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QUESTION OF UNIQUENESS OF RECOVERY

OF POTENTIAL BY SPECTRUM IN THE INVERSE BORG
LEVINSON PROBLEM WITH ROBIN BOUNDARY
CONDITIONS

L.V. Smirnova, Nosov Magnitogorsk State Technical University, Magnitogorsk,
Russian Federation, smirnova20@bk.ru.

The inverse Borg — Levinson problem with Robin boundary conditions, such that
conditions for the uniqueness of the recovery of potential by spectrum are formulated
for it, is considered in the paper. A similar problem, but with the Dirichlet boundary
conditions, is enough studied. It is well known that the uniqueness of the recovery of
potential is independent on removing of a finite number of spectral data in the inverse
Borg — Levinson problem with Dirichlet boundary conditions. In the present paper we
prove that the theorem, which was obtained for the Dirichlet boundary conditions, holds
also for problem with Robin boundary conditions. To this end, we prove the theorems about
the uniqueness of recovery of potential in the inverse Borg — Levinson problem with the
Robin boundary conditions. Also we answer the following question. Suppose we know the
nature of the asymptotic expansion of its eigenvalues. When this problem has a unique
solution? The method to create a mathematical model of the recovery of potential in the
inverse Robin problem is presented on the basis of it.

Keywords: inverse Borg — Levinson problem; eigenvalues; eigenfunctions; Robin
boundary conditions.

Introduction

A problem of recovery of the operator by its given spectral characteristics is called
an inverse problem of spectral analysis. Such characteristics can be spectra (with various
boundary conditions), spectral function, scattering data, and others. The main idea of
applications of inverse problems is the following: to measure certain quantities, which can
be measured, and to obtain an information about the physical quantities on the basis of
it. Consider the inverse problem of scattering on a potential. Here a physical quantity is
the potential ¢(z) of the Schrodinger equation, and the measured value is the scattering
amplitude. In particular, some problems of quantum mechanics lead to problems of such
type. For example, to determine of intra-atomic forces by given energy levels, i.e. by the
spectrum, which can be found experimentally. Many inverse problems have not the only
solution. For example, Borg showed that Sturm — Liouville operator generally is defined
not uniquely by a single spectrum. Therefore, one of the most important problems is the
uniqueness of the recovery of potential. A question about the identification of additional
conditions, which ensure an uniqueness of the solution of the inverse problem, appears
during solution of this problem.

For the first time the inverse problem for the Sturm — Liouville operator was set
by V.A. Ambartsumian. In the simplest formulation, it was to identify the operator,
when its spectrum is known. Further advances in the theory of inverse problems have
been achieved by applying to the investigation of inverse problems the so-called operators
of conversions. This method was developed in detail in the works of V.A. Marchenko,
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M.G. Crane, .M. Gelfand, B.M. Levitan, L.D. Faddeev, M.G. Gasimov, Y.M. Berezanskii
and others. They considered the theorems about the existence of the potential in the inverse
problem of spectral analysis for ordinary differential equations. Note that the formulation
of the inverse spectral problem was to find the potential of a given spectral function p, ().

Spectral problem for the Laplace operator with potential was set by Y.M. Berezanskii.
He proved that in the equation given in a finite or infinite bounded domain G of three-
dimensional space,

—Au+ c(p)u=Au, Im c(p) =0

with the boundary condition
ou

an 7 ° (p)u=0,
where o(p) — continuous real function of point p on the boundary I' of domain G, the
spectral function ¥(p,q,\) (p,q € I,—00 < A < 00) uniquely determines the coefficient
¢(p) in the class of piecewise analytic coefficients and boundary condition on a part of the
boundary T', i.e. function o(p).

In 1990 M.I. Belishev [1] proposed an approach to solve multidimensional inverse
problems of wave equation. This approach is based on the connection of boundary inverse
problems with the boundary control problems. Here unknown factor (density), which is
part of the wave equation, is restored during the solving of the problem of continuation of
wave fields.

In 1988 A.I. Nachman, J. Sylvester , G. Uhlmann [12]| published a paper about the
proof of the multidimensional Borg — Levinson theorem. They considered the following
problem:

(1)

where 2 — bounded domain in R" (n > 2) with boundary S of class C*°. They proved
the uniqueness of the recovery of potential ¢ if all of eigenvalues and the values of the
derivatives along the normal to the boundary S of all eigenfunctions of this problem are
known.

Subsequently, F.C. Ramm, T. Suzuki, GG. Alessandrini, J. Sylvester presented similar
results for other inverse problems of spectral analysis. The theorem about the uniqueness of
the solution of inverse problems includes the values, which do not affect on the uniqueness
of the recovery of potential. This fact become clear after paper written by H. Isozaki [5].
He proved a theorem about the uniqueness of the recovery of potential in the presented
problem for the case, if there is not a finite number of spectral data.

The problem of uniqueness of the recovery of potential in the inverse problems of
spectral analysis by inexact given spectral data was first studied by V.V. Dubrovskii,
L.V. Smirnova [3, 4, 14-20]. So the question about the uniqueness of recovery of potential
in the Neumann problem, if there is not an infinite number of eigenvalues and values
of eigenfunctions on the boundary of a given domain, was resolved in paper [4]. Later
V.V. Dubrovskii demonstrates the following. Let Q be bounded domain in R? with
boundary S of class C2. Let a certain character of the asymptotic expansion of eigenvalues
and certain additional conditions hold. Then the recovery of potential in inverse problems
for Dirichlet and Neumann problems is unique. Possibilities of numerical methods for
solving of spectral problems are considered in papers [1-6], written by S.I. Kadchenko and
S.N. Kakushkin.

(—A+q)u = Iu B,
uls =0,
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The article discusses the inverse Borg — Levinson problem with Robin boundary
conditions in statement of work by H. Isozaki [5]. In his article H. Isozaki concluded
that the uniqueness of the recovery of potential is independent on removing of a finite
number of spectral data in the inverse Borg — Levinson problem with Dirichlet boundary
conditions. In the present paper we prove that the theorem, which was obtained for the
Dirichlet boundary conditions, holds also for problem with Robin boundary conditions.
Also we answer the following question. Suppose we know the nature of the asymptotic
expansion of its eigenvalues. When the inverse problem with Robin boundary conditions
has a unique solution? The method to create a mathematical model of the recovery of
potential in the inverse Robin problem is constructed on the basis of it.

1. Theorem about the Uniqueness of the Recovery of Potential
by Incomplete Spectral Data

Let Q be bounded domain in RY, N > 2 with boundary S of class C°°. Consider the

Robin problem for real function ¢ € C*°(), for real function 6 € C*°(S), d(x) < 0:

[av HSZO’ ?

where v is inner normal to the surface S, A — is spectral parameter.

Problem (2) has not more than a countable number of eigenvalues i1, ui2, i3, ...,each
of which has a finite multiplicity. Let uy < po < ps < ... be eigenvalues of this boundary
problem, taken with regard to their multiplicities, and vy, vs, vs, ... be corresponding them
orthonormal eigenfunctions.

We denote a multiplicity of eigenvalue p; as m;. Orthonormal eigenfunctions
corresponding to p; denote by v;, 1 < j < my. These sets of functions are not uniquely

defined.
E, = {(Umvzn ”'7Umtt> }
S

Suppose
Two systems of eigenfunctions {ult,ugt,...,umtt}, {vlt,vgt,...,vmtt} are said to be

equivalent, if there exists an orthogonal matrix 7" such that

-T.

(Mnuzm -'-7umtt> s = (Ult,%t, "'7Umtt> g

Obtained equivalence classes are denoted by Uy.
We introduce Dirichlet operator D : Ly(S) — Lo(S) by the equality

D()‘u Q>f = U‘S-

Here f,v € C*®(Q) are considered as an elements of Ly(€2) and function v € C=(Q) is a
solution of Robin problem for

[@_M”s g—éf.
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We introduce (f, g) ff

Definition 1. A function F is defined by an equality:

Fovw050:0) = [ (D) (P22 = 561.) ) ) (P22 2) = bin o(0) ) ..

S

where (1) = exp(iviw - z), A € C/(—00;0), w € SN, § € SN,

To prove the theorems about the uniqueness of recovery of potential for Robin
boundary problem we need the following lemma, which can be proved by Green formula.

Lemma 1. For function F' the following equality holds:

F(\w,0;q;) = —%(9 —w)? /exp(—i\/X(Q —w)zr)dr — /exp(—i\/X(@ —w)z)gj(x)dr—

Q Q

— [ o) expl=iVA(0 — w))dS, — [ a)@) - (-5 + 4= ) @on) (o) - ool

S Q

Consider the sequences of the form
\/E =n+i, w, =c,n—E&2n)7

O = can+£2n)7Y, o = (1— |40 N2, n=1,2, ..., (3)

where n € SV~! and ¢ is an arbitrary fixed element RY, & # 0, and (,£) = 0. In these
sequences we obtain the limit equality:

lim F(l,,0,,wn;q) = —g /exp(—z’x -&)dx + /exp(—ix -&)q(x)dx. (4)

n—o00
Q Q

In the future we will use (4) to prove theorems about the uniqueness of the recovery of
potential in the Robin problem. -
Consider problem (2) with potentials g1, g2 € C*°(2). Let us prove the theorem..

Theorem 1. Let q1, g2 be real functions of C™(Q) such that for some natural number
T > 0 for the Robin problems (1) the following conditions holds:

1.Vt € N Uqi)ls = Ui(g2)|s;

2.3 e NVt >T (q1) = pue(gz)-
Then q1(x) = qo(x) for all x € Q.

Proof.
The kernel of the Dirichlet operator formally is given by an equality [3]:

ker D(z, y) Zut (@) (@)ue(q;) (w) - (elgy) = N7, wy €S,
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where ker D(A, q1) — ker D(\, g2) makes sense as an operator in Ly(S x S). Consider a

difference
ker D(A\, 1) — ker D(\, q2) =

=Y wla) (@) ula) () - (ela) Z 2)ur(g2)(y) - (peg2) — A7
t=1 t=1
For the sequence defined by the equalities (2), we have
. agplngwn agpln —6On _
Jim [[D(ln, 1) = D(ln; @2)|| - H 5y 0Pl H — 01, -0, e~ (5)
Therefore, using the equality (3), we claim that
lim ’F(ln79n7wn;q1) - F(ln79n7wn7QZ>’ = 0. (6)

n—oo

And, therefore, q(z) = gz(z) for all z € Q. Indeed, then

[ew(in- a@r = [ expl-iz- Oa(o)ts

Q Q

Thus, the potential of problem (1) is uniquely determined, if there is no a finite number
of spectral data.

O
The validity of the mathematical model of recovery of potential (MRP) in the Robin

problem follows from this theorem.

MRP 1. Let Q — be bounded domain in RV (N > 2) with boundary S of class C*°.
Suppose that in the problem (1) the following values are known: a potential ¢;, eigenvalues,
with the exception, perhaps, of a finite set of them, and values of eigenfunctions on the
boundary S. Suppose that the following conditions holds for problem (1) with potential

q2:
LVt € N Ui(qr)|s = Uilg2)ls;
2.37 > PYL 2T pu(q) = pe(ae),
then for all z from Q) an equality ¢;(x) = g2(2z) holds.

2. Theorem about the Uniqueness of the Recovery of Potential,
when the Character of the Asymptotic Expansion of Eigenvalues
is Known

Suppose that for t — oo the eigenvalues of problem (1) have the asymptotic
ut:C’l-tz/N+0(t1/N+7), Where0<7< —, Cy > 0. (7)

In this case, the following statement holds [4]:
for |n —ti] > C -t >0, Wherel—N < B <1, we have

|k (q5) — e, (q5)| > const - max{ty, n}’ > 0,
ltn(qr) — pe, (q2)| > const - max{ty, n}’ > 0.
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Let natural #, be such that u,(q1) = ju,(g2). We set I, = ng — 1 4 2ngi, where
no = [/, (q1) — 1]. For potential ¢ € C*°(Q) of problem (1) an estimate is obtained [14]:

»l=

[us(@)l[22(5) < Colpel@)] -

Let us consider potentials g1, g2, such that the more stringent conditions for them hold,
for example, in two dimension case:

ue(g) | Lags) < Cat™, Cy > 0. (9)
We estimate the operator norm

| ker DX, 1) — ker D(A, g2)]| <

Z — pe@)] - le(an) = A0 Lre(az) = A7 ue(an) (@) 17, s)+

+Z Jur(qn) () - we(qn) (y) — ue(g2) (@) - ue(g2) W) | La(sxs) X [e(g2) — A7 = S+ Sa.

4
Suppose that for e > 1+ 3N the condition

po = Hm#*[p(g2) — pe(q1)] < o0 (10)

is true. Then from (7) we get

0o 2 ,2/N
SN < conStZ ilar) Mt(QQ)’tNtO/ =
o = — pe(qr) — o (q1) — 2] - | (o) — b (1) — 2ni

2. T

[t—to|<Co-th  [t—to|>Ca-tE>0

2
One can evaluate each sum, using (7)-(10), and show tlim Sity” = 0.
0—00

1
Consider sum Sy. Suppose that for 6 > 1+ IN the condition
T 12 (1) (2)ue () (y) — ue(g2) (@)1 (2) (1) [ a(5x5) < 00

2
holds. Similarly we get that tlim Satd” = 0. Therefore (4) holds. Therefore, we claim that
0—>00

the functions ¢; and ¢, equal for all = from Q.
The following theorem follows from all stated above.

Theorem 2. Suppose that in Robin problems (1) the potentials ¢ and g2 in Q such that
1
pe(g;) = Cr - 2N +o(t%+”) 0<~y < —, C7 > 0;

s (g5) || a5y < Co - N, Cy >0, (5 =1,2).
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4 1
1+ — 1+ —
Suppose € > 1 + SN and 6 > 1+ 5N such that

lim %[ 11¢(g2) — pe(q1)| < oo,
t—00

I 12 (q0) (2)ue (1) (y) — e(g2) (@)ur(g2) (9) | a(sixs) < 00

exist. Then ¢; and ¢, coincide everywhere on Q.

On the basis of this theorem we have the following

MRP 2. Let Q be bounded domain in RY (N > 2) with boundary S of class C*. Let
in problem (1) the potential ¢; is known and conditions

1
pe(qr) = Cy - 2N+ o(t%ﬂ), 0<y< N Cy > 0;

ue(q) | Lags) < Co - N, Oy >0

hold. Suppose that for problem (1) with potential go the conditions
1 1
pe(qz) = CL-t¥N 4 o(tv ), 0 <y < N Cy > 0;

[e(q2)] Lagsy < Co - N, Cy >0,

4 1
hold, there exist ¢ > 1+ 3N and 0 > 1+ N such that
Eﬂﬂt((b) — pe(q1)| < o0,

Et‘sﬂut(ql)(x)ut(ql)(y) — (q2) (2)ur(q2) (Y)[| La(sx5) < 00

Then ¢; and ¢, coincide everywhere on €.

Conclusion

We obtained the theorems about the uniqueness of the recovery of potential for the
inverse Borg — Levinson problem with boundary Robin conditions by incomplete spectrum
with a given asymptotics. Models of recovery of potential were formulated on the basis of
presented theorems. Further development of this problem may be the proof of theorems
about the uniqueness of recovery of potential by incomplete spectrum, when there exist no
an infinite number of spectral data, the more so that this quastion was already considered
for the problem with the Dirichlet boundary conditions. It should focus on the theorems
about existence.
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NCCJIEAOBAHUE BOIIPOCA EJVMHCTBEHHOCTUA
BOCCTAHOBJIEHU A ITOTEHIIMAJIA 110 CIIEKTPY
B OBPATHOU 3AJAYE BOPTA — JIEBUHCOHA

C KPAEBBIMU YCJIOBUAMU POBEHA

JI.B. Cmuprosa

B crarpe paccmarpuBaercs obparnas 3aaada Dopra — JleBurcona ¢ KpaeBbIMuU yCio-
Buamu Pobena, s KOTOpoit GOpMyIMPYIOTCS YCAOBUSA €IWHCTBEHHOCTH BOCCTAHOBJIEHUS
MOTEHIHAJIA, TIO criekTpy. [TomobHast 3ama49a, HO ¢ KPaeBbIMU ycaoBusaMu Jupuxie, mocta-
TOYHO MOJHO U3y4eHa. V3BeCTHO, YTO MOXKHO OTOPOCUTH KOHEYHOE YUCIO CIEKTPATBHBIX
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JlaHHBIX B oOparHoit 3a1a4e Bopra — JleBuncona ¢ kpaesbiMu ycaosusivu Jupuxiie u 310 He
B/IMSIET HA €IUHCTBEHHOCTH BOCCTAHOBJIEHUS MOTEHITMAA. B mMpeacTaBieHHoil cTaThe T0Ka-
3BIBAETCS, UYTO TEOPeMa, TOJyIeHHas I KPAeBbIX ycaosuil Jlupuxie, copaBeainBa u ajis
3aJIa9U € KpaeBbIMU yciaoBusMu PoGena. /[iist 5TOro 1OKa3bIBAIOTCS TEOPEMBI €TUHCTBEHHO-
CTH BOCCTAHOBJIEHUS IIOTEHIINAJIA B 00paTHO 33,1a4e Bopra — JIeBuHCOHA KPAEBBIMU YCIIOBH-
simu Pobena, maercs oTBeT HA BOIPOC, B KAKOM CJIyYae JAHHASA 33/1a9a UMEeT €IMHCTBEHHOR
perreHne, eciiu N3BECTEH XapaKkTep aCUMITTOTHYECKOTO PA3JIOKEHNs ee COOCTBEHHBIX UNCe.
Ha ocroBe 3T0ro0 npejoxeH noaxos K CO3JaHNI0 MATEMATHYECKOH MOJIETH BOCCTAHOBJIEHHS
MOTEeHIMAaJa B 00paTHoil 3a1a4de Pobena.

Karoueevie caosa: obpamnas 3adavwa Bopea — Jleguncona; cobemeenmvie wucaa; cob-
cmeeHHble GYHKEUUY; Kpaesuie yeaosus Pobena.
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