fi=0if u€af(M)},

and by
Li= Y (A=X)<.e>e
prETE (M)
(Mll = Z (Oé)\i + B)\k) < ., ep > ek)
pr€at (M)

denote restriction of operator L (M) onto !,
Construct operators

P=P—-P = Z < .ep>epand Qo =0Q—Q1 = Z < ., er > eg.

pr€at(M)\of (M) pr€t(M)\of (M)
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Due to corollary 1 these operators are projectors. Put
U =imPy={uect u,=0if € alL(M)} :

FP=m@Q={feF" : fi=0if w oy (M)}

and by
Lis = Z ()\—)\k)<.,€k>€k
pr€at(M)\of (M)
(Mo = D (@A BN) < e > er)
i€t (M)\of (M)

denote restriction of operator L (M) onto (2.

Corollary 4.
(i)ﬂ:ﬂo@ﬂl, 3230@317 ulz/ull 6911127 {571:811@3'12;
(ii) operators Ly, My € L($2; F'?);
(iii) there exists an operator Ly, € L(F'?;U'?).

Proof. (i) and (ii) are obvious. Operator

Ll_zl = Z ()\ — )\k)_l <., e > €.
pr€ot (M)\of (M)
Theorem 6. The space Ut which is the image of group

1
Vi=— [ Ri(M)e"du, t e R
27T'l " ,LL( )6 /"L’ e bl

and the space *? are invariant spaces of (7).

Theorem 7. If Re py, # 0 for all p, € o®(M) then solutions of (7) have exponential

dichotomy.

The author would like to thank Alyona Zamyshlyaeva for the support and given

opportunities.
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O HEKOTOPHIX CBOMCTBAX PEIIIEHUI
MATEMATUNYECKON MOJEJIN N3EKIIEPA
B KBA3MCOBOJIEBBIX ITIPOCTPAHCTBAX

Lowc. K.T. Aav Ucasu

Teopusi ro710MOPMHBIX BBIPOXK/IEHHBIX HOJIYI'PYIII OIIEPATOPOB, IIOCTPOSHHAS DAHEE B
0GaHaXOBBIX IPOCTPAHCTBAX U MPOCTpaHCcTBax Pperre, pacnpoCTpaHIeTCs Ha KBA3UCOO0IEBbI
MPOCTPAHCTBA TOCTeA0BaTebHOCTEH. CTaThs COAEPKUT PE3YJIbTATHI O CYIIECTBOBAHUU
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9KCIIOHEHITUAJbHBIX JTUXOTOMUIN PENICHUN IBOIOMUOHHOIO YPABHEHUs CODOJIEBCKOIO THUIIA
B KBa3UCODOJEBBIX MPOCTPAHCTBAX. JJId MOMyYeHust 9TOr0 pe3yabTara JOKA3AHBI OTHOCH-
TEeHHO CIEKTPAJIbHASI TEOPEMA U CYIIECTBOBAHVE WHBAPUAHTHBIX MPOCTPAHCTE YPABHEHUS.
Bce aberpakTHBIE PE3YABTATHI IPUMEHSIIOTCS B UCCIEIOBAHUN CBOUCTB PEIIEHUN MATEMAaTH-
qeckoit momenn JI3ekiiepa B KBa3UCOOOIEBBIX MPOCTPAHCTBAX.

CrarTbst KpoOMe BBEJIEHUs M CIHCKA JIUTEPATYPBI, COAEP:XKUT Tpu naparpada. B mep-
BOM OIPEIETIAOTCS KBA3UOAHAXOBbI (KBA3HCOOO/IEBHI) MPOCTPAHCTBA U MHOIOWIEHBI OT KBa~
suoneparopa Jlamraca. Bojee TOro, mpuBOASATCH YCIOBUS CYIIECTBOBAHWS BBIPOXKIEHHBIX
roJIOMOP(MHBIX MOJLYTPYII ONEPATOPOB B KBA3UOAHAXOBBIX MPOCTPAHCTBAX TOCIEI0BATEh-
vocreit. JIpyrumu cioBaMu, JIOKa3bIBaeTCs TepBas 4acTb 0600menns Teopembl CoMoOMIKa
— Hocuapr Ha KBa3nbOAHAXOBBI MPOCTPAHCTBA MOCaea0BaTENbHOCTEH. Bo BTOpOM maparpa-
de crpontcst pazoroe MPOCTPAHCTBO OJHOPOIHOTO YpPABHEHNs, a TaKyKe TTOKA3bIBAETCS CY-
MECTBOBAHNE WHBAPUAHTHBIX MPOCTPAHCTB ypaBHeHUs. Kpome TOro, moMydYeHbl YCIOBUS
CYIIECTBOBAHUS YKCIOHEHIIMAIBHBIX AUXOTOMMUI perennit. B mocmeanem naparpade mpem-
CTaBJIEHBI PE3YIBTATH O CBOMCTBAX peleHul ypapHenus J[3ekiepa B KBa3uCOOOIEBBIX TIPO-
CTPAHCTBAX

Karoueenie caosa: ypasHuenue coboAe8CK020 MUNG; 20A0MOPPHbBLE 6bLPOICIEHHBLE NOAY-
2pynnol; KEa3UCOO0AEEHL NPOCNPAHCMEE; UHBAPUAGHMHOE NPOCMPAHCNGO; IKCNOHEHUUAAL-

Hote QUTOMOMUY PEUEHUT; MATEMATuYecKas modeav Jlzexuepa.
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