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The article developed algorithms for the numerical solution of the initial - boundary
problem of the flow of an incompressible viscoelastic Kelvin—Voigt fluid in the Earth’s
magnetic field. The theorem on an existence and uniqueness of this problem solution is
proved using the theory of semilinear Sobolev type equations in the works written by
T.G. Sukachev, S.A. Kondyukova. The original initial-boundary problem is transformed to
the Cauchy problem for ordinary systems of nonlinear equations by sampling. Algorithms
based on the explicit one-step schemes having Runge—Kutta type of seventh-order accuracy
with a choice of integration step are used to find a numerical solution of the Cauchy problem.
Evaluation of control of calculation accuracy at each time step is carried out by a scheme of
the eighth order of accuracy. A time step is chosen according to the results of monitoring.
Computational experiments show high computational efficiency of the developed algorithms
for solving of the problem considered.
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Introduction

Consider the initial-boundary problem of the flow of an incompressible viscoelastic
fluid of Kelvin—Voigt of zero-order [1] in the Earth’s magnetic field. These problems occur
in geophysics in the study of electrically conducting fluid rotation process in a magnetic
field of the Earth [2].

1 1
(1—=xQD)vy=vAv—(v-V)v—=Vp—-20 x v+ —(V xb) xb,
p

i (1)
Vo=0, Vb=0, b =0Ab+V x (v xb),

v(z,0) = vo(z), b(z,0)=bo(z), x €D, (2)
v(z,t) =0, blz,t) =0, (z,t)€0D x R,. (3)

Here, the vector-functions v and b determine a velocity of fluid and an induction of
a magnetic field, respectively, p is hydrodynamic pressure, y is fluid elasticity coefficient,

1
Q= §V x v is angular velocity of fluid rotation, V is Hamilton operator,  is magnetic fluid

viscosity, p is magnetic permeability of fluid, p is density of fluid, D € R? is cylindrical
domain with boundary 9D of C'* class.

Earlier, the initial-boundary problems for magnetohydrodynamics models were studied
in [3, 4, 5] in the theory of semilinear Sobolev type equations [6]. Theorems on the existence
and uniqueness of solutions of such problems are proved in these works.
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1. Method of solving
Exclude from the first equation (1) hydrodynamic pressure p. To this end set

v=V X.

Substitute (4) in (1). We have
(1= XDV x = vV x ¥) = ((Vx 9) - V)V x
—EVp—ZQxwaJri(be)xb. ©)
p i

Here 2Q =V x (V x ¢) = V(V - ¢) — A).
Apply the operation rot to equation (5). Taking into account that V x Vp = 0, we

find
V x [(1—XA)V><¢4 — UV % [A(wa)]_
(6)
~V x [((wa)-V)szﬁJr%Zxwa—ﬁ(V><b)><b.

Using the rules of action with the operator V, we write
VXxVxiy=V(V-¢)— A
Then
VXA(wa) :vXA(va) :v[A(V-M _ A%y

and the equation (6) takes the form

V(Y ) — Ay — X[V (AT ) = A% =
y[v(A(v : ¢)) - A%} ~V x [((v x 1)) - v)v X

+<V><(V><w))xquﬁ—i(be)xb].

Note that Vb = 0. Therefore vector b can be written as

b=V x A

(7)

Vector-function A is called a vector potential of magnetic field.
In view of the above we write the following initial-boundary problem, which is

equivalent to (1) — (3): ”
oB()

8t - C(¢7A)a
9G(A) _ (8)

8t - M(l/),A),

v=Vxv, b=VxA

V x (x,0) =vo(z), V X A(x,0)="by(x), x € D, (9)
41
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V x(z,t) =0, VxA(x,t)=0, (z,t)€dD xR, (10)

where the vector-differential expressions included in (8) have the form:

B(Y) = V(V ) - &6 - x[V(A(V 1)) - A%,
O, A) = V[V(A(v : ¢)) .

_VX[((VXW'V)VXwnL(VX(wa) xwa}L (11)
+iv < [(V(V-4) = 24) x (V x 4)],
G(A) = V x 4, .

M@, A) = V x [(VX@/J)X(VXA)].

Introduce a cylindrical coordinate system (r, p, z) with center O on one of the side
surfaces of the cylinder D and combine Oz axis with the cylinder axis. In the future, we
will assume that a flow of fluid is axially symmetric.

2. Computing experiment

We carry out a sampling by finite difference method |7|. Transform the system of
differential equations in partial derivatives (8) into the system of ordinary differential
equations in time. To this end, consider a set of points Dy, ». = {(r:, vo, 2k)}, Dh,.n. € D,
i =1,N,, k = 1, N, in a domain of research D in a section ¢ = ¢g. Here h,, h, define
uniform steps of sampling grid along the corresponding axes of a cylindrical coordinate
system. Let rg be a radius of cylinder, and zy be its length. Then finite difference analogue
of the initial-boundary problem (8) — (10) can be written as:

dY (Vi (1), Au(t)) = F(in(t), Ain(t)),
= (13)

vin(t) = Gu(t),  bu(t) = G(Aw(t)),

Here
B(val)

P20 = | g au)

)

C(anlt), Ault))
M (win(t), Aa(0))
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) = V(i z0t), Aw®) = AGzet), B(va®), O(va®) Aa®), G(Ax®),
M (zﬁik(t),Aik(t)) are finite difference analogues of expressions B(v), C(¢, A), G(A),
M (1), A), respectively.

To find grid expressions B (vix(t) ), C (ir(t), Aw(t) ), G (An(t)), M (i (1), Au(t)) it
is necessary to approximate the derivatives up to the fourth order. To this end a programm
is written in Maple mathematical software. This programm allow to find the coefficients
in the algebraic formulas of approximation of derivatives having proper order, using the
given number of node points, and to determine the order of their approximation accuracy.

The numerical solution of the Cauchy problem (13) — (15) is found by algorithms of
explicit one-step formulas having Runge-Kutta type [§]

N 13
YnJrl = Yn + mezkza
N 15 13 (16)
ki = hF (tn + iy, Yo + Y2 Bigky, An + Bijkj)u
=1 j=1

here h; is an integration step of the Runge-Kutta method. The values of coefficients «;,
Bi; are taken from the paper [§].

One can use explicit methods for solving of the stiff problems. Then an integration
step is limited both by an accuracy of calculations and a stability of the numerical scheme
[8]. Local error 4,, of method of seventh order is calculated by the formula [8]

13

0p = Z(p&' - ]971)/% (17)
i=1
where the coefficients pg; are
- B - B _0 - 34 B B 3
P81 = Pg2 = P13 = P14 = Prs = YU, Pre = —105, Ps7 = Psg = 357
B - 9 B _0 B 41
Pgo9 = P10 = 930’ Ps11 = Pg,12 = U, Pg13 = 340"

To evaluate a control of accuracy of the calculations the following inequality is used:
[10n]| < e.

Here || - || is @ norm in R/, J is a dimension of column matrix F(¢,U(t)), € is a required

accuracy of calculations. In this case, 9, = O(hf). Therefore, the integration step h® is

9
h* = qhy, ¢ =3 -
t 10,

If ¢ < 1, then the calculations obtained in step h; are repeated at step h®. Otherwise,
calculations are continued at the next time interval.

Figures 1 — 3 show the charts of surfaces of fluid flow velocity components at time
t. = 3 s., obtained for the following values of the problem parameters: y = 2,7 m/ 2,
v =0,00328 m2/c, u =1 p = 1000 kg/m*, § = 0,1, rp = 0,1 m, 2z, = 0,2 m. Vector -
functions vy (7, z) and by(r, z) in the initial conditions (2) are given in the form vy = weri,,

calculated by the formulal§]
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bo = byyir, where wy = 0,25 1/s, b,y = 0,00005 T. The initial conditions for vector-
functions ¢, A are given in the form ¢ (r, z,0) = 0, 25wor (221, — 13,), A(r, 2,0) = —by, 2i,.
The boundary and initial conditions for vector-functions ¢ and A are given in the form:

W(r,z,t) =0, A(r,z,t) =0, (x,r,t) € 9D X R,.

Fig. 1. Chart of surface of radial component of fluid flow velocity v, = v, (r, 2, ) (m/s) at the
time t, = 3 s.

Fig. 2. Chart of surface of transversal component of fluid flow velocity v, = v, (7, 2,ts) (m/s) at
the time ¢, = 3 s.
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Fig. 3. Chart of surface of axial component of fluid flow velocity v, = v,(r, 2z,t4) (m/s) at the
time t, = 3 s.

Conducted computing experiments show a computational stability of the developed

algorithm for numerical solution of the initial-boundary problem (1) — (3).
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YNCJIEHHOE NCCJIEJIOBAHUE TEYEHU A
BA3KOVYIIPYTI'OI YKNJIKOCTU KEJIBBIIHA-®OMI'TA
HVJIEBOI'O IIOPAJKA B MATHIUTHOM IIOJIE

C. . Kaduenxo, A. O. Kondwxos

B crarbe pazpaboTanbl aJrOPUTMbI YUCJEHHOTO PEIICHUs HAYaIbHO-KPAeBON 3aja4uu
TeUEHUS BI3KOYIPYroi HecKumaeMmoil kujakoctu Kenbpuna-DPoiirra B MArHUTHOM TIOJIE
Bemsn. B paborax T.I. Cykagesoit, A.O. KoHokoBa ¢ MOMOIIHI0 TEOPUU TTOTYTHHEHHBIX
ypaBHeHuit cOGOIECBKOTO THUIIA JIOKA3aHA TEOPEMA, CyIIECTBOBAHUS U € IMHCTBEHHOCTH perrie-
HUsl yKa3aHHOHN 3ajaun. [IponsBoas MUCKpETU3aIuio, NCXOAHAs HAYAJIbHO-KPaeBas 3a1a4a
npeobpasoBana K 3ajade Kormm st cucreM 0OOBIKHOBEHHDBIX HEJIMHERHBIX ypaBHeHui. Js
[OJTy YeHUsI YUCJICHHOTO pelienust 3a1aun Kolu uemnoib30Baubl aaropuTMbl, OCHOBAHHBIE HA
SIBHBIX OJTHONIATOBBIX CXeMax Thma PyHre—KyTThl ceIbMOro mopsijKa TOIHOCTH C BHIOOPOM
mara wHTerpupoBanus. OmeHKa KOHTPOJIsT TOYHOCTH BBIYHUCICHHI HA KaXKJIOM BPEMEHHOM
mare OCyIIEeCTBJIAJIACH IO CXeME BOCBMOTO IOPSIKa TOYHOCTH. 110 pe3ynbraraM KOHTPOJISA
BBIOUPAJICS BPEMEHHON 1ar. Belauc e/ ibHble SKCIEPUMEHTDI TI0Ka3a/i BBICOKYIO BBIUUC-
JINTEJIbHYIO 3D PEKTUBHOCTL Pa3pabOTaAHHBIX AJITOPUTMOB PEIIEHUs] UCCIIEYEMbIX 3a1a4.

Karouesvie ca06a: MazHumo2udpoduHamMuKka, HECHCUMAEMAR BAZKOYNPY2ai HCUIKOCTND,

AeHvle 00nowazosvie Popmyav, Pynze—Kymmoi, ypasnenus coboaesckozo muna.
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