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DIFFERENTIAL OPERATORS ON THE PROJECTIVE
PLANE

O.A. Torshina, Nosov Magnitogorsk State Technical University, Magnitogorsk,
Russian Federation, olganica@mail.ru.

A formula for the addition of even spherical harmonics was obtained in [1]. This formula
became the starting point for the derivation of the �rst regularized trace for the Laplace
� Beltrami operator with potential on the projective plane. Due to this formula, it is not
need to �nd asymptotic formulas for the associated Legendre polynomials by the three
parameters, which was an impossible problem for a long time. The obtained results are
the basis for the calculation of the perturbation theory corrections and allow the following
application for the formulas for regularized traces of elliptic di�erential operators. In this
paper we consider the problem of summation of divergent series class. We propose a method
for calculating of the corrections of perturbation theory for a di�erential operator with
potential on the real projective plane. The method is applicable, in particular, to take sum
of series with factorial growth of its members.

Keywords: operator Laplace � Bochner; projective plane; Hilbert space; Legendre

polynomial; Lipschitz condition.

1. Addition Theorem

Consider spherical function of order n [9]:

Pn(cosα) = 2
n∑

l=0

(n− l)!

δl(n+ l)!
P (l)
n (cos θ′)P (l)

n (cos θ) cos l(φ− φ′),

where α is an angle between the radius vectors in spherical coordinates (θ, φ) and (θ′, φ′);

cosα = sin θ sin θ′ cos(φ− φ′) + cos θ cos θ′;

δl = 2 at l = 0 and δl = 1 at l > 0;

P (l)
n (x) = (1− x2)l/2

dlPn(x)

dxl
=

(1− x2)l/2

2nn!

dn+l

dxn+l
[(x2 − 1)n],

Legendre polynomial

Pn(x) =
1

2nn!

dn

dxn
[(x2 − 1)n], −1 < x < 1.

Using the addition theorem for Legendre polynomials [11, 13], we write even spherical
functions. We assign the negative superscript to the functions which contain cos(lφ), and
the positive superscript to sin(lφ).

Y
(−l)
n (θ, φ) = P

(l)
n (cos θ) cos(lφ), n ≡ 0 (mod 2),

Y
(l)
n (θ, φ) = P

(l)
n (cos θ) sin(lφ), n ≡ 1 (mod 2), l ≤ n.
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Theorem 1. In

υnl(θ, φ) =

√
2(n− l)!

δl(n+ l)!
cos(lφ)P (l)

n (cos θ),

υ′
nl(θ

′, φ′) =

√
2(n− l)!

δl(n+ l)!
cos(lφ′)P (l)

n (cos θ′), l ≤ n

are spherical harmonics, then for the even spherical functions we can use the following
formulas

n∑
l≡1 (mod 2)

υnlυ
′
nl = L1 (Pn(cosα)) ,

n∑
l≡0 (mod 2)

υnlυ
′
nl = L2 (Pn(cosα)) ,

where

L1 ≡
n∑

m=0

∣∣∣sin πm

2

∣∣∣ n∏
k=0,k ̸=m

− d2

dφ2 − k2

m2 − k2
,

L2 ≡
n∑

m=0

∣∣∣cos πm
2

∣∣∣ n∏
k=0,k ̸=m

− d2

dφ2 − k2

m2 − k2
.

Proof. In order to prove the theorem, we consider the following relations [12, 14]

L1 (cos(lφ)) = 0, l ≡ 0 (mod 2),
L1 (cos(lφ)) = cos(lφ), l ≡ 1 (mod 2),
L1 (sin(lφ)) = 0, l ≡ 0 (mod 2),
L1 (sin(lφ)) = sin(lφ), l ≡ 1 (mod 2),

L2 (cos(lφ)) = 0, l ≡ 1 (mod 2),
L2 (cos(lφ)) = cos(lφ), l ≡ 0 (mod 2),
L2 (sin(lφ)) = 0, l ≡ 1 (mod 2),
L2 (sin(lφ)) = sin(lφ), l ≡ 0 (mod 2),

which follow from the sequence of parities

L1 (cos(lφ)) =
n∑

m=0

∣∣∣sin πm

2

∣∣∣ n∏
k=0,k ̸=m

l2 − k2

m2 − k2
cos(lφ) =

=
n∑

m≡1(mod 2)

n∏
k=0,k ̸=m

l2 − k2

m2 − k2
cos(lφ) =

=

 0, l ≡ 0(mod 2),

cos(lφ)
n∏

k=0

l2−k2

l2−k2
, l ≡ 1(mod 2)

=

{
0, l ≡ 0(mod 2),
cos(lφ), l ≡ 1(mod 2).

L1 (sin(lφ)) =
n∑

m=0

∣∣∣sin πm

2

∣∣∣ n∏
k=0,k ̸=m

l2 − k2

m2 − k2
sin(lφ) =
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=
n∑

m≡1(mod 2)

n∏
k=0,k ̸=m

l2 − k2

m2 − k2
sin(lφ) =

=

 0, l ≡ 0(mod 2),

sin(lφ)
n∏

k=0

l2−k2

l2−k2
, l ≡ 1(mod 2)

=

{
0, l ≡ 0(mod 2),
sin(lφ), l ≡ 1(mod 2).

L2 (cos(lφ)) =
n∑

m=0

∣∣∣cos πm
2

∣∣∣ n∏
k=0,k ̸=m

l2 − k2

m2 − k2
cos(lφ) =

=
n∑

m≡0(mod 2)

n∏
k=0,k ̸=m

l2 − k2

m2 − k2
cos(lφ) =

=

 0, l ≡ 1(mod 2),

cos(lφ)
n∏

k=0

l2−k2

l2−k2
, l ≡ 0(mod 2)

=

{
0, l ≡ 1(mod 2),
cos(lφ), l ≡ 0(mod 2),

L2 (sin lφ) =
n∑

m=0

∣∣∣sin πm

2

∣∣∣ n∏
k=0,k ̸=m

l2 − k2

m2 − k2
sin(lφ) =

=
n∑

m≡0(mod 2)

n∏
k=0,k ̸=m

l2 − k2

m2 − k2
sin(lφ) =

=

 0, l ≡ 1(mod 2),

sin(lφ)
n∏

k=0

l2−k2

l2−k2
, l ≡ 0(mod 2)

=

{
0, l ≡ 1(mod 2),
sin(lφ), l ≡ 0(mod 2).

Then
n∑

l=0

υnlυ
′
nl = 2

n∑
l=0

(n− l)!

δl(n+ l)!
P (l)
n (cos θ)P (l)

n (cos θ′) cos(lφ) cos(lφ′) =

=
n∑

l=0

2(n− l)!

δl(n+ l)!
P (l)
n (cos θ)P (l)

n (cos θ′)[cos l(φ+ φ′) + cos l(φ− φ′)].

After replacing variable φ′ → 2π − φ′, we get that [7]

cos l(φ+ φ′) = cos l(φ+ 2π − φ′) = cos l(φ− φ′).

Therefore

n∑
l=0

υnlυ
′
nl = 2

n∑
l=0

2(n− l)!

δl(n+ l)!
P (l)
n (cos θ)P (l)

n (cos θ′) cos l(φ− φ′).

After using the theorem [2], we get that

n∑
l=0

υnlυ
′
nl = Pn(cosα),
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it is obvious that

L1

(
n∑

l=0

υnlυ
′
nl

)
=

n∑
l≡1 (mod 2)

υnlυ
′
nl,

L2

(
n∑

l=0

υnlυ
′
nl

)
=

n∑
l≡0 (mod 2)

υnlυ
′
nl.

Therefore [6, 8]
n∑

l≡1 (mod 2)

υnlυ
′
nl = L1(Pn(cosα)),

n∑
l≡0 (mod 2)

υnlυ
′
nl = L2(Pn(cosα)).

2

2. Analysis of the Perturbation Theory Corrections

Let T be Laplace � Bochner with potential on the projective plane F , acting on a
Hilbert space H of functions square-integrable with respect to Haar: sin θdθdφ ( θ, φ are
spherical coordinates), λn = n(n + 1) (n = 0,∞) � the eigenvalues of the operator T ,
V n = 2n + 1 � the multiplicity of λn; V n, i (i = 0, 2n) � eigenfunctions T forming an
orthonormal system of spherical functions. Assume also that ln = {λ|λ = λn + n + 1 +
iρ, −∞ < ρ < ∞} � vertical lines in the complex plane. We denote eigenvalues of T +P
by µn,i, combined with the algebraic multiplicity such that

|µn,i − n(n+ 1)| ≤ const.

It is clear that

2n∑
i=0

µn,i = n(n+ 1)(2n+ 1) +
2n∑
i=0

(Pvni, vni) + αn(p) + βn(p) +O

(
1

n2

)
,

where αn(p) is the second amendment to the amount of perturbation theory
2n∑
i=0

µn,i, βn(p)

� the third amendment of the perturbation theory. The �rst amendment is a constant [10]

2n∑
i=0

(Pvni, vni) =
2m+ 1

4π

∫
F

∫
p(θ, φ) sin θdφdθ = const.

The second amendment of the perturbation theory has the form

αn(p) = − 1

2πi
Sp


∫
ln

−
∫

ln−1

λ[(T − λE)−1P 2](T − λE)−1dλ

 =
∞∑

k=1, k ̸=n

αk,n

|λk − λn|
,

αk,n =
2k∑
i=0

2n∑
j=0

(Pvki, v
′
nj)(Pvnj, v

′
ki).
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In addition theorem for even spherical harmonics [3]

αk,n =
2k∑
i=0

2n∑
j=0

(Pvki, v
′
nj)(Pvnj, v

′
ki) =

=
(2k + 1)(2n+ 1)

4π2

2k∑
i=0

2n∑
j=0

∫ ∫
F

∫ ∫
F

p(θ, φ)vki(θ, φ)vnj(θ, φ) sin(θ)dθdφ×

×p(θ′, φ′)v′nj(θ
′, φ′)v′ki(θ

′, φ′) sin(θ′)dθ′dφ′ =

=
(2k + 1)(2n+ 1)

4π2

∫ ∫
F

∫ ∫
F

p(θ, φ)p(θ′, φ′) sin(θ) sin(θ′)×

×
2k∑
i=0

vki(θ, φ)v
′
ki(θ

′, φ′)
2n∑
i=0

vnj(θ, φ)v
′
nj(θ

′, φ′)dθdφdθ′dφ′ =

=
(2k + 1)(2n+ 1)

4π2

∫ ∫
F

∫ ∫
F

p(θ, φ)p(θ′, φ′) sin(θ) sin(θ′)×

× [L1(P2k(cosα)) + L2(P2k(cosα))]×

× [L1(P2n(cosα)) + L2(P2n(cosα))] dθdφdθ
′dφ′ =

=
(2k + 1)(2n+ 1)

4π2

∫ ∫
F

∫ ∫
F

p(θ, φ)p(θ′, φ′) sin(θ) sin(θ′)×

×
2∑

i=1

Li(P2k(cosα))
2∑

i=1

Li(P2n(cosα))dθdφdθ
′dφ′,

where
cosα = cos θ cos θ′ + sin θ sin θ′ cos(φ− φ′).

Legendre polynomials P2k, P2n normalized by the condition P2k(1) = P2n(1) = 1. De�ne
the function

f(α) =

∫ ∫
F

p(θ, φ) sin θdθdφ

∫ ∫
T (α)

p(θ′, φ′) sin θ′
ϕ(θ, θ′, α)dθ′

sinα

 ,

where T (α) is an intersection of the cone with apex at the center of the sphere central
angle, 2α(0 6 α 6 π and an axis is de�ned by spherical coordinates θ, φ, with a sphere in
spherical coordinates θ′, φ′;

ϕ(θ, θ′, α) = ± sinα√
(− cosα + cos(θ − θ′))(cosα− cos(θ + θ′))

;

Lj = Lj

(
d

dθ

)
, L′

j = Lj

(
d

dθ′

)
, (j = 1, 2) .
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By hypothesis, the function f is Lipschitz. Therefore the function is also Lipschitz:

| f(α)− f(β) |=
∫ ∫

F

p(θ, φ)Lj sin θdθdφ×

×

∫ ∫
T (α)

p(θ′, φ′)L′
j sin θ

′ϕ(θ, θ′, α)dθ′ −
∫ ∫
T (α)

p(θ′, φ′)L′
j sin θ

′ϕ(θ, θ′, α)dθ′

 ≤

≤ const | α− β | .
Hence the function f is absolutely continuous. Therefore at each point [0, π] it has a �nite
derivative f ′(α), which is an integrable function.

Based on the foregoing, the second correction of perturbation theory has the form
(ε > 0 will be chosen later)

αn(p) = −(2n+ 1)

4π2

∞∑
k=1, k ̸=n

(2k + 1)

|λk − λn|

π∫
0

f(α)P2k(cosα)P2n(cosα) sinαdα =

= −(2n+ 1)

4π2

∞∑
k=1, k ̸=n

(2k + 1)

|λk − λn|


 ε∫

0

+

π∫
π−ε

 f(α) P2k(cosα)P2n(cosα) sinαdα+

+

π−ε∫
ε

f(α)P2k(cosα)P2n(cosα) sinαdα

 .

For Legendre polynomials known [1] asymptotic expansion Stieltjes uniform remainder
estimate

Pk(cosα) =
cos{(2k + 1/2)α− π/4}

(sinα)1/2

[
(2/π)1/2

2k1/2
+

O(1)

2k3/2

]
+

+
sin{(2k + 3/2)α− π/4}

(sinα)3/2
O(1)

2k3/2
+

O(1)

(sinα)5/22k5/2
.

Using this asymptotic expansion, we transform αn(p) as follows:

αn(p) = −(2n+ 1)

4π2

∞∑
k=1, k ̸=n

(2k + 1)

|λk − λn|


 ε∫

0

+

π∫
π−ε

 f(α) sinαP2k(cosα)P2n(cosα)dα+

+

π−ε∫
ε

f(α) cos{(2k + 1/2)α− π/4} cos{(2n+ 1/2)α− π/4}×

×
{

2/π

k1/2n1/2
+

O(1)

k3/2n1/2
+

O(1)

k1/2n3/2
+

O(1)

k3/2n3/2

}
dα+

+

π−ε∫
ε

f(α)

sinα
cos{(2k + 1/2)α− π/4} sin{(2n+ 3/2)α− π/4}×
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×
{

O(1)

k1/2n3/2
+

O(1)

k3/2n3/2

}
dα+

+

π−ε∫
ε

f(α)

sin2 α
cos{(2k + 1/2)α− π/4} O(1)

k1/2n5/2
dα+

+

π−ε∫
ε

f(α)

sinα
sin{(2k + 3/2)α− π/4}×

× cos{(2n+ 1/2)α− π/4} O(1)

k3/2n1/2
dα+

+

π−ε∫
ε

f(α)

sin2 α
sin{(2k + 3/2)α− π/4} sin{(2n+ 3/2)α− π/4} O(1)

k3/2n3/2
dα+

+

π−ε∫
ε

f(α)

sin3 α
sin{(2k + 3/2)α− π/4} O(1)

k3/2n5/2
dα+

+

π−ε∫
ε

f(α)

sin2 α
cos{(2k + 1/2)α− π/4} O(1)

k1/2n5/2
dα+

+

π−ε∫
ε

f(α)

sin3 α
sin{(2n+ 3/2)α− π/4} O(1)

k5/2n3/2
dα +

π−ε∫
ε

f(α)

sin4 α

O(1)

k5/2n5/2
dα

 .

Finally,

αn(p) = O
(
ε2 lnn

)
+O

(
ε lnn

n

)
+O

( ε

n3/2

)
+O

( ε
n

)
+

+O

(
ε lnn

n2

)
+O

(
ε lnn

n2

)
+O

( ε

n2

)
+O

(
ε lnn

n2

)
−

− 1

4π2n

π−ε∫
ε

f(α)ctgα(π − α)dα +O

(
ε lnn

n2

)
+O

(
lnn

n3/2

)
+O

(
ln ε lnn

n3/2

)
+

+O

(
lnn

n3ε

)
+O

(
ln ε

n3/2

)
+O

(
1

εn3/2

)
+O

(
1

n3ε3

)
.

Choose ε = 1
n3/4 and �nd

αn(p) =
1

4π2n

π−ε∫
ε

f(α)ctgα(π − α)dα +O

(
lnn

n3/2

)
.

The third amendment of the perturbation theory

βn(p) =
1

6πi
Sp

∫
ln

−
∫

ln−1

 [P (T − λE)−1]3dλ =
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=
1

6πi

∫
ln

−
∫

ln−1

∑ (2n+ 1)(2k + 1)(2l + 1)

(λn − λ)(λk − λ)(λl − λ)
dλ×

×
(

1

4π

)3 ∫
F

∫ ∫
F

∫ ∫
F

∫
p(θ, φ)p(θ′, φ′)p(θ′′, φ′′)×

×Pn(cosα)Pn(cos β)Pn(cos γ)×
× sin θ sin θ′ sin θ′′dφdφ′dφ′′dθdθ′dθ′′,

cosα = cos θ cos θ′ + sin θ sin θ′ cos(φ−−φ′),

cos β = cos θ′ cos θ′′ + sin θ′ sin θ′′ cos(φ′ −−φ′′),

cos γ = cos θ cos θ′′ + sin θ sin θ′′ cos(φ−−φ′′).

Finally,
βn(p) = 0.

Main theorem.

Theorem 2. If p- potential Lipschitz two variables, then the eigenvalues T+P the equality

2n∑
i=0

µn,i − n(n+ 1)(2n+ 1) = O

(
lnn

n1/2

)
.

.

Theorem 3. The �rst regularized trace for the Laplace � Bochner complex potential
Lipschitz has the form

µ0,0 + lim
m→∞

(
m∑

n=1

{
2n∑
i=0

µn,i − n(n+ 1)(2n+ 1)

})
= const.

And according to k number of absolutely convergent.

Thus, we calculated the regularized trace for the Laplace � Bochner of a non-smooth
potential, namely, the potential is Lipschitz.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÎÏÅÐÀÒÎÐÛ
ÍÀ ÏÐÎÅÊÒÈÂÍÎÉ ÏËÎÑÊÎÑÒÈ

Î.À. Òîðøèíà

Ðàíåå áûëà ïîëó÷åíà ôîðìóëà ñëîæåíèÿ äëÿ ÷åòíûõ ñôåðè÷åñêèõ ãàðìîíèê, êîòî-
ðàÿ ïîñëóæèëà îñíîâîé äëÿ âûâîäà ôîðìóëû ïåðâîãî ðåãóëÿðèçîâàííîãî ñëåäà îïåðà-
òîðà Ëàïëàñà ñ ïîòåíöèàëîì íà ïðîåêòèâíîé ïëîñêîñòè. Áëàãîäàðÿ åé óäàëîñü îáîéòè
íàõîæäåíèå àñèìïòîòè÷åñêèõ ôîðìóë äëÿ ïðèñîåäèíåííûõ ïîëèíîìîâ Ëåæàíäðà ïî
òðåì ïàðàìåòðàì, ÷òî ÿâëÿëîñü íåðàçðåøèìîé çàäà÷åé â òå÷åíèå äëèòåëüíîãî âðåìåíè.
Ïîëó÷åííûå ðåçóëüòàòû ñòàëè îñíîâîé äëÿ âû÷èñëåíèÿ ïîïðàâîê òåîðèè âîçìóùåíèé ñ
ïîñëåäóþùèì âûõîäîì íà ôîðìóëû ðåãóëÿðèçîâàííûõ ñëåäîâ ýëëèïòè÷åñêèõ äèôôå-
ðåíöèàëüíûõ îïåðàòîðîâ. Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ñóììèðîâàíèÿ êëàññà ðàñ-
õîäÿùèõñÿ ðÿäîâ. Ïðåäëàãàåòñÿ ìåòîä âû÷èñëåíèÿ ïîïðàâîê òåîðèè âîçìóùåíèé äëÿ
äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïîòåíöèàëîì íà äåéñòâèòåëüíîé ïðîåêòèâíîé ïëîñêî-
ñòè. Ìåòîä ïðèìåíèì, â ÷àñòíîñòè, äëÿ ñóììèðîâàíèÿ ðÿäîâ ñ ôàêòîðèàëüíûì ðîñòîì
÷ëåíîâ.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ëàïëàñà � Áîõíåðà; ïðîåêòèâíàÿ ïëîñêîñòü; ãèëüáåð-

òîâî ïðîñòðàíñòâî; ïîëèíîì Ëåæàíäðà; óñëîâèå Ëèïøèöà.
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