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The theory of holomorphic degenerate semigroups of operators constructed earlier
in Banach spaces and Frechet spaces is transferred to quasi-Sobolev spaces of sequences.
This article contains results about existence of the exponential dichotomies of solutions to
evolution Sobolev type equation in quasi-Sobolev spaces. To obtain this result we proved the
relatively spectral theorem and the existence of invariant spaces of solutions. All abstract
results are applied to investigation of properties of solutions to Dzektser mathematical
model in quasi-Sobolev spaces.

The article besides the introduction and references contains three paragraphs. In the
�rst one, quasi-Banach spaces, quasi-Sobolev spaces and polynomials of Laplace quasi-
operator are de�ned. Moreover the conditions for existence of degenerate holomorphic
operator semigroups in quasi-Banach spaces of sequences are obtained. In other words,
we state the �rst part of generalization of the Solomyak � Iosida theorem to quasi-Sobolev
spaces of sequences. In the second paragraph the phase space of the homogeneous equation
is constructed. Here we show the existence of invariant spaces of equation and get the
conditions for exponential dichotomies of solutions. The last paragraph presents results on
properties of solutions to Dzektser equation.
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Introduction

The article is devoted to a quasi-Banach analogue of homogeneous Dirichlet problem
in a bounded domain for linear Dzektser equation [1�4]

(λ−∆)ut=β∆u−α∆2u+f.

We develop the theory of degenerate semigroups by spreading the results obtained in
Banach spaces to quasi-Sobolev spaces.

Firstly holomorphic degenerate semigroups appeared in [1, 5] as solving semigroups
for evolution Sobolev type equation

Lu̇=Mu, (1)

where operator L ∈ L(U;F), and operator M ∈ Cl(U;F), U,F are Banach spaces. Explicit
theory of such semigroups can be found in [6].

Interest in Sobolev type equations has recently increased signi�cantly [7�9], moreover,
there arose a necessity for their consideration in quasi-Banach spaces. The need is dictated
not so much by the desire to �ll up the theory but by the aspiration to comprehend non-
classical models of mathematical physics [2] in quasi-Banach spaces [10].

2015, vol. 2, no. 4 27



J.K.T. Al-Isawi

Since the Cauchy problem for the Sobolev type equation is not solvable for arbitrary
initial data it is necessary to construct the phase space of equation as the set of admissible
initial values containing all solutions of equation [6]. The phase spaces of evolution and
dynamical Sobolev type equations were constructed earlier in Banach spaces [6]. Moreover
there were found conditions when the phase space splits into direct sum of invariant with
respect to equation spaces and the solutions have exponential dichotomies [11]. By now
these problems are completely solved in Banach spaces [9]. Our goal is to spread these
ideas to one class of evolution Sobolev type equations in quasi-Sobolev spaces of sequences.
We construct invariant spaces for the Dzektser equation and obtain conditions when its
solutions have exponential dichotomies.

1. Holomorphic Degenerate Semigroups of Operators

Let U be a lineal over R. An ordered pair (U,U ∥.∥) is called a quasi-normed space, if
the function U ∥.∥ :U → R satis�es the following conditions:

1. U ∥u∥ ≥ 0 for all u ∈ U, moreover U ∥u∥= 0 i� u = 0, where 0 is a zero element in U;

2. U ∥αu∥=|α|U ∥u∥ for all u ∈ U, α ∈ R;

3. U ∥u+ v∥=C(U ∥u∥+U ∥v∥ ) for all u, v ∈ U, where the constant C ≥ 1.

The function U ∥u∥ with properties (i)�(iii) is called a quasi-norm. Obviously, in case
C = 1 this function is a norm.

The metrizable complete quasi-normed space is called a quasi-Banach space. The
spaces of sequences ℓq, q ∈ (0, 1) are well known quasi-Banach spaces (for q ∈ [1,+∞)
the spaces ℓq are Banach spaces).

Let henceforth {λk} ⊂ R+ be a monotone sequence such that lim
k→∞

λk = +∞. The

quasi-Banach space

ℓmq =

{
u={uk}:

∞∑
k=1

(
λ

m
2
k |uk|

)q

<+∞

}

with a quasi-norm m
q ∥u∥=

(∑∞
k=1

(
λ

m
2
k |uk|

)q)1/q

, m ∈ R is called a quasi-Sobolev space.

Obviously, for q ∈ [1,+∞) the spaces ℓmq are Banach spaces; ℓ0q=ℓq, and there is a
dense and continuous embedding ℓnq into ℓmq for n > m and q ∈ R+.

Example 1. Let U = ℓm+2n
q , F = ℓmq ; Qn(λ) be a polynomial of power n. Consider

operator Qn(Λ)u= {Qn(λk)uk}, n ∈ N, where {uk} ∈ U. It is easy to see that operator
Qn(Λ) ∈ L(U;F), moreover Qn(Λ) :ℓ

m+2n
q → ℓmq is a toplinear isomorphism.

Let U and F be quasi-Banach spaces, operators L ∈ L(U;F) and M ∈ Cl(U;F),
following [5, 6], take into consideration L-resolvent set ρL(M) ={µ ∈ C: (µL−M)−1 ∈
L(F;U)} and L-spectrum σL(M) =C\ρL(M) of operator M . It is easy to show that the
set ρL(M) is always opened, therefore the L-spectrum of operator M is always closed.

De�nition 1. Operator M is called strongly (L, p)-sectorial, p ∈ {0} ∪ N, if
(i) there exist constants a ∈ R and θ ∈ (π/2; π) such that the sector
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SL
a,θ(M) ={µ ∈ C: |arg(µ−a)| < θ, µ > a} ⊂ ρL(M);

(ii) there exists a constant K ∈ R+ such that

max
{
L(U)

∥∥RL
(µ,p)(M)

∥∥ ,L(F) ∥∥LL
(µ,p)(M)

∥∥} ≤ K∏p
k=0 |µk−a|

,

for all µ0, µ1, . . ., µp ∈ SL
a,θ(M). Here RL

(µ,p)(M) =
∏p

k=0R
L
µk
(M) is the right

and LL
(µ,p)(M) =

∏p
k=0 L

L
µk
(M) is the left (L, p)-resolvent of operator M , and

RL
µ(M) = (µL−M)−1L and LL

µ(M) =L(µL−M)−1 are the right and the left L-resolvents
of operator M respectively.

(iii) there exists a dense in F lineal F0 such that

F

∥∥M(λL−M)−1LL
(µ,p)(M)f

∥∥ ≤ const

|λ|
∏p

k=0 |µk|
for all f ∈ F0,

where const = const(f); for all λ, µk ∈ SL
θ (M), k = 0, . . . , p.

(iv)

L(F;U)
∥∥(λL−M)−1LL

(µ,p)(M)
∥∥ ≤ const

|λ|
∏p

k=0 |µk|

for arbitrary λ, µk ∈ SL
θ (M), k = 0, . . . , p and some const ∈ R+.

Example 2. Let U=ℓm+2n
q , F=ℓmq ,m ∈ R, q ∈ R+, Qn (λ) =

∑n
i=0 ciλ

i Rs (λ) =
∑s

j=0 djλ
j

be polynomials of powers n and s respectively (n < s) with real coe�cients ( ds
cn

< 0),
without common roots. Construct operators L = Qn(Λ), M = Rs(Λ) as in example 1.
It is easy to show that Rs(Λ) ∈ Cl(U;F), domRs(Λ) = ℓm+2s

q , the L-spectrum σL(M) of
operator M consists of points µk = Rs(λk)(Qn(λk))

−1, k ∈ N: λk is not the root of the
polynomial Qn (λ).

Lemma 1. [12] Operator M de�ned in example 2 is strongly (L, 0)-sectorial.

Theorem 1. [12] Let operators M and L be de�ned as in example 2. Then
(i) operators L and M generate holomorphic semigroups {U t : t ∈ R+} and {F t : t ∈

R+} on spaces U and F respectively given by

U t=
1

2πi

∫
Γ

RL
µ (M) eµtdµ ∈ L (U) F t=

1

2πi

∫
Γ

LL
µ(M)eµtdµ ∈ L(F) (2)

for t ∈ R+, where the contour Γ ⊂ ρL(M) is such that |argµ| → θ ïðè µ → ∞, µ ∈ Γ.
(ii) there exist semigroup's units which are the projectors P ∈ L(U) and Q ∈ L(F)

given by

P =

{
I, if λk is not the root of Qn(λ) for all k ∈ N;
I−

∑
k∈N:k=ℓ

< ., ek > ek, if there exist ℓ ∈ N : λℓ is the root of Qn(λ),

(the projector Q has the same form), splitting the quasi-Banach spaces U and F into direct
sums

U=U0 ⊕ U1, F=F0 ⊕ F1;
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(iii) there is splitting of operator actions Lk ∈ L(Uk;Fk), Mk ∈ Cl(Uk;Fk), k= 0, 1,
and existence of operators M−1

0 ∈ L(F0;U0), L−1
1 ∈ L(F1;U1);

(iv) operators H=M−1
0 L0 (G=L0M

−1
0 ) are nilpotent and operators S=L−1

1 M1: domM∩
U1 → U1 and T=M1L

−1
1 :M [domM ] ∩ F1 → F1 are sectorial.

2. Invariant Spaces and Exponential Dichotomies of Solutions

Let U and F be quasi-Sobolev spaces of sequences, operators L ∈ L(U;F) and M ∈
Cl(U;F) be constructed in example 2. Consider linear evolution Sobolev type equation

Lu̇ = Mu. (3)

Vector-function u ∈ C1(R+;U), satisfying (3) pointwise is called (a classical solution
of this equation. The solution u = u(t) of (3) is called a solution to the weakened Cauchy
problem (in sense of S.G. Krein), if in addition for u0 ∈ U

lim
t→0+

u(t) = u0 (4)

holds.

De�nition 2. The set P ⊂ U is called a phase space of equation (3), if
(i) any solution u = u(t) of (3) lies in P pointwise, i.e. u(t) ∈ P for all t ∈ R+;
(ii) for all u0 ∈ P there exists a unique solution to (3), (4).

Theorem 2. [12] Let operators M and L be de�ned as in example (2). Then the subspace
U1 is a phase space of (3).

Consider the following condition:

Let σL(M) = σL
1 (M) ∪ σL

2 (M) and σL
1 (M) is not empty,

there exists a bounded domain Ω1 ⊂ C with a boundary of class C1,
such that Ω1 ⊃ σL

1 (M) and Ω1

∩
σL
2 (M) is empty.

 (5)

If this condition holds then there exist [11] operators given by integrals

P1 =
1

2πi

∫
γ1

RL
µ(M)dµ and Q1 =

1

2πi

∫
γ1

LL
µ(M)dµ,

where γ1 = ∂Ω1. By construction operators P1 ∈ L(U) and Q1 ∈ L(F).

Lemma 2. Let L,M ∈ L(U;F) be de�ned in example 2 and condition (5) hold then
operators P1 ∈ L(U) and Q1 ∈ L(F) are projectors in corresponding spaces.

Put U11 = imP1, F
11 = imQ1, U

10 = ker P1, F
10 = ker Q1; and by L11 (M11) denote

restriction of operator L (M) onto U11.

Theorem 3. [13] Let conditions of lemma 2 be ful�lled. Then
(i) operators L11,M11 ∈ L(U11;F11);
(ii) there exists an operator L−1

11 ∈ L(F11;U11).

Corollary 1. [13] Let conditions of lemma 2 be ful�lled. Then P1 = PP1 = P1P and
Q1 = QQ1 = Q1Q.
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Construct operators P2 = P −P1 and Q2 = Q−Q1. Due to corollary 1 these operators
are projectors. Put U12 = imP2, F

12 = imQ2 and by L12 (M12) denote restriction of
operator L (M) onto U12.

Corollary 2. [13] Let conditions of lemma 2 be ful�lled. Then
(i) U = U0 ⊕ U1, F = F0 ⊕ F1, U1 = U11 ⊕ U12, F1 = F11 ⊕ F12;
(ii) operators L12,M12 ∈ L(U12;F12);
(iii) there exists an operator L−1

12 ∈ L(F12;U12).

De�nition 3. Let P be a phase space of (3). The subset J ⊂ P is called an invariant
space of equation (3), if for arbitrary u0 ∈ J the solution u = u(t) of (3), (4) lies in J
pointwise (i.e. u(t) ∈ J for all t ∈ R+).

Theorem 4. [13] Let operators L,M ∈ L(U;F) be de�ned as in example 2 and condition
(5) hold then the image of group

V t =
1

2πi

∫
γ1

RL
µ(M)eµtdµ, t ∈ R, (6)

is an invariant space of (3).

De�nition 4. We say that solutions of (3) have exponential dichotomy, if
(i) the phase space of (3) can be represented as P = J1 ⊕ J2, where J1(2) are invariant

spaces of equation (3);
(ii) for arbitrary u0 ∈ J1 (u0 ∈ J2) solution u = u(t) of (3), (4) is such that U ∥u(t)∥ ≤

C1e
−at

U ∥u0∥ (U ∥u(t)∥ ≥ C2e
at

U ∥u0∥) for some a > 0 and all t ∈ R+.

Theorem 5. [13] Let operators L,M ∈ L(U;F) be de�ned as in example 2 and condition

σL(M) ∩ iR = ∅

hold. Then solutions of (3) have exponential dichotomy.

3. Properties of Solutions to Dzektser Mathematical Model

Consider Dzektser equation

(λ− Λ)ut = (αΛ2 + βΛ)u+ f, λ, β ∈ R, α ∈ R+ (7)

in quasi-Sobolev spaces U = ℓm+2
q and F = ℓmq , m ∈ R, q ∈ R+. De�ne the domain

dom(αΛ2 + βΛ) = ℓm+4
q .

By theorem 1 we have the following

Corollary 3. For all m,λ, β ∈ R τ, q, α ∈ R+, u0 ∈ U, f 0 ∈ C1((0, τ);F0) and f 1 ∈
C((0, τ);F1) there exists a unique solution u ∈ C1((0, τ);U) of (4), (7), given by

u(t) =−M−1
0 f 0(t)+U tu0+

∫ t

0

U t−sL−1
1 f 1(s) ds.

Here

F0=

{
{0} , if λk ̸= λ for all k ∈ N;
{f ∈ F:fk= 0, k ∈ N\{ℓ:λℓ=λ}} ;

2015, vol. 2, no. 4 31



J.K.T. Al-Isawi

F1=

{
F, if λk ̸= λ for all k ∈ N;
{f ∈ F:fk= 0,λk=λ};

M−1
0 =

{
O, if λk ̸= λ for all k ∈ N;∑

k∈N:λk=λ (αλ
2
k+βλk)

−1 < ., ek > ek.

U t=

{ ∑∞
k=1 e

µkt<., ek>ek, if λk ̸= λ for all k ∈ N;∑
k∈N:k ̸=ℓ e

µkt<., ek>ek, if there exist ℓ ∈ N:λℓ=λ,

where µk= (αλ2
k+βλk)(λ−λk)

−1.

L−1
1 =

{ ∑∞
k=1 (λ−λk)

−1<., ek>ek, if λk ̸= λ for all k ∈ N;∑
k∈N:k ̸=ℓ (λ−λk)

−1<., ek>ek, if there exist ℓ ∈ N:λℓ=λ.

Let's investigate the properties of solutions to homogenious equation (7). Consider the
following condition:

Let σL(M) = σL
1 (M) ∪ σL

2 (M);
σL
1 (M) consists of �nite number of points {µk} ⊂ σL(M);

Ω1 ⊂ C is a disc containing the points of σL
1 (M) and Ω1 ∩ σL

2 (M) = ∅.

 (8)

Obviously, due to (8) condition (5) holds. Then by lemma 2 there exist projectors

P1 =
∑

µk∈σL
1 (M)

< ., ek > ek and Q1 =
∑

µk∈σL
1 (M)

< ., ek > ek.

Construct the spaces

U11 = imP1 =
{
u ∈ U : uk = 0 if µk /∈ σL

1 (M)
}
,

F11 = imQ1 =
{
f ∈ F : fk = 0 if µk /∈ σL

1 (M)
}
,

U10 = ker P1 =
{
u ∈ U : uk = 0 if µk ∈ σL

1 (M)
}
,

F10 = ker Q1 =
{
f ∈ F : fk = 0 if µk ∈ σL

1 (M)
}
,

and by

L11 =
∑

µk∈σL
1 (M)

(λ− λk) < ., ek > ek

(M11 =
∑

µk∈σL
1 (M)

(αλ2
k + βλk) < ., ek > ek)

denote restriction of operator L (M) onto U11.
Construct operators

P2 = P −P1 =
∑

µk∈σL(M)\σL
1 (M)

< ., ek > ek and Q2 = Q−Q1 =
∑

µk∈σL(M)\σL
1 (M)

< ., ek > ek.
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Due to corollary 1 these operators are projectors. Put

U12 = imP2 =
{
u ∈ U1 : uk = 0 if µk ∈ σL

1 (M)
}
,

F12 = imQ2 =
{
f ∈ F1 : fk = 0 if µk ∈ σL

1 (M)
}

and by

L12 =
∑

µk∈σL(M)\σL
1 (M)

(λ− λk) < ., ek > ek

(M12 =
∑

µk∈σL(M)\σL
1 (M)

(αλ2
k + βλk) < ., ek > ek)

denote restriction of operator L (M) onto U12.

Corollary 4.
(i) U = U0 ⊕ U1, F = F0 ⊕ F1, U1 = U11 ⊕ U12, F1 = F11 ⊕ F12;
(ii) operators L12,M12 ∈ L(U12;F12);
(iii) there exists an operator L−1

12 ∈ L(F12;U12).

Proof. (i) and (ii) are obvious. Operator

L−1
12 =

∑
µk∈σL(M)\σL

1 (M)

(λ− λk)
−1 < ., ek > ek.

2
Theorem 6. The space U11 which is the image of group

V t =
1

2πi

∫
γ1

RL
µ(M)eµtdµ, t ∈ R, (9)

and the space U12 are invariant spaces of (7).

Theorem 7. If Re µk ̸= 0 for all µk ∈ σL(M) then solutions of (7) have exponential
dichotomy.

The author would like to thank Alyona Zamyshlyaeva for the support and given
opportunities.
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Î ÍÅÊÎÒÎÐÛÕ ÑÂÎÉÑÒÂÀÕ ÐÅØÅÍÈÉ
ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ ÄÇÅÊÖÅÐÀ
Â ÊÂÀÇÈÑÎÁÎËÅÂÛÕ ÏÐÎÑÒÐÀÍÑÒÂÀÕ

Äæ.Ê.Ò. Àëü Èñàâè

Òåîðèÿ ãîëîìîðôíûõ âûðîæäåííûõ ïîëóãðóïï îïåðàòîðîâ, ïîñòðîåííàÿ ðàíåå â

áàíàõîâûõ ïðîñòðàíñòâàõ è ïðîñòðàíñòâàõ Ôðåøå, ðàñïðîñòðàíÿåòñÿ íà êâàçèñîáîëåâû

ïðîñòðàíñòâà ïîñëåäîâàòåëüíîñòåé. Ñòàòüÿ ñîäåðæèò ðåçóëüòàòû î ñóùåñòâîâàíèè

34 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

ýêñïîíåíöèàëüíûõ äèõîòîìèé ðåøåíèé ýâîëþöèîííîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà
â êâàçèñîáîëåâûõ ïðîñòðàíñòâàõ. Äëÿ ïîëó÷åíèÿ ýòîãî ðåçóëüòàòà äîêàçàíû îòíîñè-
òåëüíî ñïåêòðàëüíàÿ òåîðåìà è ñóùåñòâîâàíèå èíâàðèàíòíûõ ïðîñòðàíñòâ óðàâíåíèÿ.
Âñå àáñòðàêòíûå ðåçóëüòàòû ïðèìåíÿþòñÿ â èññëåäîâàíèè ñâîéñòâ ðåøåíèé ìàòåìàòè-
÷åñêîé ìîäåëè Äçåêöåðà â êâàçèñîáîëåâûõ ïðîñòðàíñòâàõ.

Ñòàòüÿ êðîìå ââåäåíèÿ è ñïèñêà ëèòåðàòóðû, ñîäåðæèò òðè ïàðàãðàôà. Â ïåð-
âîì îïðåäåëÿþòñÿ êâàçèáàíàõîâû (êâàçèñîáîëåâû) ïðîñòðàíñòâà è ìíîãî÷ëåíû îò êâà-
çèîïåðàòîðà Ëàïëàñà. Áîëåå òîãî, ïðèâîäÿòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ âûðîæäåííûõ
ãîëîìîðôíûõ ïîëóãðóïï îïåðàòîðîâ â êâàçèáàíàõîâûõ ïðîñòðàíñòâàõ ïîñëåäîâàòåëü-
íîñòåé. Äðóãèìè ñëîâàìè, äîêàçûâàåòñÿ ïåðâàÿ ÷àñòü îáîáùåíèÿ òåîðåìû Ñîëîìÿêà
� Èîñèäû íà êâàçèáàíàõîâû ïðîñòðàíñòâà ïîñëåäîâàòåëüíîñòåé. Âî âòîðîì ïàðàãðà-
ôå ñòðîèòñÿ ôàçîâîå ïðîñòðàíñòâî îäíîðîäíîãî óðàâíåíèÿ, à òàêæå ïîêàçûâàåòñÿ ñó-
ùåñòâîâàíèå èíâàðèàíòíûõ ïðîñòðàíñòâ óðàâíåíèÿ. Êðîìå òîãî, ïîëó÷åíû óñëîâèÿ
ñóùåñòâîâàíèÿ ýêñïîíåíöèàëüíûõ äèõîòîìèé ðåøåíèé. Â ïîñëåäíåì ïàðàãðàôå ïðåä-
ñòàâëåíû ðåçóëüòàòû î ñâîéñòâàõ ðåøåíèé óðàâíåíèÿ Äçåêöåðà â êâàçèñîáîëåâûõ ïðî-
ñòðàíñòâàõ

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñîáîëåâñêîãî òèïà; ãîëîìîðôíûå âûðîæäåííûå ïîëó-

ãðóïïû; êâàçèñîáîëåâû ïðîñòðàíñòâà; èíâàðèàíòíîå ïðîñòðàíñòâî; ýêñïîíåíöèàëü-

íûå äèõîòîìèè ðåøåíèé; ìàòåìàòè÷åñêàÿ ìîäåëü Äçåêöåðà.
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