MSC 65M70 DOI: 10.14529/jcem150409

DIFFERENTIAL OPERATORS ON THE PROJECTIVE
PLANE

O.A. Torshina, Nosov Magnitogorsk State Technical University, Magnitogorsk,
Russian Federation, olganica@mail.ru.

A formula for the addition of even spherical harmonics was obtained in [1]. This formula
became the starting point for the derivation of the first regularized trace for the Laplace
— Beltrami operator with potential on the projective plane. Due to this formula, it is not
need to find asymptotic formulas for the associated Legendre polynomials by the three
parameters, which was an impossible problem for a long time. The obtained results are
the basis for the calculation of the perturbation theory corrections and allow the following
application for the formulas for regularized traces of elliptic differential operators. In this
paper we consider the problem of summation of divergent series class. We propose a method
for calculating of the corrections of perturbation theory for a differential operator with
potential on the real projective plane. The method is applicable, in particular, to take sum
of series with factorial growth of its members.

Keywords: operator Laplace — Bochner; projective plane; Hilbert space; Legendre

polynomial; Lipschitz condition.

1. Addition Theorem

Consider spherical function of order n [9):
P,(cosa) =2 i MP(l)(cos 0"\ P (cos B) cos (¢ — ¢')
' 1=0 G(n+0t" " 7

where « is an angle between the radius vectors in spherical coordinates (0, ) and (¢, ¢');
cosa = sinfsin @’ cos(p — ¢') + cos b cos 0';
og=2atl=0and ;=1 at [ > 0;

ppdPala) _ (L= a?)/2 g

P (x) = (1~ 2% [(=® = 1",

det  2mpl dant
Legendre polynomial
R
P,(z) = —[(z* = 1)" ~1 1.
() = gl =1, —1<w<

Using the addition theorem for Legendre polynomials [11, 13|, we write even spherical
functions. We assign the negative superscript to the functions which contain cos(ly), and
the positive superscript to sin(lp).

Yn(fl)(e, p) = Pn(l)(cos 0) cos(lp), m=0(mod 2),
Yn(l)(é, ) = PT(LZ)(COS 0)sin(lp), n=1(mod 2), [ <n.

84 Journal of Computational and Engineering Mathematics



COMPUTATIONAL MATHEMATICS

Theorem 1. In

Unl

1/ cos(ly) )PV (cos b)),

2(n =0t l)‘
ai(n +10)!

; cos (1" )PV (cos §'),

[ <n

are spherical harmonics, then for the even spherical functions we can use the following

formulas

where

Proof. In order to prove the theorem, we consider the following relations [12, 14]

n

§ : /
Unl Unl

=1 (mod 2)

n

= Ly (P,(cos)),

Z UpiUhy = Lo (Py(cos ),

=0 (mod 2)

m=

Il

k=0,k#m

Ly (cos(ly)) =0, l=
Ly (cos(lp)) = cos(ly), 1=
Ly (sin(lp)) = 0, l=
Ly (sin(ly)) = sin(lp), [ =
Ly (cos(ly)) =0, l=
Ly (cos(lp)) = cos(ly), 1=
L, (sin(ly)) = 0, l=
Ly (sin(ly)) = sin(lp), =
which follow from the sequence of parities
n am n
Ly (cos(ly)) = Z sin —- H
m=0 k=0,k#m

> I

m=1(mod 2) k=0,k#m

0, [ = 0(mod 2)
cos(ly) %, l=1(mod 2) ~ {
Ly (sin(l)) = > Jsin 7| ]

m=0 k=0,k#m

d? 2
dp? k
2 k2 )
> 2
dp? k
2 k2

l2 _ k2
R cos(lp) =
cos(lp)
0, [ = 0(mod 2),
cos(lyp), [ =1(mod 2).

12—

k2

ez — ez Snlle) =
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0, o 1= 0med )y | = 0(mod 2),
sin(lp) [T 5=, [ =1(mod 2) ~ | sin(lp), I = 1(mod 2).
mm| o P — Kk
Ly (cos(lp)) = mzz:o cos - k }_]{Lm T cos(lp) =

= Z H cos(lgo)

m=0(mod 2) k=0 k;ém

B 0, . [ = 1(mod 2), (o I = 1(mod 2),
) cos(lp) [T 55, 1=0(mod2) ~ | cos(ly), I=0(mod 2),
k=0
a > — k2
(sinlp) = Z ‘sm — T sin(lp) =
-0 k= Ok;ém

= > I agesinle) =
m=0(mod 2) k=0,k#m
0, [ = 1(mod 2), - { 0 I = 1(mod 2),

— ) sin(ly) %, [ = 0(mod 2) sin(ly), 1= 0(mod 2).
k=0

Then
Zvnlvnl = QZ 50 +l P(l) (cos ) PV (cos ') cos(ly) cos(ly') =
= Z ACE) |Pn(l (cos 0) PV (cos 0 )[cos I (p + ¢') 4 cosl(p — ¢)].
After replacing variable ¢’ — 271 — ¢', we get that |7]
cosl(p+¢') =cosl(p+2m — ¢') = cosl(p — ¢').
Therefore

= "L 2(n —1)!
VUl = 2 —P(l) cos )PV (cos @) cos
After using the theorem [2]|, we get that

E UVl = Py(cos a),
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it is obvious that

n n
!/
Ll E UTLl Unl — E Unl Unl 9
1=0

=1 (mod 2)
n n
/
2 E UniUp | = E Unlvnl
=0 =0 (mod 2)

Therefore |6, 8]

n

Z Ul = Li(P,(cos ),
=1 (mod 2)

n

Z Ul = La(P,(cos av)).

=0 (mod 2)

2. Analysis of the Perturbation Theory Corrections

Let T' be Laplace — Bochner with potential on the projective plane F', acting on a
Hilbert space H of functions square-integrable with respect to Haar: sin0dfdy ( 0, ¢ are
spherical coordinates), A, = n(n+1) (n = 0,00) — the eigenvalues of the operator T,
Vn = 2n + 1 — the multiplicity of \,; Vn,i (i = 0,2n) — eigenfunctions T" forming an
orthonormal system of spherical functions. Assume also that [, = {A\|[A =\, +n+ 1+
ip, —oo < p < oo} — vertical lines in the complex plane. We denote eigenvalues of 7'+ P
by fin,i, combined with the algebraic multiplicity such that

|ttns — n(n 4+ 1)| < const.

It is clear that

Zﬂn,i =n(n+1)2n+1)+ Z(PUM’ Uni) + n(p) + Balp) + O (%) ’

1=0

2n
where «,(p) is the second amendment to the amount of perturbation theory Z iy Bn(D)
=0

— the third amendment of the perturbation theory. The first amendment is a constant [10]

2 1
Z(Pvm,vm _m + // ) sin 8dpdf = const.

The second amendment of the perturbation theory has the form

sl s - £ e

211
k=1, k#n

2n

2k
= ZZ(PUkiJU;Lj)(PUnj7/U;€i>‘
i=0 j=0
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In addition theorem for even spherical harmonics [3]

2k 2n
= ZZ(PUM;U;]‘)(PUM’U;%) =

1=0 j=0
L ] it i
=0 7=0

xp(0, Wi (0, ors (0, ) sin(0)df dy’ =

(2/<;+1 Cn+1 //// ) sin(0) sin(@) x

2n

X Z w0, )0 (0, ) Z vng (0, )00, ¢ )dOdpdf d' =

(2/<:+ 1) 2n—|— // // /) sin(0) sin(8') x

X [L1(Pax(cos @) + Lo(Pax(cos a))] x
X [L1(Pyy(cos ) 4+ Lo(Pay(cos )] didpdt' dy’ =

(2k+ 1) 2n—|— // // /) sin(0) sin(8') x

2
X Z Li(Poy(cos av)) Z L;( Py, (cos a))dfdpdd'dy’,

=1 =1

where
cosa = cosf cos @ + sinfsin 6’ cos(yp — ¢').

Legendre polynomials Py, Ps, normalized by the condition Py (1) = Pa,(1) = 1. Define

the function
/ /
// ) sin OB // ) sin H’W—’aw :
sin «

T(a)

where T'(«) is an intersection of the cone with apex at the center of the sphere central
angle, 2a(0 < o < 7w and an axis is defined by spherical coordinates 6, ¢, with a sphere in
spherical coordinates 6', ¢';

sin o

/(= cosa + cos(f — ¢'))(cos a — cos(6 + 0’));

ben(8)-n(4) 0m 1.
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By hypothesis, the function f is Lipschitz. Therefore the function is also Lipschitz:

| f B) |= // ©)L; sin 0dOdypx

// sm&'gb(@,@',a)d&’—// p(0, " )L sin0'p(0,0', a)df' | <
T()

< const |a—f].

Hence the function f is absolutely continuous. Therefore at each point [0, 7] it has a finite
derivative f’(«), which is an integrable function.

Based on the foregoing, the second correction of perturbation theory has the form
(¢ > 0 will be chosen later)

Mm1) K (2k+1) |
an(p) = _@ntl) § 2k+1) / f(a) Pay(cos a) Poy,(cos a) sin adaw =
47T2 ‘)\k - )\n|
k=1, k#n
2n+1) = (2k+1)
= _(4—7T2) k:1§ . |)\k W / / a) Pyi(cos ) Py, (cos a) sin adov+

+ / f (@) Pyg(cos @) Py, (cos «) sin adex

For Legendre polynomials known [1| asymptotic expansion Stieltjes uniform remainder

estimate
~cos{(2k + 1/2)a — w/4} [(2/m)V%  O(1)
Py(cosa) = (sin a)1/2 [ 9172 2k3/2} +
+sin{(2/’€—i—3/2)0¢—7T/4} O(1) O(1)

(sin a)3/2 2k*%  (sin a)5/22k%%

Using this asymptotic expansion, we transform o, (p) as follows:

o0

2 1 (2k+1)
an(p) = _% Z 3 j)\ | / / ) sin aPoy,(cos ) Py, (cos o) da+
k=1, ketn /K
+ / fla)cos{(2k + 1/2)a — 7 /4} cos{(2n + 1/2)ac — w/4} X
2/m O(1) O(1) O(1)
x {kl/?nl/Q 32 T /a2 T 13)2,3)2 da+

fl( o>4 cos{(2k + 1/2)a — w/4} sin{(2n + 3/2)a — w/4} x
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YU UR

L1/2p3/2 " E3/29,3/2

—i—/ f(a) Cos{(2k—|—1/2)a—7r/4} o) ———=da+

SlIl k1/2 5/2

+»/"£§28m{@k+qy2yy—7v4}x

x cos{(2n +1/2)a — 77/4}%da+
+ / SJ;E(;L sin{(2k + 3/2)ac — m/4} sin{(2n + 3/2)a — W/4}$da+
+ S{IE ()I sin{(2k + 3/2)a — w/4} kSQ( 2/2d +

ef o O(1
+ / 8115224 cos{(2k + 1/2)a — 7r/4}ﬁda+

sin® o k5/2n3/2 sin? o k5/2n5/2
€ £

+/ f(2) sin{(2n + 3/2)a — w/4} o) do + fa) &da}.

Finally,

=0 0 (S) 10 ro ()

n
clnn elnn 15 elnn
+0(n2>+0(n >+0(7)+0(n2>—

1 ; elnn Inn Inelnn
_47T2n/f( )Cthz(ﬂ'—Oé)dCY—f‘O( n )"‘O(W) +O(W)+

Inn Ine 1 1
w0 (T) +o () +o(5m) +o ()

Choose € = # and find

an(p) = 47r2 / fla)ctga(m — a)da + O (ln;l) :

The third amendment of the perturbation theory

Bu(p / / P(T — AE) 'Pd) =
Gm
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1 (2n + 1)(2k + 1)(20 + 1)
‘fm/ /Zw—A)(Ak—A)(Al—A)W

ln—l

x (ﬁ)://p//!/ﬂﬁ P)p(0', ¢ )p(0", ") x

X P, (cos ) P, (cos B) P, (cosy) X
x sin @ sin 0’ sin 0" dpdy'dyp” dOdE’ do”

cosa = cosf cosf + sinfsin b cos(p — —¢'),
cos 3 = cos @' cosf” + sin @' sin 0" cos(¢’ — —¢"),
cosy = cos f cos 0" + sin O sin 0" cos(p — —¢").
Finally,
Bn(p) = 0.

Main theorem.

Theorem 2. If p- potential Lipschitz two variables, then the eigenvalues T+ P the equality

> i —nn+1)(2n+1)=0 (:;_/2) .

Theorem 3. The first reqularized trace for the Laplace — Bochner complex potential
Lipschitz has the form

m 2n
Hop + lim <Zl { 2 fing —n(n+1)(2n + 1)}) = const.

And according to k number of absolutely convergent.

Thus, we calculated the regularized trace for the Laplace — Bochner of a non-smooth
potential, namely, the potential is Lipschitz.
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JNPOPEPEHIIMAJIBHBIE OIIEPATOPDI
HA IIPOEKTUBHOU IIJIOCKOCTH

0O.A. Topwuna

Pamee 6b11a oty aeHa GopMyIIa, CAOKEHUsT JIJIsT TeTHBIX C(PEePUIeCKNX MapPMOHHUK, KOTO-
pasd MOCIyKUIIa OCHOBOH /11sT BBIBO/IA (POPMYJIbI MIEPBOTO PETyAIPU30BAHHOIO CJIE/IA OIepa-
Topa Jlammaca ¢ MOTEHIMAIOM Ha MPOEKTUBHOI IIOCKOCTH. Braromapst eit ymanocs oboitu
HAaXOXKICHUE aCHMIITOTHYECKUX (bOpMy.H JJId TIIPUCOCAWHEHHBIX ITOJIMHOMOB HeKaH:Lpa 10
TpeM MmapaMeTpaM, YTO ABJIATI0Ch HEPA3PEIINMOil 33a49€ell B TeUYeHnE JIJTUTETHHONO BPEMEHU.
TTonydennbie pe3yabTaThI CTAIN OCHOBOM /151 BHITUCACHN TTOIPABOK TEOPUH BO3MYINCHUI €
MOCTIEIYIONIAM BBIXOIOM Ha (POPMYJIbI PEryASpU30BAHHBIX CJIEIOB JJIIHITHIECKHX audde-
PEHIIMATBHBIX OMepaTopoB. B paboTe paccMaTpuBaeTcs 33493 CyMMUPOBAHUS KJIACCA PAC-
xonamuxcsa panos. [Ipenmaraerca MeTon BEMUCTEHUS TMOTPABOK TEOPUU BO3MYIITEHUH st
b depeHIna bHOTO OMEPATOPA € MOTEHITHAIOM Ha, JTeHCTBUTEILHOM MPOEKTUBHOMN TIJIOCKO-
cru. Meros mpuMeHnM, B 9aCTHOCTH, I CYMMUPOBAHIS PAI0B C (DAKTOPUATBLHBIM POCTOM
YJICHOB.

Karoueewe caoea: onepamop Jlanaaca — Boxnepa; npoexmuenas naockocms; 2uibbep-

Mo6O NPOCMPAHcmBo; nosurom Jlescandpa; yeaosue Jlunwuya.
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