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The system of Boussinesq equations, which simulates the vibrations in the DNA
molecule, is researched in this paper. Earlier this model with a nonlinear right side was
considered in a Banach space. In this paper, the model with a linear one is considered, but in
quasi-Banach spaces of sequences. In the article the method of phase space and the theory of
(L, p)-bounded operators, developed by G. A. Sviridyuk and T. G. Sukacheva for first order
equations, are used. It is also based on the theory of the Cauchy problem for linear equations
of Sobolev type of high order in quasi-Banach spaces. A mathematical model of vibrations
in the DNA molecule is reduced to an equation of Sobolev type in a quasi-Sobolev space. We
construct the phase space of a system of linear Boussinesq equations. Sufficient conditions
for the solvability of the initial boundary value problem for the Boussinesq equations in
terms of the theory of (L, p)-bounded operators are obtained.

Keywords: Sobolev type equation; quasi-Sobolev space; a mathematical model of
vibrations in the DNA molecule.

Introduction

The system of the equations

P — By +PL
autt - Bu:vacﬁ"i_ 2 (U) ):vac 4;261 12U:v$tta
gwtt == §(w3)xx + gﬁwxxtt

simulates vibrations in DNA molecules. This model was described in [1]. The members of
the third order were saved during the derivation of this system. Also it was assumed
that the interaction between parts of the molecule is subjected to potential Toda
(a/b)e . The functions u(z, t) and w(x,t) describe the longitudinal and transverse strain,
respectively, and the constants p, 3,a,l characterize properties such as linear density,
strength of intermolecular interactions in the initial time, size of the molecule.

We supplement the system with initial and boundary conditions and consider a model
in a more general way. Let 2 C R" be bounded domain with with boundary 0f2 of class
C®. In the cylinder 02 x R we consider the Cauchy — Dirichlet problem

o A L 0
u(z,t) =v(x,t) =0, (x,t) €02 xR (2)
for the system of the equations
(b+ A)ii = aAu — Af(u,v),
{ (b+ A)v = dAv — Ag(u,v), (3)
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where u,v € C*(2 x R). Functions u and v have the same meaning, constants a,b,d
characterize the properties of the molecule. The functions f and g are intermolecular
interactions, the form of them depends on type of potential between adjacent base pair.
The degenerate and nonlinear model given in Banach spaces was considered in [2].
Linearize this model. Suppose that the power of intermolecular interactions is
sufficiently low or its potential close to zero. Then we neglect it and set f(u,v) = 0,
g(u,v) = 0. Due to linearization, mathematical model (1)—(3) can be reduced to
the Cauchy problem
w(0) = wp, w(0)=w (4)

for incomplete linear Sobolev type equations of the second order
L = Mw, (5)

where operators L, M € L(4;§). The problem (4)-(5) was considered in detail by
A. A. Zamyshlyaeva in [3] for the case, when 4, §F are Banach spaces. The aim of this
work is to study the model of vibrations in the DNA molecule in quasi-Banach spaces.

1. Advance Information

Let 4 be lineal over field R and 0 be its zero. An ordered pair (y| - ||, L) is called
quasi-normed space, if the following axioms hold:

1. Yu € U gllul| >0, yjul| =0 <= u=0;
2. Vu € U, a € R yllaul| = [alyl|ul] ;
3. Vu,w el y|lu+w| < Cyl|ul] + ullwl]|), where C' > 1.

Generally, the quasi-normed space is not normable, but it is metrizable. Therefore, in
the quasi-normed space we can introduce a metric and define convergence, fundamental
sequence and completeness. The complete quasi-normed space is called the quasi-Banach
space.

Consider one of the most important examples. Suppose that the quasi-Banach spaces
are spaces of sequences u = (uy, ug, ...) of real numbers /,, ¢ € R, equipped with the quasi-

norm
> (1/9)
alull = (3 fuel?)
k=1

In the future we assume the Banach spaces [, ¢ € [1,+00) are the quasi-Banach spaces.

Next, we consider a monotonic sequence {A,} C Ry such as klim A = +oo and
— 00

construct the spaces

X/ m a
Iy = {u = (u1,ug,...) : Z </\,€2 |uk|> < OO} , meR, geRy.

k=1
The spaces [;" are quasi-Banach spaces with the quasi-norm
1

mull = (3 (M )’)
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and embedding " < [7’ is dense and continuous for all m > n [4]. Therefore, the space
thus obtained is called a quasi-Sobolev.

In addition, we actively use the theory of (L,p)-bounded operators developed to
Banach spaces.

Let 4, be quasi-Banach spaces. Denote L-resolvent set as pl(M) =
{peC: (uL — M)t € L(F;U)} and L-spectrum of the operator M as o%(M) = C\
pE(M). The operator M is called (L,c)-bounded operator, if L-spectrum oZ(M) of the
operator M is bounded. If the operator M is (L, o)-bounded, then projectors P and @
exist and are defined by the formulas

1 1
P [ RO e L), Q= %/Lﬁ(M)du € L(3).
Y v

Here RY(M) = (uL — M)7'L is the right, and L};(M) = L(uL — M)~" is the left
L-resolvent of the operator M, while the closed contour v C C bounds a region including
ol (M). Set U° = ker P, 4! = imP, F° = ker Q, F' = imQ and denote the restrictions of
L and M to the subspaces $*, k = 0,1 by L; and M.

Theorem 1. (Splitting theorem [4]) Let the operator M be (L,o)-bounded. Then there
exist

(i) the operators Ly, , My: 4F — F* k =0,1;

(ii) the operator My " L(F0, U°);

(iii) the operator L7 L(T*, Ub);

(iv) the operator My L(F*,Ub).

We construct the operators H = My 'Ly € L£(U°) and S = L{'M; € L(U). The
operator M is called (L, p)-bounded, p € {0} UN, if oo is removable singular point (i.e.
H = O,p = 0) or a pole of order p € N (i.e. H? # O, H’™ = Q) of the L-resolvent
(uL — M)~! of the operator M [5,6].

2. Reduction to an Equation of Sobolev Type

Definition 1. A set P is called the phase space of equation (5), if the following conditions
hold

(1) there exists a unique solution of the problem (4), (5) for all (wg,w;) € B;

(11) each solution w = w(t) of equation (5) lies in the set P as trajectory, i.e. u(t) € P
when t € (—1,7).

Reduce the mathematical model (1)—(3) to the Cauchy problem (4) for the Sobolev
type equation (5). To this end, we introduce spaces.

Let spaces U = l;”“ and § = [’ be quasi-Sobolev spaces of sequences. On 4 define
the Laplace quasi-operator Au = (Ajuq, Agusg,...) A : 12”2 — [ which is continuous as
L(I7*200) for all g € Ry, m € R. [4].

Define the vector function in the introduced spaces

(2
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and construct the operators L, M
b+A 0 aA 0
L‘( 0 b+A)’ M‘( 0 dA)'
The following theorem was proved in paper [7].

Theorem 2. Let an operator M be (L,p)-bounded operator, p € {0} U N. Then the
subspace ' is the phase space of equation (5).

Let us prove an auxiliary lemma

Lemma 1. The operator M is (L, p)-bounded operator for all b € R.

Proof.

We must show that the operator L is Fredholm and that M-adjoint vectors of the
operator L are not exist. Let a sequence {\;}32; be monotonous and converges to 400,
and fix b. Two cases are possible. The first case is —b ¢ o(A), then ker L = {0} and the
statement is obvious. The second case is —b € o(A). There exists a unique eigenvalue

A = —b of an operator b + A, because the sequence {)\k},:j{ty is monotonous, and the
corresponding eigenfunction has the form e; = (0,...,1,...,0), when the unit stands at [

location. Thus,

iman{(2). (7))

Now we show that vector 1, of the kernel of the operator L has no M-adjoint vectors. By
definition, M-adjoint vector of eigenvector of the operator L, is a vector ¢y, such that the
equality My = Ly is holds.

Let —b € o(A), then we construct an image of the operator L

imL ={feF:(fYr)u=0}

where
- ) 2 ) *
(w1, w2)y = (uq, ug)y, + (v1,v2),
m m —ab i akwk
Ay, — .
M Zak%) - Zak ( it ) = Mt ¢ imL,
(k:l k=1 A\, —db ) apiy,
k=1
if .
Z|ak| > 0 and a® + d* # 0.
k=1

O
Thus the conditions of Theorem 2 and following statement is true.

Theorem 3. Let a>+d? # 0. Then there exists a unique solution of the linearized problem
(1)~(3).

In the future, develop an algorithm of a numerical solution based on the Galerkin’s
modified method, which is investigated in the works of S.I. Kadchenko for example [§], is
planed.
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JINTHEAPU30BAHHASA MOJEJIHL KOJIEBAHUN
B MOJIEKYJIE /THK B KBASNUBAHAXOBDBIX
ITPOCTPAHCTBAX

E.B. Bviuxos, 5.0. Aav-Anu

Crarhs MOCBSAINEHA MCCJIEIOBAHUIO CUCTEMbl ypaBHEHUN ByccumHecka, MomeIupyrorei
kostebanus B mosiekysie JITHK. Panee mannas momess paccmarpuBaiach B 0AHAXOBBIX IIPO-
CTPaHCTBaX C HEJIMHEHHOM MpaBoit 1acThbio. B HacToAIed cTaThe MOIEbh PACCMATPUBAETCS C
JITHEHHOH TTpaBoOif YaCThIO, HO B KBA3MOAHAXOBBIX MMPOCTPAHCTBAX IOCe0BaTEIbHOCTEH. B
cTaThe IpuMeHsieTcsi MeTo| ha3oBoro nmpocrpancTsa u Teopus (L, p)-OrpaHUUeHHBIX OIle-
paropos, pazpaborannas [.A. Ceupumokom u T.I. Cykauesoii, Jiyisi ypaBHeHUil mepBoro
nopsaka. Mbl TakzKe onmpaeMcs Ha TeOpeMy O pa3pemunMocTu 3agaadu Komm 11 TuHeitHo-
ro ypaBHEHUsi COOOJIEBCKOTO THIIA BBICOKOI'O IOPSIKA B KBAa3MOAHAXOBBIX IIPOCTPAHCTBAX.
Maremaruueckas Mojeab Koiaebanuit B mosiekysae JTHK peaynupyercss K ypaBHEHHIO CO0OO-
JIEBCKOT'O THUIIA B KBa3UCODOJIEBBIX NpocTpaHcTrBax. Crpourcs: ¢ra30Boe MPOCTPAHCTBO CHU-
cTeMbl JIMHEHHBIX ypaBHeHuit Byccunecka. [losydeHbl mocTaTovHble yCJIOBUsT pa3pemnInMo-
CTH HAYAJILHO-KPAEBOH 3a/1a9M JJIs CUCTEMbl ypaBHEHUI ByccmHecka B TepMHUHAX TeOpUn
(L, p)-orpaHUYEHHBIX OIIEPATOPOB.

Karouesvie crosa: ypasrenus cob0Ae6CKk020 Muna, K6a3ucoboiesKoe NPocmpancmso,

MAMEMAMUNECKAS MOJEAd Koaebarull 6 monexyre THK.
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