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One can find the eigenvalues of non-selfadjoint operators only by numerical methods.
The use of these methods is associated with large computational difficulties. Therefore, the
development of a new method for calculating of eigenvalues of non-self-adjoint operators has
great theoretical and practical interest. Non iterative method for finding of eigenvalues of
perturbed self-adjoint operators is developed on the basis of the theory of regularized traces.
This method is called the method of regularized traces. The linear formulas for computing
of the eigenvalues of the discrete operators, which are semi-bounded from below, were
found. Using them, one can compute the eigenvalues of perturbed self-adjoint operator
with any their number. Note that for this computation it does not matter whether the
eigenvalues with less number are known or not. Numerical calculations of eigenvalues for
the spectral problems, which are generated by the equations of mathematical physics, show
that for large numbers of eigenvalues the proposed formulas give more exact result than the
Galerkin method. In addition, the obtained formulas allow to compute the eigenvalues of
perturbed self-adjoint operator with very large number, such that the use of the Galerkin
method becomes difficult. The algorithm of application of the method of regularized traces
for finding of eigenvalues of the Couette spectral problem of hydrodynamic stability theory
is constructed. This problem studies the stability of the flow of a tough liquid between two
rotating axisymmetric cylinders to small perturbations of the basic flow. A feature of this
problem is the fact that the differential operator is a matrix one. Numerical experiments
have shown the high computational efficiency of the proposed algorithm of computing of
the eigenvalues of the studied spectral problem.

The algorithm of application of the method of regularized traces for spectral problems,
which are generated by the matrix discrete operators limited from below, is constructed in
the paper.

Keywords: eigenvalues and eigenfunctions of operators; corrections of the perturbation
theory; discrete operators; self-adjoint operators; the theory of hydrodynamic stabilily.

Introduction

This article is a continuation of works [1-15], which are associated with the
development of non iterative numerical method for computing of eigenvalues of perturbed
self-adjoint operators by the method of regularized traces (RT). The basic ideas of the
method of regularized traces are the following. To solve the problem of finding of the
eigenvalues of operator 7'+ P

<T+P)u=/ﬂh (1)

where T — a discrete semi-bounded from below operator, P — limited operator defined in
a separable Hilbert space H. Suppose that the eigenvalues {3, }22; of the operator T are
known and are numbered in non-decreasing order of their values with regard to algebraic
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multiplicity, and orthonormal eigenfunctions {v,}22 |, corresponding to these eigenvalues.

Denote the multiplicity of the eigenvalue £, by v, and the number of all unequal to each

other eigenvalues (3,,, which lie inside the circle T, of radius p,, = M with

center in the beginning of coordinate complex plane by ng. Let {1, }52, be eigenvalues of
the operator T+ P, which are numbered in non-decreasing order of their real parts. If

2|| P o
(Ll < 1 are true for all n > ng, then the first mg = > v, of the

|ﬁn+un - ﬁn’ n=1

eigenvalues of {p, }n2; of the operator T'+ P are solutions of the system of mg nonlinear
equations of the form

inequalities g, =

mo mo o]
Sk =>4+ a(m), p=Tms. (2)
k=1 k=1 k=1

—1)* k
Here a,(gp)(mg) = ﬂSp [ gt [PRB(T)] df3 are k-tide corrections to the perturbation

2mka Ty

theory of the operator T'+ P of integer order p, Rg(T) is the resolvent of the operator 7'
Numerical reiterating method of regularized traces (MS) is based on the system
of equations (2). This method allows to find the eigenvalues of perturbed self-adjoint
operators in the case when the self-adjoint operators have eigenvalues of an arbitrary
multiplicity.
If eigenfunctions {v,}>2, of the operator T" are basis in H, then eigenvalues {y,}"°,
of the operator T'+ P are calculated by the formulas [15]:

pin = Bn + (Pvn,v,) +6(n), n=1,mo, (3)

2
where 0(n) satisfy to the estimates |d(n)| < (2n — 1)p, . a

An algorithm of use of the PC method for finding of the eigenvalues of the spectral
Couette problem of the hydrodynamic theory of stability is developed in the paper.

1. Spectral Couette Problem

Consider the problem of hydrodynamic stability of the axisymmetric flow of a viscous
incompressible fluid between two rotating concentric cylinders. Let us to introduce a
cylindrical coordinate system with axis OZ along axis of cylinders. In the case of rotational
symmetry, equation of the first approximation for small perturbations relative with regard
to the amplitudes of the stream function ¢(r) and transversal velocity component v(r) are
of the form [16]

Lred 4 onRvD = 10,
T R ry <71 <Tro, (4)
=TV =2 RAY = pv.

r

Here A = %, B = — <Ql R21>2(R1) , Ry and Ry — radiuses of inner and
(7)) - (&) -

outer cylinders, €2; and €2, are their angular velocities of rotation, R — the dimensionless
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Reynolds number, A — wave number, 4 = Ro, 0 — spectral parameter of the Couette

N v dv 1 N B
problem, T = —rd—g — d_v +(=+ A7)0, v =Ar+—,r =1, ry = Ry/R;. The boundary
T roor r
conditions for the differential equations system (4) are following:
_ -~ dip
r=71,T2 w r=r1,r2 dr r=71,T2 ( )

If the real part of o, of complex numbers ¢ = o, + ;¢ is positive, then due to linear
theory, the perturbation is unstable. If o, < 0, then perturbation decays [16].
In separable Hilbert space Lj[ry, o] with weight r we introduce the matrix operator

1
~T? — uT 2)\Rv
G - r 1
—2\RA -T —pu
r

The domain of definition of Dg of the matrix operator G consists of all of the matrix-

~

columns ® of the form ( % ) , the elements of which are functions of the class

~ 1 .~
Y(r) € 04(7”177“2) ﬂol[ﬁﬂ“ﬂ; ;TQZU € Ly[ri,ma),

. S
o(r) € C*(ry,m2) ﬂCl[rl,rg], ;T?} € Lj[ry, 7o),

satisfying the boundary conditions (5), i.e.

-~ 1~
{010 € C'ur)NCHrrl, ST € L[, r)
~ dib(r
() =MM —0}
i
{717 €C?,r)NCMra,ral, ST € Ly, ral,

r=r1,r2 dT
a(r) o0}
r=71,T2

Then the system of equations (4) can be written in the form

D¢ =

GU =0, UeDeg. (6)

One can not to apply the method of regularized traces directly to find the eigenvalues
of the spectral problem (6). It is so because a matrix differential operator G cannot be
represented as a sum of matrices of self-adjoint and bounded operators. To overcome
this difficulty, we build an auxiliary spectral problem, such that the set of its eigenvalues
coincides with the set of eigenvalues of the Couette problem (6).

To this end we consider the differential operator 77. Suppose that

Efdf o1,
Tf=rog gt ()
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with domain of definition

= {f | f€C4(7‘1,T2)ﬂCI[7’1,T2]7 %TffELg[Tl,M]a flr) = [f(r2) = 0},

and inhomogeneous boundary problem

T\ f =w(r) ry<r <r,

Fr) =0, f(rs) =0, (7)

Theorem 1. The solution of the boundary problem (7) in the domain Dy, is unique and
18 expressed by the formula

() = g%%%%/&&km& £)dc - /5&Aw@(&m n<r<n

where G1(&,n) = [(§)K1(n) — Ii(n)K1(€), 11(r) — Bessel function of the first order of
imaginary argument, K;(r) — the function of Makdonalda of the first order.

Remark 1. The operator 7} has an inverse operator 7; ' in Dy, since the boundary
problem (7) has a unique solution in Dr,.

G1(Ar, Ary)

T = 575%7/5@Am& 1&)d€ - [ €.Gu0wm (€1

Lemma 1. The operator Ty on the set Dy, is a "right inverse” of the operator T.

Substitute ) R
_ (T O [\ _
Then .
nly 2 _ ~
QU — 71T wT 12)\Rv (Tll 0)<J:):
“9NRA  -T—p 0 1)\
r
1
=T — 2ARv J’c\
Y : (A>:
—2ARAT,' T —pu v
r
1T 0 —~
" 0 v 10 7
— r — =
0 ir +QAR(—ATfl 0) u<0 1) (3)
T
1
- (—T+P —ME>F.
T
Here

T 0 0 2ARv
T‘(o T)’P_(—Q)\RATfl 0 )
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' 0 (10
(1) (o)

-\ 0
From (6), we obtain
1
<;TV+P>F::MF,FEEDT, (8)
where R R
e (TY uv_(?
v )’ v )’
PO 1~
{FIFecrum)NCrmal, <TF € Ly, ral,
e
f(r) :@
DT = d’f' r=71,T2 1
i)\ | i)\ c 02(7"1,7”2) ﬂcl[Tl,T’g], ;Ti}\ S Lg[’l“l,?"g],
a(r) —0}

The sets of eigenvalues of the spectral problems (6) and (8) coincide, and their

eigenfunctions F and U are related by the equality

U = QF.
Theorem 2. Spectral problem
] —~
FTF) = Fy, Fo€ Dr, Fo= (L) )
r Vo
has set of eigenvalues {3, }5% ;-
Ba € Ag| A,
Ag={N+ahi, A= {N+aha
and many eigenfunctions:
F, = XAH(B’“‘)IOW(T) )} , o <1 <. 10
=Gt )} e o
Here N
Fou () = Con [$1(90)Yi(gr) = Salga) I (9a7)].
Si(g) = —m [)\7"2@2(57“27 Ara) Ji(gra)—griGi(Ars, >\7’1)J0(97"1)—5T1G2()\7"1,)\Tz)Jl(grl)]7
1
Sa(g) = Y 2 [ATQGQ()\T% Ar9)Yi(gra)—griGi(Ars, >\7"1)Y0(97“1)—/\7“1G2(>\7"h57“2)3/1(97”1)}7

gn — roots of the equation:
[r2G1()\7’2, Ar1)gYo(gra) — raAGa(Arg, Ary) Y1 (gra) + riAGa (A, )\7”1)3/1(97"1)} X

X [TQ)\GQ()\TQ, )\Tg)Jl (gTQ) — TlGl()\Tg, )\Tl)gJ()(g’l”l) — 7’1)\G2()\7’1, )\TQ)Jl (g?"l):| —

- |:T2/\G2()‘T2; )\7“2)5/1(97’2) - T1G1()\7”2, 1 QYO(QTl) - Tl)\GQ(Tla )\7“2)5/1(97’1) X

)
X |:7’2G1()\7’2, )\rl)gJo(grg) — TQ)\GQ()\T’Q, )\7’1)J1 (gTQ) + 7’1>\G2()\?”1, )\7’1)J1 (g?“l) = O,
41
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Vo, (1) = Can | J1(qnm1)Y1(qnr) — Y1(qnr1)J1(qnr) |, Gn — T00LS 0f the equation:

Ji(gr)Yi(gre) — Ji(qr2)Ya(gri) = 0,

XA, U XA, — characteristic functions of sets A, and A respectively, G1(&,n) = I.(§) K1(n)—
L) K1(§), Ga(§,m) = Li(E) Ki(n) + Li(n)K1(§).

Theorem 3. A sel of eigenvalues {5,152, of the problem (9) has no finite limit points,
and all eigenvalues are real, non-negative and simple.

Theorem 4. FEigenfunctions (10) of the spectral problem (9) corresponding to different
eigenvalues are orthogonal in Li[ry, .

Theorem 5. An operator P is restricted in Lb[ry, 3] and

A
IP|| < 2AR max (m,u).
<r<rg

T1ISTrST )\2

1
Theorem 6. An operator —T with the domain of definition Dt is a discrete semi-bounded

from below in Li[ry, rs).
Scalar product <Pan, Fom> for any n,m € N is computed by the formulas:

T2

T
Vnm = (PFQH,FQm) = /T|:PFO”:| Fode’ =
1

T2

= 2R, (Bu)xca, (Bn) [ 1o, (o, (r)dr— (1)

T1

T2

—XAq(ﬁn)XAg(ﬁm)/rv(r)ﬁom(r)Tl1(fon(r)>dr]

To compute the eigenvalues of the spectral problem (8) and, therefore, the Couette
problem (4), (5) by the method of regularized traces, we propose the following algorithm:

1. Using theorem 1, to find the eigenvalues {ﬁk}’,zo:l of spectrum problem (9). To
enumerate founded eigenvalues of §; in descending order of value.

2. To find the orthogonal system of eigenfunctions {Fo},’zozl of the boundary problem
(9) and to normalize it.

3. To find ng from inequalities

2[|P]
‘6114—1 +6n‘

such that they are true for all n < ng < k.

4. To calculate the scalar product of V,,,, by the formulas (11) for all n < ny.

5. To calculate approximate eigenvalues {ii,}.°, of the boundary problem (9) using
equations (2) for all n < ny.

<1
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6. Using p = Ro, to find approximate eigenvalues {7, }.°; of the spectral problem (4),

(5).

The results of the calculation of the first eigenvalues 7, of the Couette problem (4),
(5), which are obtained by the method of RS, were compared with calculation of them by
the method of Galerkin. In all cases, the results coincide with good veracity.

Table shows the first four eigenvalues of the Couette problem for the case A = 10,
R Q
2 -3 2=0,5.
Ry 0

Table

The results of the calculation of approximate eigenvalues o,
of the spectral problem (4), (5) by method of RS

J 7j j

R = 10000 R = 100000
1| —0,010707 — 1,446012i | —0,001071 — 1,446017:
2 [ —0,010707 + 1,4460127 | —0,010707 + 1,446017:
3| —0,011396 — 1,344948; | —0,001139 — 1, 3449554
4] —0,011396 + 1,344948; | —0,001139 + 1, 344955i

Numerical experiments have shown the high computational efficiency of the
constructed algorithm for computing of the eigenvalues of the studied spectral problem.

Conclusion

The application of the method of regularized traces for computing of the eigenvalues
of the spectral problem and the Couette problem is developed. To this end the auxiliary
boundary problem (9) is constructed. This problem is generated by the matrix perturbed
self-adjoint operator, such that its eigenvalues set coincides with the same set of Couette
problem. Theorems that allow to justify the legitimacy of application of the RT method
for finding of the eigenvalues of the constructed problem are obtained. The algorithm
of application of method for the RT spectral problems generated by the discrete matrix
operators limited from below is constructed.
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BBIUIICJIEHUE COBCTBEHHBIX 3HAUYEHUI
CIHEKTPAJILHOM 3AJJAYN KYSTTA METOJ0M
PEI'VJIAPN30BAHHbBLIX CJIE/1O0B

C."U. Kaduenxo, JI.C. Pasanosa, A.U. Kaduernxo

Co6GCTBEHHBIE YHUCIA HECAMOCOMPSAYKEHHBIX OIEPATOPOB MOXKHO HANTH TOJBKO YHCIEH-
HBIMHA METOIJAMH, IPUMEHEHHE KOTOPBIX CBA3AHO C OOJIBIIMMY BBIYUCIUTEIBHBIMUA TPYIHO-
cramu. IToaTomy paspaboTKa HOBOTO METO/IA BBIMHC/IEHHS COOCTBEHHBIX 3HAYECHHUN HECAMO-
COTPSI?KEHHBIX OMEPATOPOB TIPEJICTABIISET OOIBITON TEOPETUIECKUN W MTPAKTUIECKUI WHTE-
pec. Ha ocHoBe Teopuu peryisipu3oBaHHBIX CJIEJOB Pa3pabOTaH HEUTEPAIMOHHBIH MeTos
HaXOXK/IeHUsT COOCTBEHHBIX 3HAYEHUI BO3MYIIIEHHBIX CAMOCOIIPIAKEHHBIX OTIePaTOPOB, KOTO-
pbiii ObLT HA3BAH METOJOM PEryadpU30BaHHBIX ciaenoB. Hafinersr muneiinbie hopMynsr A
BBIYHUCJIEHNs] COOCTBEHHBIX 3HAYEHUH MUCKPETHBIX MMOJYOTPAHWYEHHBIX CHHU3Y OIEPATOPOB.
Wcnonap3yst ux, MOYKHO BBIYUCISTH COOCTBEHHBIE 3HAYEHUST BO3SMYIIEHHOTO CAMOCOTIPSIZKEH-
HOTO OIMEPATOpPa ¢ JOBIM WX HOMEDPOM, HE3ABHCHUMO OT TOTO, U3BECTHBI JIN COOCTBEHHBIE
3HAYEHUs] C TPEIbLIYINUMU HOMEpaMu Wjin HeT. UuCJIeHHbE pAacYeThbl COOCTBEHHBIX 3HA-
qeHuil A1 CIeKTPATbHBIX 33734, MOPOXKICHHBIE YPABHEHUAMU MATEMAaTUIECKON (DU3nKH,
MMOKA3BIBAIOT, 9TO IpPeaiaraeMble (GOPMYJIIbl MPK OOIBITHX HOMEPAX COOCTBEHHBIX 3HAYEHUH
JAI0T pe3ynabrar Tounee, deMm Meron lasepkuua. Kpome Toro, mo HaiiaeHHbIM (DOpMyIaM
MOXKHO BBIUHCJISITH COOCTBEHHBIE 3HAUEHUsI BO3MYIIEHHOTO CAMOCOIPSI)KEHHOTO OMEPATOpa
¢ OYeHb DOJIBITUMY HOMEpPaMU, KOI/Ia IpUMeHeHre MeTona [almepKkuHa CTAaHOBUTCST 3aTPYI-
HATENhHBIM. Pa3paboTan anropuTM MPUMEHEHUS METO/Ia PEeryJsipU30BAHHBIX CJIEIOB I
HAXOXK/IEHUsT COOCTBEHHBIX 3HAYEHWH CHEKTPAJbHON 3aja4n KydTTa ruapoanHaMUYecKOi
TEOPUHU YCTONYIMBOCTH, KOTOPAs UCCJIELyeT YCTOHYNBOCTD TEIEHUs BA3KOM KUIKOCTH MEXK-
Iy OBYMSI BPAITAIOIIUMUCST OCECUMMETPUIHBIMY [UJIWHIPAMUA K MAJIBIM BO3MYIIEHUSIM OC-
HOBHOTO TeueHus. OcoOeHOCTHIO 331a91 ABASETCs TOT (GaKT, 94TO M epeHnatbHbIi Orre-
paTop ABsgeTca MaTpudHbIM. [IpOBeneHHbIE YUCIEHHBIE SKCIIEPUMEHTHI TIOKA3AJIH BBICOKYTO
BBIYHUCIATEIBHYIO 3PHEKTUBHOCTh Pa3pabOTAHHOIO AJITOPUTMA BBIYUCIEHUS COOCTBEHHBIX
3HAYECHUN UCCeAyeMOU CIEKTPAJIbHON 3aJa4n.

B pabore mocTpoeH ajqropuTM MPpUMEHEHUs] METO/IA, PETYISTPU30BAHHBIX CJIEIOB K CIIEK-
TPAJBbHBIM 331a9aM, TMOPOXKIEHHBIM MATPUYHBIMUA TUCKPETHBIMU OTPDAHUYEHHBIMHU CHU3Y
OTIepaATOPAMU.

Karoueswie caosa: cobemeenmvie 3navenus u cobcmeennvie GyHEUUY 0nepamopos; no-
NPABKY MEOPUL 803MYUEHul; JUCKPEMMHbe ONEPATNOPsl; CAMOCOTPAICEHHBLE ONEPATNOPYL;

2u0p00uuamuuec%aﬂ meopuu ycmoﬁ"meocmu.
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