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Inverse spectral problems have many applications in engineering and physics. It was

investigated for a variety of tasks speci�c operators. In this article explores the inverse

spectral problem for abstract discrete self-adjoint semi-bounded from below operator. Using

the resolvent method and principle of the contraction mapping theorem of the existence of

the inverse problem solution is proved.
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Introduction

It is di�cult to overestimate the role that play inverse spectral problems in
mathematics and engineering. There are many applications in engineering, electronics,
seismic, identi�cation composite materials, in the problems of non-destructive testing and
etc., that entails intensive development of this direction.

Analysis of inverse spectral problems usually associated with the study of existence and
uniqueness of solutions and development recovery algorithms for perturbing operator. As
for the last of these questions, it is certainly worth mentioning the works of S.I. Kadchenko
and his students, in which the method of regularized traces, and later, a new noniterative
method for the numerical solution of inverse problems were proposed [1�4].

With regard to the existence and uniqueness of the solution of inverse problems, the
number of jobs, in which the results for a speci�c operator, can be speci�ed. For example,
in the case of Laplace operator and degrees [5,6], but for the abstract self-adjoint operator
such results for authors are unknown. This paper studies the existence of solution of the
inverse spectral problem for abstract discrete self-adjoint operators with some conditions
on the eigenvalues.

1. The Existence Theorem of the Solution in the Inverse Spectral
Problem

Consider a discrete, self-adjoint, semibounded from below operator T : L2(Ω) →
L2(Ω), where Ω ⊂ R2. Let the resolvent of this operator R0 = (T − λI)−1 ∈ G1,
i.e. be a nuclear operator. Let operator P be a limited the multiplication operator
by complex-valued function p ∈ L2. Let the spectrum of operator a simple. Denote
by λn eigenvalues of unperturbed operator T numbered in the increasing order , vn
� corresponding eigenfunctions. The eigenvalues µn of perturbed operator T + P are
determined by solving the operator equation

Tv + pv = µv
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with certain homogeneous boundary conditions. We pose the inverse problem � identify
potential p using eigenvalues µn and eigenfunctions vn of operator T and eigenvalues of
operator T + P.

Let us introduce some necessary notation. As T is a discrete operator, then for any

λn exists rn such that rn =
1

2
min
n

{λn − λn−1;λn+1 − λn}, r0 = inf
n
rn. De�ne the contour

γn = {λ ∈ C : |λn − λ| = rn}. Ωrn = {λ : |λn − λ| ≥ r0}; Ω̃ =
∞∩
n=1

Ωrn . For λn rightly

. . . ≤ at−1 ≤ λt − rt < λt < λt + rt ≤ at ≤ λt+1 − rt+1 < λt+1 < λt+1 + rt+1 ≤ at+1 ≤ . . .

Lemma 1. If ∥P∥ < r0 then T + P is discrete, and if R0 ∈ G1 then R ∈ G1 and all root
subspace of operator T + P have the same dimension as the operator T .

Theorem 1. Let ∥P∥ < r0, for any n ∈ N the spectral identity

µn = µn + (Pφn, φn) + αn, (1)

where

αn =
∞∑
k=2

1

2πi

∫
γn

λ[R0(λ)P ]kR0(λ)dλ

is ful�lled.

It should be noted that in the proof of lemma 1 and theorem 1 authors follow the
work [6].

Lemma 2. Let n ≫ 1, an−1 ≤ Reλ ≤ an we have the estimate:

∞∑
m=1

1

|λ− λm|2
≤ 1

|λ− λn|2
+

1

r2n

(
2 + π +

1

C1/2

)
.

Proof.
∞∑
j=1

1

|λ− λj|2
<

1

|λ− λn|2
+

+
∞∑

j=n+2

1

(λj − an)2
+

1

(an−1 − λn−1)2
+

1

(λn+1 − an)2
+

n−2∑
j=1

1

(an−1 − λj)2
.

For this n there k and s such that λn = λks. Denote k
2 + s2 = r̃2.

∞∑
j=n+2

1

(λj − an)2
=

∞∑
j=n+1

1

(λj − an−1)2
=

∑
p2+q2>r̃2

1

(λpq − an−1)2
=

π

2

∫ ∞

r̃2

ρdρ

(ρ4 − an−1)2
.

π

2

∫ ∞

r̃2

ρdρ

(ρ4 − an−1)2
=

1

an−1r̃4 − a2n−1

=
1

an−1(λn − an−1)
≤ 1

an−1rn
≤ 1

r2n
.

We make the following assessment

n−2∑
j=1

1

(an−1 − λj)2
=

n−1∑
j=1

1

(an − λj)2
=

n−1∑
j=1

1

(an − λpq)2
=
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=
∑

(p2+q2)<r̃2

1

(an − (p2 + q2)2)2
≤
∫ r̃

0

∫ √
r̃2−p2

0

dpdq

(at − (p2 + q2)2)2
=

=
π

2

∫ r̃

0

ρdρ

(bn − ρ4)2
=

π

2

∞∑
k=1

k

ak+1
n

∫ r̃

0

ρ4k

ρ3
dρ =

=
π

2

∞∑
k=1

k

ak+1
n

∫ r̃

0

ρ4k−5dρ =
π

2

∞∑
k=1

k

ak+1
n

· r̃4(k−1)+2

4(k − 1) + 2
<

<
π

2
· r̃2

an(an − r̃4)
=

π

2
· λ

1/2
n

(λn + rn)rn
<

π

2

λ
1/2
n

λnrn
=

π

2λ
1/2
n rn

.

Since n ≫ 1, then use the asymptotic behavior

π

2λ
1/2
n rn

=
π

2Cnrn
=

πβ

4Cnrn
=

πβ

2r2n
.

In this way
n−2∑
j=1

1

(an−1 − λj)2
<

πβ

2r2n
.

Putting all the estimates together, we obtain the required. �

Theorem 2. Let T be a discrete self-adjoint semibounded from below and P is a bounded
operators, acting in a separable Hilbert space H. If the spectrum of operator a simple,
λn ∼ Cnβ, β > 1, and the sequence µk

n of eigenvalues of operator T + P is such that

∞∑
n=1

|µn − λn| <
r

2
(1− ω),

here ω = 2sr < 1, s =

(
∞∑
n=1

r2n

(
max
λ∈γrn

∥R0(λ)∥22
)2)1/2

, r ∈
(
0,min{r0,

1

2s
}
)
, then the

solution p ∈ L2(Ω) of inverse spectral problem exists.

Proof. In L2(Ω) cosider the equation relatively p:

p = α0 − α(p), α0 =
∞∑
n=1

(µn − λn)φn, α(p) =
∞∑
n=1

αn(p)φn. (2)

Introduce the operator A : L2(Ω) → L2(Ω), de�ned equality

Ap = α0 − α(p). (3)

As
∥Ap∥L2 ≤ ∥α0∥+ ∥α(p)∥ ≤ r

2
(1− ω) +

r

2
ω =

r

2
,

then operator A displays a closed ball U(0, r
2
) at itself. It can be shown that the operator

A is a contractive operator. According to the Banach principle the equation has a unique
solution p. We de�ne the operator P , acting in L2(Ω), as follows: Pφ(x) = p(x)φ(x), where
p � solution of equation (3). By direct substitution it can be shown, that p is the desired
potential. The theorem is proved.
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CÓÙÅÑÒÂÎÂÀÍÈE ÐÅØÅÍÈß ÎÁÐÀÒÍÎÉ
ÑÏÅÊÒÐÀËÜÍÎÉ ÇÀÄÀ×È ÄËß ÄÈÑÊÐÅÒÍÎÃÎ
ÑÀÌÎÑÎÏÐßÆÅÍÍÎÃÎ ÏÎËÓÎÃÐÀÍÈ×ÅÍÍÎÃÎ
ÑÍÈÇÓ ÎÏÅÐÀÒÎÐÀ

Ã.À. Çàêèðîâà, Å.Â. Êèðèëëîâ

Îáðàòíûå ñïåêòðàëüíûå çàäà÷è èìåþò ìíîãî ïðèëîæåíèé â òåõíèêå è ôèçèêå.

Èññëåäîâàíî ìíîæåñòâî çàäà÷ äëÿ êîíêðåòíûõ îïåðàòîðîâ. Â äàííîé ñòàòüå èññëåäó-

åòñÿ îáðàòíàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ àáñòðàêòíîãî äèñêðåòíîãî ñàìîñîïðÿæåííîãî

ïîëóîãðàíè÷åííîãî ñíèçó îïåðàòîðà. Ïðè ïîìîùè ðåçîëüâåíòíîãî ìåòîäà è ïðèíöè-

ïà ñæèìàþùåãî îòîáðàæåíèÿ äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè ðåøåíèÿ îáðàòíîé

çàäà÷è.

Êëþ÷åâûå ñëîâà: âîçìóùåííûé îïåðàòîð; äèñêðåòíûé ñàìîñîïðÿæåííûé îïåðà-

òîð; ïîòåíöèàë.
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