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One can �nd the eigenvalues of non-selfadjoint operators only by numerical methods.

The use of these methods is associated with large computational di�culties. Therefore, the

development of a new method for calculating of eigenvalues of non-self-adjoint operators has

great theoretical and practical interest. Non iterative method for �nding of eigenvalues of

perturbed self-adjoint operators is developed on the basis of the theory of regularized traces.

This method is called the method of regularized traces. The linear formulas for computing

of the eigenvalues of the discrete operators, which are semi-bounded from below, were

found. Using them, one can compute the eigenvalues of perturbed self-adjoint operator

with any their number. Note that for this computation it does not matter whether the

eigenvalues with less number are known or not. Numerical calculations of eigenvalues for

the spectral problems, which are generated by the equations of mathematical physics, show

that for large numbers of eigenvalues the proposed formulas give more exact result than the

Galerkin method. In addition, the obtained formulas allow to compute the eigenvalues of

perturbed self-adjoint operator with very large number, such that the use of the Galerkin

method becomes di�cult. The algorithm of application of the method of regularized traces

for �nding of eigenvalues of the Couette spectral problem of hydrodynamic stability theory

is constructed. This problem studies the stability of the �ow of a tough liquid between two

rotating axisymmetric cylinders to small perturbations of the basic �ow. A feature of this

problem is the fact that the di�erential operator is a matrix one. Numerical experiments

have shown the high computational e�ciency of the proposed algorithm of computing of

the eigenvalues of the studied spectral problem.

The algorithm of application of the method of regularized traces for spectral problems,

which are generated by the matrix discrete operators limited from below, is constructed in

the paper.

Keywords: eigenvalues and eigenfunctions of operators; corrections of the perturbation

theory; discrete operators; self-adjoint operators; the theory of hydrodynamic stability.

Introduction

This article is a continuation of works [1�15], which are associated with the
development of non iterative numerical method for computing of eigenvalues of perturbed
self-adjoint operators by the method of regularized traces (RT). The basic ideas of the
method of regularized traces are the following. To solve the problem of �nding of the
eigenvalues of operator T + P (

T + P
)
u = µu, (1)

where T � a discrete semi-bounded from below operator, P � limited operator de�ned in
a separable Hilbert space H. Suppose that the eigenvalues {βn}∞n=1 of the operator T are
known and are numbered in non-decreasing order of their values with regard to algebraic
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multiplicity, and orthonormal eigenfunctions {vn}∞n=1, corresponding to these eigenvalues.
Denote the multiplicity of the eigenvalue βn by νn, and the number of all unequal to each

other eigenvalues βn, which lie inside the circle Tn0 of radius ρn0 =
|βn0+1 + βn0 |

2
with

center in the beginning of coordinate complex plane by n0. Let {µn}∞n=1 be eigenvalues of
the operator T + P , which are numbered in non-decreasing order of their real parts. If

inequalities qn =
2∥P∥

|βn+νn − βn|
< 1 are true for all n ≥ n0, then the �rst m0 =

n0∑
n=1

νn of the

eigenvalues of {µn}m0
n=1 of the operator T + P are solutions of the system of m0 nonlinear

equations of the form

m0∑
k=1

µp
k =

m0∑
k=1

βp
k +

∞∑
k=1

α
(p)
k (m0), p = 1,m0. (2)

Here α
(p)
k (m0) =

(−1)kp

2πki
Sp

∫
Tn0

βp−1
[
PRβ(T )

]k
dβ are k-tide corrections to the perturbation

theory of the operator T + P of integer order p, Rβ(T ) is the resolvent of the operator T .
Numerical reiterating method of regularized traces (MS) is based on the system

of equations (2). This method allows to �nd the eigenvalues of perturbed self-adjoint
operators in the case when the self-adjoint operators have eigenvalues of an arbitrary
multiplicity.

If eigenfunctions {vn}∞n=1 of the operator T are basis in H, then eigenvalues {µn}m0
n=1

of the operator T + P are calculated by the formulas [15]:

µn = βn + (Pvn, vn) + δ(n), n = 1,m0, (3)

where δ(n) satisfy to the estimates |δ(n)| ≤ (2n− 1)ρn
q2

1− q
.

An algorithm of use of the PC method for �nding of the eigenvalues of the spectral
Couette problem of the hydrodynamic theory of stability is developed in the paper.

1. Spectral Couette Problem

Consider the problem of hydrodynamic stability of the axisymmetric �ow of a viscous
incompressible �uid between two rotating concentric cylinders. Let us to introduce a
cylindrical coordinate system with axis OZ along axis of cylinders. In the case of rotational
symmetry, equation of the �rst approximation for small perturbations relative with regard
to the amplitudes of the stream function ψ̂(r) and transversal velocity component v̂(r) are
of the form [16] 

1

r
T 2ψ̂ + 2λRvv̂ = µT ψ̂,

1

r
T v̂ − 2λRAψ̂ = µv̂.

r1 < r < r2, (4)

Here A =

Ω2

Ω1

(R2

R1

)2

− 1(R2

R1

)2

− 1
, B = −

(Ω2

Ω1

− 1
)(R2

R1

)2

(R2

R1

)2

− 1
, R1 and R2 � radiuses of inner and

outer cylinders, Ω1 and Ω2 are their angular velocities of rotation, R � the dimensionless
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Reynolds number, λ � wave number, µ = Rσ, σ � spectral parameter of the Couette

problem, T v̂ = −rd
2v̂

dr2
− dv̂

dr
+(

1

r
+λ2r)v̂, v = Ar+

B

r
, r1 = 1, r2 = R2/R1. The boundary

conditions for the di�erential equations system (4) are following:

v̂
∣∣∣
r=r1,r2

= ψ̂
∣∣∣
r=r1,r2

=
dψ̂

dr

∣∣∣
r=r1,r2

= 0. (5)

If the real part of σr of complex numbers σ = σr + σii is positive, then due to linear
theory, the perturbation is unstable. If σr < 0, then perturbation decays [16].

In separable Hilbert space Lr
2[r1, r2] with weight r we introduce the matrix operator

G =

 1

r
T 2 − µT 2λRv

−2λRA
1

r
T − µ

 .

The domain of de�nition of DG of the matrix operator G consists of all of the matrix-

columns Φ of the form

(
ψ̂
v̂

)
, the elements of which are functions of the class

ψ̂(r) ∈ C4(r1, r2)
∩

C1[r1, r2],
1

r
T 2ψ̂ ∈ Lr

2[r1, r2],

v̂(r) ∈ C2(r1, r2)
∩

C1[r1, r2],
1

r
T v̂ ∈ Lr

2[r1, r2],

satisfying the boundary conditions (5), i.e.

DG =



{
ψ̂ | ψ̂ ∈ C4(r1, r2)

∩
C1[r1, r2],

1

r
T 2ψ̂ ∈ Lr

2[r1, r2],

ψ̂(r)
∣∣∣
r=r1,r2

=
dψ̂(r)

dr

∣∣∣
r=r1,r2

= 0
}

{
v̂ | v̂ ∈ C2(r1, r2)

∩
C1[r1, r2],

1

r
T v̂ ∈ Lr

2[r1, r2],

v̂(r)
∣∣∣
r=r1,r2

= 0
}


.

Then the system of equations (4) can be written in the form

GU = 0, U ∈ DG. (6)

One can not to apply the method of regularized traces directly to �nd the eigenvalues
of the spectral problem (6). It is so because a matrix di�erential operator G cannot be
represented as a sum of matrices of self-adjoint and bounded operators. To overcome
this di�culty, we build an auxiliary spectral problem, such that the set of its eigenvalues
coincides with the set of eigenvalues of the Couette problem (6).

To this end we consider the di�erential operator T1. Suppose that

T1f = −rd
2f

dr2
− df

dr
+
(1
r
+ λ2r

)
f
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with domain of de�nition

DT1 =
{
f | f ∈ C4(r1, r2)

∩
C1[r1, r2],

1

r
T 2
1 f ∈ Lr

2[r1, r2], f(r1) = f(r2) = 0
}
,

and inhomogeneous boundary problem

T1f = w(r), r1 < r < r2,
f(r1) = 0, f(r2) = 0.

(7)

Theorem 1. The solution of the boundary problem (7) in the domain DT1 is unique and
is expressed by the formula

f(r) =
G1(λr, λr1)

G1(λr2, λr1)

r2∫
r1

ξ,G1(λr2, λξ)w(ξ)dξ −
r∫

r1

ξ,G1(λr, λξ)w(ξ)dξ, r1 ≤ r ≤ r2,

where G1(ξ, η) = I1(ξ)K1(η) − I1(η)K1(ξ), I1(r) � Bessel function of the �rst order of
imaginary argument, K1(r) � the function of Makdonalda of the �rst order.

Remark 1. The operator T1 has an inverse operator T−1
1 in DT1 , since the boundary

problem (7) has a unique solution in DT1 .

T−1
1 f =

G1(λr, λr1)

G1(λr2, λr1)

r2∫
r1

ξ,G1(λr2, λξ)f(ξ)dξ −
r∫

r1

ξ,G1(λr, λξ)f(ξ)dξ.

Lemma 1. The operator T−1
1 on the set DT1 is a "right inverse" of the operator T .

Substitute

U =

(
T−1
1 0
0 1

)(
f̂
v̂

)
= QF.

Then

GU =

 1

r
T 2 − µT 2λRv

−2λRA
1

r
T − µ

(
T−1
1 0
0 1

)(
f̂
v̂

)
=

=

 1

r
T − µ 2λRv

−2λRAT−1
1

1

r
T − µ

(
f̂
v̂

)
=

=


 1

r
T 0

0
1

r
T

+ 2λR

(
0 v

−AT−1
1 0

)
− µ

(
1 0
0 1

)(
f̂
v̂

)
=

=
(1
r
T+P− µE

)
F.

Here

T =

(
T 0
0 T

)
, P =

(
0 2λRv
−2λRAT−1

1 0

)
,
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Q =

(
T−1
1 0

0 1

)
, E =

(
1 0
0 1

)
.

From (6), we obtain (1
r
T+P

)
F = µF, F ∈ DT, (8)

where

F =

(
f̂
v̂

)
, U =

(
ψ̂
v̂

)
,

DT =



{
f̂ | f̂ ∈ C2(r1, r2)

∩
C1[r1, r2],

1

r
T f̂ ∈ Lr

2[r1, r2],

df̂(r)

dr

∣∣∣
r=r1,r2

= 0
}

{
v̂ | v̂ ∈ C2(r1, r2)

∩
C1[r1, r2],

1

r
T v̂ ∈ Lr

2[r1, r2],

v̂(r)
∣∣∣
r=r1,r2

= 0
}


.

The sets of eigenvalues of the spectral problems (6) and (8) coincide, and their
eigenfunctions F and U are related by the equality

U = QF.

Theorem 2. Spectral problem

1

r
TF0 = βF0, F0 ∈ DT, F0 =

(
f̂0
v̂0

)
(9)

has set of eigenvalues {βn}∞n=1:

βn ∈ Ag

∪
Aq,

Ag = {λ2 + g2n}∞n=1, Aq = {λ2 + q2n}∞n=1

and many eigenfunctions:

F0n =

{(
χAg(βn)f̂0n(r)
χAq(βn)v̂0n(r)

)}∞

n=1

, r1 ≤ r ≤ r2. (10)

Here
f̂0n(r) = C2n

[
S1(gn)Y1(gnr)− S2(gn)J1(gnr)

]
,

S1(g) = − 1

λ2 + g2

[
λr2G2(βr2, λr2)J1(gr2)−gr1G1(λr2, λr1)J0(gr1)−βr1G2(λr1, λr2)J1(gr1)

]
,

S2(g) = − 1
2 + g2

[
λr2G2(λr2, λr2)Y1(gr2)−gr1G1(λr2, λr1)Y0(gr1)−λr1G2(λr1, βr2)Y1(gr1)

]
,

gn � roots of the equation:[
r2G1(λr2, λr1)gY0(gr2)− r2λG2(λr2, λr1)Y1(gr2) + r1λG2(λr1, λr1)Y1(gr1)

]
×

×
[
r2λG2(λr2, λr2)J1(gr2)− r1G1(λr2, λr1)gJ0(gr1)− r1λG2(λr1, λr2)J1(gr1)

]
−

−
[
r2λG2(λr2, λr2)Y1(gr2)− r1G1(λr2, r1)gY0(gr1)− r1λG2(r1, λr2)Y1(gr1)

]
×

×
[
r2G1(λr2, λr1)gJ0(gr2)− r2λG2(λr2, λr1)J1(gr2) + r1λG2(λr1, λr1)J1(gr1)

]
= 0,
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v̂0n(r) = C4n

[
J1(qnr1)Y1(qnr)− Y1(qnr1)J1(qnr)

]
, qn � roots of the equation:

J1(qr1)Y1(qr2)− J1(qr2)Y1(qr1) = 0,

χAη è χAζ
� characteristic functions of sets Aη and Aζ respectively, G1(ξ, η) = I1(ξ)K1(η)−

I1(η)K1(ξ), G2(ξ, η) = I1(ξ)K1(η) + I1(η)K1(ξ).

Theorem 3. A set of eigenvalues {βn}∞n=1 of the problem (9) has no �nite limit points,
and all eigenvalues are real, non-negative and simple.

Theorem 4. Eigenfunctions (10) of the spectral problem (9) corresponding to di�erent
eigenvalues are orthogonal in Lr

2[r1, r2].

Theorem 5. An operator P is restricted in Lr
2[r1, r2] and

||P|| ≤ 2λR max
r1≤r≤r2

(
|v|, |A|

λ2

)
.

Theorem 6. An operator
1

r
T with the domain of de�nition DT is a discrete semi-bounded

from below in Lr
2[r1, r2].

Scalar product
(
PF0n ,F0m

)
r
for any n,m ∈ N is computed by the formulas:

Vnm =
(
PF0n ,F0m

)
r
=

r2∫
r1

r
[
PF0n

]T
F0mdr =

= 2λR
[
χAg(βn)χAq(βm)

r2∫
r1

rv(r)v̂0n(r)f̂0m(r)dr− (11)

−χAq(βn)χAg(βm)

r2∫
r1

rv(r)v̂0m(r)T
−1
1

(
f̂0n(r)

)
dr
]
.

To compute the eigenvalues of the spectral problem (8) and, therefore, the Couette
problem (4), (5) by the method of regularized traces, we propose the following algorithm:

1. Using theorem 1, to �nd the eigenvalues {βk}k0k=1 of spectrum problem (9). To
enumerate founded eigenvalues of βk in descending order of value.

2. To �nd the orthogonal system of eigenfunctions {F0}k0k=1 of the boundary problem
(9) and to normalize it.

3. To �nd n0 from inequalities

2||P||
|βn+1 + βn|

< 1

such that they are true for all n ≤ n0 ≤ k0.
4. To calculate the scalar product of Vnn by the formulas (11) for all n ≤ n0.
5. To calculate approximate eigenvalues {µ̃n}n0

n=1 of the boundary problem (9) using
equations (2) for all n ≤ n0.
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6. Using µ = Rσ, to �nd approximate eigenvalues {σ̃n}n0
n=1 of the spectral problem (4),

(5).
The results of the calculation of the �rst eigenvalues σ̃n of the Couette problem (4),

(5), which are obtained by the method of RS, were compared with calculation of them by
the method of Galerkin. In all cases, the results coincide with good veracity.

Table shows the �rst four eigenvalues of the Couette problem for the case λ = 10,
R2

R1

= 3,
Ω2

Ω1

= 0, 5.

Table

The results of the calculation of approximate eigenvalues σ̃j
of the spectral problem (4), (5) by method of RS

j σ̃j σ̃j

R = 10000 R = 100000
1 −0, 010707− 1, 446012i −0, 001071− 1, 446017i
2 −0, 010707 + 1, 446012i −0, 010707 + 1, 446017i
3 −0, 011396− 1, 344948i −0, 001139− 1, 344955i
4 −0, 011396 + 1, 344948i −0, 001139 + 1, 344955i

Numerical experiments have shown the high computational e�ciency of the
constructed algorithm for computing of the eigenvalues of the studied spectral problem.

Conclusion

The application of the method of regularized traces for computing of the eigenvalues
of the spectral problem and the Couette problem is developed. To this end the auxiliary
boundary problem (9) is constructed. This problem is generated by the matrix perturbed
self-adjoint operator, such that its eigenvalues set coincides with the same set of Couette
problem. Theorems that allow to justify the legitimacy of application of the RT method
for �nding of the eigenvalues of the constructed problem are obtained. The algorithm
of application of method for the RT spectral problems generated by the discrete matrix
operators limited from below is constructed.
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ÂÛ×ÈÑËÅÍÈÅ ÑÎÁÑÒÂÅÍÍÛÕ ÇÍÀ×ÅÍÈÉ
ÑÏÅÊÒÐÀËÜÍÎÉ ÇÀÄÀ×È ÊÓÝÒÒÀ ÌÅÒÎÄÎÌ
ÐÅÃÓËßÐÈÇÎÂÀÍÍÛÕ ÑËÅÄÎÂ

Ñ.È. Êàä÷åíêî, Ë.Ñ. Ðÿçàíîâà, À.È. Êàä÷åíêî

Ñîáñòâåííûå ÷èñëà íåñàìîñîïðÿæåííûõ îïåðàòîðîâ ìîæíî íàéòè òîëüêî ÷èñëåí-

íûìè ìåòîäàìè, ïðèìåíåíèå êîòîðûõ ñâÿçàíî ñ áîëüøèìè âû÷èñëèòåëüíûìè òðóäíî-

ñòÿìè. Ïîýòîìó ðàçðàáîòêà íîâîãî ìåòîäà âû÷èñëåíèÿ ñîáñòâåííûõ çíà÷åíèé íåñàìî-

ñîïðÿæåííûõ îïåðàòîðîâ ïðåäñòàâëÿåò áîëüøîé òåîðåòè÷åñêèé è ïðàêòè÷åñêèé èíòå-

ðåñ. Íà îñíîâå òåîðèè ðåãóëÿðèçîâàííûõ ñëåäîâ ðàçðàáîòàí íåèòåðàöèîííûé ìåòîä

íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé âîçìóùåííûõ ñàìîñîïðÿæåííûõ îïåðàòîðîâ, êîòî-

ðûé áûë íàçâàí ìåòîäîì ðåãóëÿðèçîâàííûõ ñëåäîâ. Íàéäåíû ëèíåéíûå ôîðìóëû äëÿ

âû÷èñëåíèÿ ñîáñòâåííûõ çíà÷åíèé äèñêðåòíûõ ïîëóîãðàíè÷åííûõ ñíèçó îïåðàòîðîâ.

Èñïîëüçóÿ èõ, ìîæíî âû÷èñëÿòü ñîáñòâåííûå çíà÷åíèÿ âîçìóùåííîãî ñàìîñîïðÿæåí-

íîãî îïåðàòîðà ñ ëþáûì èõ íîìåðîì, íåçàâèñèìî îò òîãî, èçâåñòíû ëè ñîáñòâåííûå

çíà÷åíèÿ ñ ïðåäûäóùèìè íîìåðàìè èëè íåò. ×èñëåííûå ðàñ÷åòû ñîáñòâåííûõ çíà-

÷åíèé äëÿ ñïåêòðàëüíûõ çàäà÷, ïîðîæäåííûå óðàâíåíèÿìè ìàòåìàòè÷åñêîé ôèçèêè,

ïîêàçûâàþò, ÷òî ïðåäëàãàåìûå ôîðìóëû ïðè áîëüøèõ íîìåðàõ ñîáñòâåííûõ çíà÷åíèé

äàþò ðåçóëüòàò òî÷íåå, ÷åì ìåòîä Ãàëåðêèíà. Êðîìå òîãî, ïî íàéäåííûì ôîðìóëàì

ìîæíî âû÷èñëÿòü ñîáñòâåííûå çíà÷åíèÿ âîçìóùåííîãî ñàìîñîïðÿæåííîãî îïåðàòîðà

ñ î÷åíü áîëüøèìè íîìåðàìè, êîãäà ïðèìåíåíèå ìåòîäà Ãàëåðêèíà ñòàíîâèòñÿ çàòðóä-

íèòåëüíûì. Ðàçðàáîòàí àëãîðèòì ïðèìåíåíèÿ ìåòîäà ðåãóëÿðèçîâàííûõ ñëåäîâ äëÿ

íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé ñïåêòðàëüíîé çàäà÷è Êóýòòà ãèäðîäèíàìè÷åñêîé

òåîðèè óñòîé÷èâîñòè, êîòîðàÿ èññëåäóåò óñòîé÷èâîñòü òå÷åíèÿ âÿçêîé æèäêîñòè ìåæ-

äó äâóìÿ âðàùàþùèìèñÿ îñåñèììåòðè÷íûìè öèëèíäðàìè ê ìàëûì âîçìóùåíèÿì îñ-

íîâíîãî òå÷åíèÿ. Îñîáåíîñòüþ çàäà÷è ÿâëÿåòñÿ òîò ôàêò, ÷òî äèôôåðåíöèàëüíûé îïå-

ðàòîð ÿâëÿåòñÿ ìàòðè÷íûì. Ïðîâåäåííûå ÷èñëåííûå ýêñïåðèìåíòû ïîêàçàëè âûñîêóþ

âû÷èñëèòåëüíóþ ýôôåêòèâíîñòü ðàçðàáîòàííîãî àëãîðèòìà âû÷èñëåíèÿ ñîáñòâåííûõ

çíà÷åíèé èññëåäóåìîé ñïåêòðàëüíîé çàäà÷è.

Â ðàáîòå ïîñòðîåí àëãîðèòì ïðèìåíåíèÿ ìåòîäà ðåãóëÿðèçîâàííûõ ñëåäîâ ê ñïåê-

òðàëüíûì çàäà÷àì, ïîðîæäåííûì ìàòðè÷íûìè äèñêðåòíûìè îãðàíè÷åííûìè ñíèçó

îïåðàòîðàìè.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè îïåðàòîðîâ; ïî-

ïðàâêè òåîðèè âîçìóùåíèé; äèñêðåòíûå îïåðàòîðû; ñàìîñîïðÿæåííûå îïåðàòîðû;

ãèäðîäèíàìè÷åñêàÿ òåîðèè óñòîé÷èâîñòè.
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