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Inverse spectral problems have many applications in engineering and physics. It was
investigated for a variety of tasks specific operators. In this article explores the inverse
spectral problem for abstract discrete self-adjoint semi-bounded from below operator. Using
the resolvent method and principle of the contraction mapping theorem of the existence of
the inverse problem solution is proved.
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Introduction

It is difficult to overestimate the role that play inverse spectral problems in
mathematics and engineering. There are many applications in engineering, electronics,
seismic, identification composite materials, in the problems of non-destructive testing and
etc., that entails intensive development of this direction.

Analysis of inverse spectral problems usually associated with the study of existence and
uniqueness of solutions and development recovery algorithms for perturbing operator. As
for the last of these questions, it is certainly worth mentioning the works of S.I. Kadchenko
and his students, in which the method of regularized traces, and later, a new noniterative
method for the numerical solution of inverse problems were proposed [1-4].

With regard to the existence and uniqueness of the solution of inverse problems, the
number of jobs, in which the results for a specific operator, can be specified. For example,
in the case of Laplace operator and degrees [5,6], but for the abstract self-adjoint operator
such results for authors are unknown. This paper studies the existence of solution of the
inverse spectral problem for abstract discrete self-adjoint operators with some conditions
on the eigenvalues.

1. The Existence Theorem of the Solution in the Inverse Spectral
Problem

Consider a discrete, self-adjoint, semibounded from below operator T : Ly(Q2) —
Ly(2), where Q C R? Let the resolvent of this operator Ry = (T — M)™' € &,
i.e. be a nuclear operator. Let operator P be a limited the multiplication operator
by complex-valued function p € Ls. Let the spectrum of operator a simple. Denote
by A, eigenvalues of unperturbed operator 7' numbered in the increasing order , v,
— corresponding eigenfunctions. The eigenvalues p, of perturbed operator 17"+ P are
determined by solving the operator equation

Tv+pv=pv
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with certain homogeneous boundary conditions. We pose the inverse problem — identify
potential p using eigenvalues p, and eigenfunctions v,, of operator 7' and eigenvalues of
operator 7'+ P.

Let us introduce some necessary notation. As 7' is a discrete operator, then for any

1 .
A, exists r, such that r, = 3 min{ A, — An_1; A1 — A}, 1o = 1nf r,. Define the contour
n

CNEC P A = O = A A= A >0k Q= () Q.. For A, rightly

n=

L SN e <A <A AT < ap S A — T < N < Aegn T Sagpn <

Lemma 1. If ||P|| < ro then T + P is discrete, and if Ry € &1 then R € &1 and all root
subspace of operator T+ P have the same dimension as the operator T'.

Theorem 1. Let ||P|| < ro, for any n € N the spectral identity

M, = o+ (P@na 9071) + (1)
where
=1
= —/ AMRo(A)P]FRy(N)dA
21
k=2 In
18 fulfilled.

It should be noted that in the proof of lemma 1 and theorem 1 authors follow the
work [6].

Lemma 2. Letn> 1, a,_1 < Re) < a,, we have the estimate:

Z ! +12++1
e )\\2_\)\ PWE o)

Proof.

i 1 1 N
A=A, |2 A — A\ ?
n—2

1
" Z T <An+1 R PR WL

—a
j= n+2 j n i=1

For this n there k& and s such that )\, = \xs. Denote k? + s? = 72.

.

- 1 B - 1 B 1 oo /Oo pdp
0 /°° pdp B 1 B 1 < 1 < 1
2 72 (p4 - an—l)Q B a'rL—lff:4 - a%q an—1(>\n - an—l) - Ap—1Tn - T%.

We make the following assessment

n—2 n—1 n—1

le J:1
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:<p2+qzz><T (an (p +q?) // ipf{q)) -
:g/or(b - ZakH/ 3 dp =

s FAk—1)+2
33 [ =Y e T -
T 72 T )\;/2 7r)\71/2 T

_—— = — < j— — .
2 an(an - T4) 2 ()\n + Tn)rn 2 )\nTTL 2)\711/27’”
Since n > 1, then use the asymptotic behavior

T T o] :ﬂ
NSy, 2Cnr,  4Cnr, 212

n—2

1 o]
In this way Zanl—_/\]) < ﬁ
Putting all the estimates together, we obtain the required. U

Theorem 2. Let T be a discrete self-adjoint semibounded from below and P is a bounded
operators, acting in a separable Hilbert space H. If the spectrum of operator a simple,
A ~ CnP B > 1, and the sequence u* of eigenvalues of operator T + P is such that

XJM Ml < S(1-w)

[e.9]

1/2
2 1
=9 1. s = 2( A\ 2) i —
here w sr<1,s (E e )1\16133 |Ro(N)]l5 , 1 € [0, min{r, 25} , then the

n=1

solution p € Lo(QQ) of inverse spectral problem exists.

Proof. In Ly(2) cosider the equation relatively p:

o0

p=ao—a), ao=> (i —A)pn, @ Zan Pn- (2)

n=1

Introduce the operator A : Ly(€2) — Lo(£2), defined equality

Ap = ag — a(p). (3)

As

4Pl < flaoll + lla@)]| < 5(1 —w) + 50 =,
then operator A displays a closed ball U(0, §) at itself. It can be shown that the operator
A is a contractive operator. According to the Banach principle the equation has a unique
solution p. We define the operator P, acting in Ly(€2), as follows: Pp(z) = p(z)p(x), where
p — solution of equation (3). By direct substitution it can be shown, that p is the desired
potential. The theorem is proved.
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CYIIIECTBOBAHUE PEINIEHU L OBPATHOU
CIEKTPAJILHOM 3AJTAYN OJId AUCKPETHOI'O
CAMOCOIIPA2KEHHOTI'O IIOJIYOI'PAHNYEHHOTI'O
CHU3Y OIIEPATOPA

I''A. Baxupoea, E.B. Kupuanaos

ObpaTrHbie CHEKTPAIbHBIE 33/1a9U UMEIOT MHOIO IPUJIOXKEHWUH B TeXHUKE U (PUBHKE.
UccnenoBano MHOXKECTBO 33Ja¢ JIJIsT KOHKPETHBIX ONMepaTopoB. B mamHol cTtarhbe mncciemy-
ercs oOpaTHAasl CIEKTPaIbHAS 337398 s aDCTPAKTHOIO JUCKPETHOTO CaMOCOIPSIKEHHOTO
[OJIyOTPAHUYIEHHOTO CHU3Y omeparopa. IIpu moMormu pe30ogbBeHTHOr0 METOMA U ITPUHITHU-
a CXKUMAIOIIEr0 OTOOPAXKEHUS [IOKA3aHA TEOPEMAa O CYIECTBOBAHWM PeIeHus 0OPaTHOM
3a/0a4U.

Karuesnie crosa: 6osmyuwennoili onepamop; JuCKpemmbili CaMoConPARCEHHbl onepa-
mop; NOMEHYUAN.
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