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Currently, many authors have developed a number of methods allowing to construct
algorithms for the numerical solution of inverse spectral problems. However, from a
computational point of view, most of the methods are ineffective, and serious computational
difficulties arise in their application. Therefore, the development of new methods for solving
spectral problems based on new approaches is urgent. In this article, new algorithms are
developed for solving direct and inverse spectral problems defined on quantum graphs. In the
developed algorithms, a special role is played by systems of eigenvalues and eigenfunctions
of the corresponding unperturbed spectral problem, in which the potentials on all edges
of the graph are equal to zero. With a large number of edges in the graph, finding these
spectral characteristics faces a large amount of computation. Therefore, in the environment
of the Maple package, a registered software package was also written to find the spectral
characteristics of unperturbed problems defined on geometric graphs of any configuration
and with any finite number of nodes. In the article, the methods for calculating the
eigenvalues of discrete problems and solving inverse problems for semi-bounded operators
defined on geometric graphs are illustrated by the example of the anthracene molecule.

Earlier, on the basis of the numerical methods of regularized traces and the Galerkin
method, linear formulas were obtained for calculating the approximate eigenvalues of
discrete semi-bounded operators defined on finite intervals. These formulas can be used
to find approximate eigenvalues of discrete operators with any ordinal number without
using eigenvalues with lower ordinal numbers. This removes many computational difficulties.
Using these linear formulas, algorithms are developed for solving direct and inverse problems
defined on quantum graphs, which is presented in the article.

The constructed algorithm for solving inverse spectral problems defined on sequential
geometric graphs with a finite number of links was tested on the anthracene molecule. The
algorithm allows to recover the values of unknown functions included in the operators at the
discretization nodes using the eigenvalues of the operators and the spectral characteristics
of the corresponding self-adjoint operators. The results of numerous experiments show good
accuracy and computational efficiency of the developed method.

Keywords: eigenvalues and eigenfunctions; discrete and self-adjoint operators; inverse
spectral problems; Galerkin method; incorrectly set problems; Fredholm integral equation
of the first kind; geometric graph.

Introduction

In connection with the need to create new technologies in science and technology,
there is a need to develop computationally efficient methods for solving spectral problems
for discrete semi-bounded operators defined on sets of various structures. One of these
directions is associated with the quasi-one-dimensional motion of 7-electrons in aromatic
compounds [3]. Considering the width of the tubes in which electrons move to be small,
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we can assume that they move along a network of one-dimensional conductors. This
assumption is justified by the passage to the limit performed in the work [4]. A practical
use of this approach for modelling a graphene molecule using quantum graphs can be found
in the articles [5-8]. Let us outline the main provisions of new computational methods for
solving direct and inverse spectral problems generated by discrete semi-bounded operators
defined in a separable Hilbert space, which make it possible to model systems in molecules
using quantum graphs on the examples of aromatic compounds.

In the works [9-14], a numerical method for calculating the eigenvalues of the boundary
value problem

Lu = pu, Gulr =0, (1)

was developed. Here L is a discrete differential semi-bounded operator defined in a
separable Hilbert space H with the domain D, € H; I' is the boundary of the domain
Dy. To calculate the eigenvalues of boundary value problem (1), we consider the sequence
{H,}>, of finite-dimensional spaces, which is complete in H. Suppose that an orthonormal
basis {@}r_, of the spaces H, C H satisfy the homogeneous boundary conditions of
problem (1). Following Galerkin method, an approximate solution to boundary value
problem (1) is sought in the form

Uy = Zak(n)gak. (2)

The constants ay(n) are found so that the expression obtained after substituting u,, instead
of u in equation (1) is orthonormal to the system of functions {yx}}_;. The following
theorems are proved in [13].

Theorem 1. The Galerkin method applied to the problem on finding the eigenvalues of
spectral problem (1) constructed on the system of functions {@x}3>, converges.

Theorem 2. The approximate eigenvalues i, of spectral problem (1) are found by the
linear formulas

fin(n) = (Lgn, n) + 0, n € N, (3)
~ n—1
where 0, = > [ar(n — 1) — px(n)], pr(n) is the n-th Galerkin approzimation to the
k=1

corresponding eigenvalues py of spectral problem (1).

In the same work, using Theorems 1 and 2, it was shown that

lim 6, = 0. (4)
n— oo
To use formulas (3) when calculating the eigenvalues of problem (1), it is necessary to
construct a system of coordinate functions {py}72,, which satisfies boundary conditions
(1). For this, the operator L is represented in the form L = T+ P, where T is a self-adjoint
differential operator of the same order as the operator L with the domain D . Having found
the eigenvalues {\,}>2, and the eigenfunctions {v, }>°, of the spectral problem

Tv =M, Gvl|r=0, (5)
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formulas (3) are written as
[in(n) = Ay + (PUp, vp) + 0y, 1 € N, (6)

If the system of eigenfunctions {v,}>; of problem (5) is not orthogonal, the functions
v, must be expanded in Fourier series in terms of the system of functions {¢}32. This
allows to use formulas (6). Due to correct and uncomplicated calculations, algorithms for
calculating eigenvalues by formulas (6) are simple and computationally efficient. Using
the example of spectral problems generated by Sturm-Liouville operators of an arbitrary
even order, it is shown that linear formulas (3) differ from the known asymptotic formulas
only by the order of errors [14]. Compared to the classical methods for calculating the
eigenvalues of discrete semi-bounded operators, finding them using formulas (6) drastically
reduces the amount of calculations. Formula (6) allows to calculate the eigenvalues of
discrete semi-bounded operators with any ordinal numbers, regardless of whether the
eigenvalues with lower numbers are known or not.

Let us consider methods for solving inverse spectral problems on the example of
differential operators L,, defined in L?[a, b of the form

Lin(u) = Tin(u) + Bp(u),

m—1
where T,,(u) = (=1)™"u™ P (u) = 3 pi(s)u?, s € [a,b], m € N. It is assumed
i=0

that all functions p;(s), ¢ = 0,m — 1 or some of them are not specified in the operators
L. In the articles [11-14], a numerical method for solving inverse spectral problems was
developed. For the known eigenvalues {\,}5°,, eigenfunctions {p,}52, of unperturbed
problem (5) and approximate eigenvalues {,}5°, of perturbed spectral problem (1), the
method allows to restore the values of unknown functions at the discretization nodes
included in the operators L,,. To recover the values of the unknown functions p;(s), the
developed algorithms use the required number of eigenvalues ji,, belonging to the segments
[Cm, dn]. In the article [13] it is shown that to restore the values of the unknown functions
pi($), any segments [¢,,, d,,,] can be chosen and this practically does not affect the accuracy
of restoring the values of the functions p;(s) at discretization nodes. Note also that the
technique described below for solving inverse spectral problems is applicable, with the
corresponding changes, to solve inverse spectral problems generated by partial differential
operators.

Based on formulas (6) for the operators L,,, we construct the Fredholm integral
equations of the first kind in the matrix form

An(Py) = /Km(x, $)Po(s)ds = f(z), z € [c,d). (7)
(m

Here K, (xg, s) = ((pk 71)(5)@;{(5) o 0u(8)er(s) @i(s)) are row matrices, and P, (s) =

(Pm—1(5) Pm_a(s) ...po(s))" are column matrices. Moreover, K, (z, s), Pn(s) and f(z) are
such that

m—1 .
Ko (4, 8)P(s) = Y2 pils)ol) (s)gu(s), a < s <b,
f(op) = e — M — 0, c < a1, < d.

(8)
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If for solutions P,, to equations (7) the residuals ||A,(Pn) — f]] Lafe,d = 0, then the
solutions are called exact. However, such solutions may not exist or may not be unique.
Therefore, the concept of pseudo-solution was introduced. Solutions P, to equations (7)
are called pseudo-solutions if they minimize the residuals ||Am(Pn) — f|| L, [e,d- Further, by
solutions to Fredholm integral equations of the first kind (7) we mean pseudo-solutions.
The exact values of the right-hand sides of equations (7) are unknown, but approximate
values of f(z) are such that ||f — ﬂ‘%g[c,d] < 4. Suppose that the kernels K,,(z,s) of
integral equations (7) are continuous and closed in Il = [¢, d] X [a, b] and P,,(s) € WJ"[a, b],
f(z) € Lyfc, d]. The problems of solving Fredholm integral equations of the first kind (7)
are ill-posed. In the general case, their approximate solutions can be found only numerically
using regularization method of A.N. Tikhonov and finite-difference approximation method.
Very often it is possible to obtain good approximate solutions to integral equations (7)
when discretizing them by applying regularization methods directly to systems of linear
equations.

To discretize the domain II, two grids are introduced along the s and = axes, which
are uniform along the s axis and non-uniform along the x axis

b—a
N, —1’

S1=40a, Spy1 =58, +hs, n=1,Ng—1, hg=

c=21 <2< ...<xn, =d, hy = hy,,
hxk:xk_xkfla kZQ,Nx, Nx:mNs

To uniquely find mN; approximate values of the functions p;(s), i = 0,m —1 at
the discretization nodes {s,}.*, of the interval [a, b] using the linear algebraic equations
obtained during discretization of integral equations (1), it is necessary to know miN;
approximate eigenvalues iy of spectral problem (1) belonging to the segment [c,d]. We
assume that they are known. At the same time, the following notation is introduced:
¢ = fig,, d= fig,, kg ="Fke+ Ny — 1.

To discretize equations (7), the functions p;(s) are interpolated by the Lagrange
polynomials

N
Zl S)pi,, ns):HSS__S;},i:O,m—l. 9)

j=1 J
j#n

Substituting (9) into (7), we obtain systems of linear algebraic equations for the values of
the functions p;(s) at the discretization nodes p;, = p;(s,)

Ns m—1
Z Z Hknpzn - Mky k= kca kd? (1O>
n=1 =0

where H\ = fl or(s)ds, i =0,m — 1.

Let us write systems of linear equations (10) in the matrix form

Ap, Py, = Fy, . (11)
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Here Ay, is a square matrix of the order N, x N, and Py, and F, are column matrices.

0 0 1 1 m—1 m—1
Hlié; Hliévi Hléi Hlijlv; Hlil 1; HIENS
Ay — | B Haw, Hy o Hpyoo... Hj .. HY |
» T ST
HY HYy HY, .. HYN o HYTY o HYRWY
p01
Py, ) [,
Pv=| ... |, Ey=|[
P ik,
P,

In cases when some functions p;(s) in the operators P,,(u) are given, then this should be
taken into account when constructing systems of equations (11). It is clear that there is no
need to search for the values of these functions at the discretization nodes of the segment
la,b], and therefore the corresponding blocks are not included in the matrices Ay, and
Py, , and the values of definite integrals, which integrands include these functions, pass
with the opposite sign to the matrices Fly,. As a rule, the condition number cond(Ay,)
of matrices Ay, of systems of equations (11)) is relatively large, so we have ill-posed
problems. Small errors in specifying the matrices Ay, and vectors F v, can lead to rather
large errors in the vector of solutions Py, . In this regard, in order to partially eliminate
the undesirable effects of errors, it is necessary to apply various regularization methods
that allow replacing invalid solution vectors with some vectors of “of pseudo-solutions “,
which are best for the problems under consideration.

Finding stable solutions close to normal pseudo-solutions to systems of linear algebraic
equations (11) is based on the regularization method of A.N. Tikhonov with the choice
of the regularization parameter by a residual. In our case, the regularization method of
A.N. Tikhonov is reduced to minimizing parametric functionals of the form

| A, Pr, — Fi,||? + o] | Py, |, (12)

where o > 0 is a regularization parameter. The problem of minimizing (12) by Py, is
equivalent to solving systems of linear algebraic equations

(A% Ay, +al)Pg = AL Fy,, (13)
where the parameter « is chosen under the condition

The superscript T means transposition, £ stands for the specified residual level, ||ZF5N$ || is
the Euclidean norm of the right-hand sides of equations (11), I is the identity matrix.

The unique solution ﬁﬁ,z to the problem of minimizing functional (12) for a fixed « is
expressed explicitly by the formula [15]:

~ -1
Py = (A% A, +al) AL Fy,. (15)
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For v — 0, the solution ﬁﬁ}z converges to the normal solution to system (11) [15]. In (15),
the inverse matrix exists for any rank of the matrix Ay, and any a > 0.

Expression (15) for calculating Py can be represented in another form using the
Sherman — Morrison — Woodbury formula [16]

- 1 -1 -
Py == (1- AL (ol + Ay, AL)) AL Fy,. (16)

«

In the case when the approximate solutions to integral equations (7) found by formulas
(15) and (16) give a large residual, it is necessary to use the regularization method,
which recommends to use the matrix functions IBT?L as approximate solutions realizing
the minimum values of smoothing functionals

d

By [Py, F = / (Au(Pu) —f>2dx+a§2m[Pm], (17)

C

R b
where o > 0 is the regularization parameter, Q,,[Py] = [(PLP, + qP/' P, )ds is the

stabilizing Tikhonov functional, the value ¢ > 0 determineg the order of regularization,
the superscript 7" means that the matrix is transposed. For ¢ = 0, instead of an incorrect
equation of the first kind, an equation of the second kind is solved, while an integro-
differential equation is solved for ¢ # 0.

An approximate solution P2 is sought from the condition that the functional (17)
reaches its minimum value, that is,

®,[P% fl= inf ®,[P% f]. (18)

PaeW[a,b]
under homogeneous boundary conditions

P%(a) =0, P(b)=0. (19)

In this case, the equations defining the extremals of the functionals ®,,[P%, f] have the
form:

b

(P (0) ~ aal(P") (@) + [ (P)T ()Rt s)ds = Fult), a<t<b (20)

a

d ~ d ~
Here R, (s,t) = [KL(z,8)Ku(z, t)de, F,(t) = [Ky(z,t)f(x)de. The generalized
residual method is used to select the regularization parameter o.
Approximate numerical solutions P2 are found by the quadrature method, passing to
finite spaces. For this, discretization grids along the s and x axes introduced earlier are
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used. Denote PS = P2%(s,), KF' = K (2, s,), f. = fri. Then

/b(P%)T(S)Rm(ta s)ds = / /KT (z,8) K (x t)dx]d

-/ f_fzn@(pmln)a(s) Prans) o 1.9) 3 en

K1 (g, ) K1 (g, 8) K1 (@, €) Ko (2, 8) « oo K1 (25, t) Ko (g, )
Kop—o(p, ) K1 (g, 8) Ko (@, £) Ko (g, 8) .« o . Ko (g, t) Ko (g, )

X ds =
Ko(g, t) Ky (xk, s)  Ko(xg, ) Kpm_o(Tk, 8) ... Ko(zk, t) Ko(2g, 8)
=SS S HOpe (K1 (2st) Koo, 1) . Kolwp, 1)),
n=lk=1  i=1 1)

where vy, are weight factors in quadrature formulas of trapezoids with variable step hy, .

Therefore,
b

[ Rt 9as = 33 aops, 1 =TT (22)

o n=1 i=1
U Ny .
Here G\" (t)= >, %Kl(xk,t)H,g.
k=1
Further
o(Pa)(t) - gal(P3")(8)] = aZ =l () (Pn1,)(5) Poua, ()16, (5)). (23)

/K .0 @)z = (Fua(t) Fucalt).... Fa®)). (24)

Here Fi(t) = i VoK (i, t) i, i = 0,m — 1.
k=1

Using the obtained approximations (22) — (23), we write an approximate analogue of
Tikhonov equations (20) in scalar form

5 {afn0 - an@]po, + S e on ) = Facaty
5 {a 0 - )]0, + 5 G008} = Fat -
S {efuw -], + S e} - .

On the basis of the described technique for solving inverse spectral problems defined
on finite intervals, we construct algorithms for solving direct and inverse spectral problems
defined on quantum graphs.
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1. Direct Spectral Problems in Quantum Graph Models

Based on formulas (6), we construct algorithms for calculating the eigenvalues of
discrete semi-bounded operators defined on geometric graphs [14]. Consider a finite
directed connected graph G = G(V, E) with connected edges. Let V = {V;}!2, be the set
of vertices of the graph G, and E = {Ej};:ozl be the set of its edges. Moreover, each edge
E; has length [; > 0. Suppose that the following discrete semi-bounded vector operator is
given on the edges E;, j = 1, jo, of the graph G:

L— (Ll,LQ,...,LjO>, (26)

which acts in the Hilbert space

H= LQ(G) = {G = (Gl,GQ, “'7Gj0)7 Gj - LQ(O,ZJ‘), j = 1,j0}

with the scalar product

"
Jo
(g.f) = Z/gjfjdsja g, feH. (27)
Jj=1 0
Here L; are operators specified in Ls[0,[;], j = 1, jo.
Further, we assume that the vector operator L has the form L = T + P, where
d*);
T’Qb = <T1¢17T2¢2, ---77}0%0)7 ijw] = _W;> P’Qb = <p1(51)¢17p2(52)¢27 "'7pj0(8j0)wjo>>
o j
sj €10,4], 7 =1, 7o, ¥ = (¢1, ..., ¥j,), ¥; € WE[0,1;] are twice continuously differentiable
functions on the corresponding edge E; of the graph G. At each vertex V; of the graph G
for the vector functions 1, we define the boundary conditions

dip A,
Z KII: s,=0 B Z E sm=lm - O’ (28)
EpeEx(Vy) En€E%(Vs)
¥i(0) = Yr(0) = Ypllm) = Un(ln). (29)

Here E;, Ey, € E“(Vy), E,, Ey, € E¥(Vy), E*(V;) is the set of arcs starting at the vertex
Vs, E¥(V5) is the set of arcs ending at the vertex V;. Conditions (28) mean that the flow
through each vertex must be zero, and (29) means that the solution 1 = (1,2, ..., ¥j,)
at each vertex must be continuous.

To construct the orthonormal system {@, = (¥1,,, 2., -, Pjo, ) Fney Of vector functions
that satisfies boundary conditions (28), (29), consider the following direct spectral problem
for the operator T on the graph G:

Ty = \p. (30)
_ —_rm = 1

EReEx(Vy) EmeE»(Vs)
©i(0) = ¢r(0) = @m(ln) = @n(ln)- (32)

Let {\,}2, be the eigenvalues of problem (30) — (32) numbered in non-decreasing

order of their values, and {¢, = (¢1,, 2., Pjo, ) }or, be eigenvectors corresponding
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to these eigenvalues \,. Finding the eigenvalues ), and the corresponding eigenvectors
¢, of spectral problems (30) — (32) for any finite closed graphs with a large number of
vertices causes great difficulties. Therefore, in the environment of the Maple mathematical
package, a software package was written that allows to find the required number of these
spectral characteristics for any finite graphs [17]. For clarity, the method for calculating

Fig. 1. Partitioning a directed graph for anthracene into vertices and edges

the eigenvalues of discrete semi-bounded operators given on geometric graphs is illustrated

by the example of the anthracene molecule C'14Hyy. The graph modelling the anthracene

molecule consists of ig = 14 vertices and j, = 16 edges (see Fig. 1). Since the lengths of all

edges for the anthracene molecule are the same, we can assume that [; = 1 for all j = 1, j.
General solutions to differential equations

dQQP' . o
—a = A i =1o (33)
j
have the form
0i(s;) = A;sin(VAs;) + Bj cos(VAs;). (34)

Using the written software package, a transcendental equation is obtained for finding
the eigenvalues )\, of spectral problem (30) — (32) for the anthracene molecule

62 sin(v/\) 4 190 sin(3v/A) + 384 sin(5v/\) + 463 sin(7v/ )+

+415sin(9v/A) + 225 sin(11v/A) + 81sin(13v/A) = 0. (35)

Any eigenvalues A, are roots of transcendental equation (35). The components ¢;, of
the eigenvectors ¢,, corresponding to the found eigenvalues A, have the form

i, =Ch, <Ajn sin(v/Ans;) + B;, cos(\/xsj)>, j=1,16. (36)

Here

Ay = i(S sin(v/An) + 23sin(3v/A) + 16 sin(51/A,) + 9 sin(7\/7n)),
By, = % (58 + 88 cos(2y/A) + 49 cos(4y/A) + 9 cos(6/A,)).

Ay = i(% sin(y/An) + 61sin(3v/\,) + 48sin(5y/A,) + 21 sin(?@)),
By, = %(16 + 30 cos(2y/An) + 15 cos(dy/ M) + 7005(6@»,
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As, = —ai (8 sin(v/A,) + 23sin(3y/A,) + 16sin(5y/A,) + 9 sm(7\/7n)),

B, = bi (58 + 88 cos(2v/\n) + 49 cos(4/A,) + 9 cos(6\/ﬂ)),
Aun = —-2(26sin(y/2) + 61 sin(3v/An) + 48sin(5y/ ) + 21 sin(7/An)),

Qn
By, = 2—2 (16 + 30 cos(2v/An) + 15 cos(44/\,) + 7005(6\/)\771)),
Ay = ai (41 sin(yv/An) + 85sin(3v/An) + 80sin(51/ Ay ) + 37sin(7/A\n) + 9 sin(9\/Yn))),

Bs,, = ;(40 + 28 cos(64/An) + 52 cos(4y/An) + 75 cos(2v/A) 4 9 005(8@))),
Agn = ai (5 sin(v/An) + 9sin(3v/An) + 16 sin(5v/A,) + 13sin(74/A,) + 9 sin(9\/2))>,

bi (40 + 28 cos(6y/Ay) + 52 cos(4y/An) + 75 cos(2y/An) + 9 cos(g\/x))> ,

Be, =
Agy = %(93 sin(v/A,) + 212sin(3v/\,) + 214 sin(5¢/ A, )+
124 8in(Ty/Ay) + 45 sin(g\/fn)),

By = % (64499 cos(2y/X,) + 127 cos(d/A,) + T3 cos(6+/A,) + 45 cos(8/An) )
Agy = —% (23 sin(v/ M) + 47 sin(3v/ M) + 48 sin(5y/An)+
+25sin(Ty/ M) + 9 sin(9\/7n))),

Bgy = % (40 + 28 cos(6/An) + 52 cos(4y/A,) + T5 cos(2y/A,) + 9 cos(8v/An) )
Agn = —é (93 sin(v/An) +212sin(3v/X,) + 214sin(5y/A,)+
1124 5in(7y/2) + 45 sin(g\/ﬂ))),

By, = %(64 + 99 cos(2v/An) + 127 cos(4y/A,) + T3 cos(64/N,) + 45 cos(s\/Yn)),
Ay, = %(217 sin(3v/A\n) + 76 sin(yv/An) + 234sin(54/ A, )+
+185sin(7y/A,) + 27 sin(11y/A,) + 87sin(9y/2,) ).

By, = %(29 + 84¢08(2v/An) + 101 cos(4y/A,) + 107 cos(64/\,) + 27 cos(104/A,)+

+60 COS(S\/)TJ),

58 Journal of Computational and Engineering Mathematics




COMPUTATIONAL MATHEMATICS

An, = —&—i(sin(:s\/fn) +8sin(v/An) — 30sin(5y/An) — 63sin(7Ty/ A ) —
—27sin(11y/ ) — 51 sin(9\/7n)),
Bu, = %(29 + 84.08(2v/An) + 101 cos(4/A) + 107 cos(61/X,) + 27 cos(104/ M)+
60 cos(8\/7n)),
A, = i(zm sin(3v/An) 4 103 sin(y/A,) + 392sin(5y/An) + 371 sin(7+/ A, )+

+81sin(11y/A) + 216 sin(9\/7n)),
3

; (5+45 c08(21/ M) )+60 cos(4v/ Ay )4+84 cos(6+1/ A, )+27 cos(10/ A, ) +51 005(8@)) :

BIQn =

n

Ay, = —ai (108 sin(3v/An) + 34sin(y/An) 4 132sin(5/A,) + 124 sin(7v/ A )+
+27sin(11y/A,) + 69 sin(Qm)),
By, = % (29 + 84 cos(2y/An) + 101 cos(4v/Ay) + 107 cos(6y/An )+
127 cos(10y/\,) + 60 cos(8\/7n)),
Ay, = —i (291 sin(3v/An) + 103sin(y/A,) + 392 sin(5/A,) + 371 sin(7+/ A )+
+81sin(11y/,) + 216 sin(9\/7n)),
B, = %(5 + 45 c08(2v/ M) + 60 cos(4y/An) + 84 cos(6y/ A )+
127 cos(10y/ M) + 51 cos(s\/Tn)),
Ags, = i<266sin(3\/x)+105 sin(v/ A, )+482sin(5v/ A, )+523 sin(7v/ A, )+81 sin(13v/X,, )+
+225sin(114/\,) + 442 sm(9\/7n)>, Bis, = 1,
Asg, = i(114sm(3\/x)+19sm(\/Yn)+286sin(5\/ﬂ)+403 sin(7v/ A, )81 sin(13v/X, )+
1225 sin(114/)\,) + 388 sm(9\/7n)>, B, = 1,

a, = 43 cos(v/\,) + 154 cos(3v/ ) 4 320 cos(5v/An) + 421 cos(7v/ A, )+
+225 cos(11y/X,) + 81 cos(13v/A,) + 388 cos(9v/\n),
by = 16 + 11 cos(2y/An) + 143 cos(4v/Ap) + 177 cos(6/ A )+
+81 cos(12¢/An) + 144 cos(10\/A,) + 244 cos(8v/Ap).
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The system {¢,, }52, of eigenvectors of spectral problem (30) — (32) is orthogonal on the
graph G. The factors C), are found from the condition of its normalization. Using formulas
(3) and (27), it is easy to show that the approximate eigenvalues of the vector operator L
acting in the separable Hilbert space WZ(G) are found by the following formulas [14]:

Ly
Jo
fin(n) = A\, + Z \/pj(Sj)(p?n(Sj)de +d,, n € N. (37)
Jj=1 0
~ n—1
Here 0,(n) = > [fr(n — 1) — ix(n)], 1x(n) are the n-th Galerkin approximations of the

k=1
k-th eigenvalue. Further, on the basis of formulas (37) obtained, we construct a technique

for solving inverse spectral problems defined on quantum graphs.

2. Inverse Spectral Problems in Quantum Graph Models

One of the important problems of nanotechnology is the creation of systems with
desired properties. To solve them, it is necessary to develop algorithms for solving inverse
spectral problems in models of quantum graphs. For clarity, we illustrate the algorithm
using the example of the anthracene molecule Ci4Hyg for which i = 14, j, = 16 and
lj :]_, djzl fOTall]:Tm

Consider inverse spectral problem for the operator L (28) given on the connected
graph G = G(V© E)

d*1;

- dS? +pj(5j>wj = ,ija Sj € [Oalj]a ]: 17j07 (38)
d¢j dqu)m
) FPD DI M (39)
EjGEO‘(Vi) J I Em€E»(V;) m 'Sm=tm
¥i(0) = Y1 (0) = Vi (lm) = Yn(ln). (40)

We assume that the functions p; are not specified, but the eigenvalues {\,}72, and the
corresponding eigenvectors {¢, }>° , of unperturbed problem (30) — (32) and the required
number of approximate eigenvalues fi,, of perturbed problem (38) — (40) belonging to
the segment [c, d] are known. Based on the listed known spectral data, it is necessary to
construct an algorithm that allows recovering the approximate values of the functions p;,
at the discretization nodes. For this, using linear formulas (37), we compose the Fredholm
integral equation of the first kind

S [ smtenis, = Fo) e ed) ()

where K7 (z,,55) = ¢ (s5), F(2n) = Fin — An — 0,. Suppose that ©;.(s;) are continuous

and closed in IT = [¢,d] X [0,14] X -+ x [0,1;,], p;(s;) € WZ[0,1;] and f(z) € Lalc,d].
We write integral equation (41) in matrix form

lmax

B(P) = / K(z,8)P(s)ds = J(z), @€ [c.d]. (42)
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Here 40 = Jax {I;}, K(zn, sj) = (gpfﬂ(sl), 03 (52), - 05 (sjo)) are row matrices, and
x1(s)p1(s1)
Ps)y=1{ ......... are column matrices, and x;(s) = L s €0,75), j=1,7
0, s¢10,],
Xjo (s)pjo (SJ'0>

For anthracene molecule, l,,,, = 1, jo = 16.
The problem of solving Fredholm integral equation of the first kind (42) is ill-posed.
To construct its approximate solution P“, we use the Tikhonov regularization method. To
do this, we use the smoothing functional
. 2
[P, ] = / (B(P)~ F) dx + agP] (43)

C

L
where o > 0 is the regularization parameter, Q[P] = [ jZO(PTP + qP'"P")ds is the
0 j=1

stabilizing Tikhonov functional, the value ¢ > 0 determineé the order of regularization,
the superscript 7" means that the matrix is transposed. For ¢ = 0, instead of an incorrect
equation of the first kind, an equation of the second kind is solved, while an integro-
differential equation is solved for ¢ # 0.

An approximate solution P is sought from the condition that functional (43) reaches
its minimum value, that is,

O, [P, fl= inf ®[P% f]. (44)

PoeW?
under the homogeneous boundary conditions
(P*)'(0) =0, (P*)'(1)=0. (45)

In this case, the system of linear equations determining the extremals P(s) of the
functional (43) has the form

(

.

0

axa(8)[pf (1) = a(p)" (0] + 22 [ x5(s) Ry (s, 1)p (s)ds = Fi (),

M

ax2(t)[p3 () — q(ps)" (t)] +

<
ﬂ‘
O O —

X;(8)Rja(s, t)p?(s)ds = ﬁQ(t)’ (46)

<.
Il
-

<.
3

ax;o (O[pf, () = a(pf,)" ()] + Of X (8) Rjjo (5, 1)pj (s)ds = Fj, (1),

Il
—

Here
lJ lj

/Rﬂ s,t)pj (s /p?(s)[/d[(j(x, S)Ki(x,t)dx]ds,

0 0
/K]xt x)dz, j,i=1,jo, t €[0,1].

To find approximate values p§(s;) of unknown functions p;(s;) at the discretization
nodes {s;, }2, solving system of linear equations (46), the quadrature method is used.
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3. Computational Experiment

For an approximate numerical solution p§, it 1s necessary to pass to finite subspaces.
We introduce discretization grids along the axes s; and x, which are uniform along the
axis s; and non-uniform along the axis x

L
N, -1

Sjl = 0, Sjn+1 =

:Sjn+h8j7 n = 17Ns]- -1, hy

c=11<13<...<zy,=d, hy=hy,

Jo
S,
j=1

Let us use the described algorithm to find a solution to inverse spectral problem (38)—
(40) given on a graph and simulating an anthracene molecule. For this purpose, a software
package was written in the Maple mathematical environment that allows computational
experiments to recover the operator L in the case when the functions p;(s;) included in
this operator are unknown.

Suppose that the eigenvalues {\,}>2; and the corresponding eigenvectors {¢,, }°°, of
unperturbed problem (30)—(32) and the required number N, of approximate eigenvalues
f, of perturbed problem (38)—(40) belonging to the segment [c, d] are known.

In the previous section, it was shown that the eigenvalues {\, }52 ; of spectral problem
(30)—(32) for an anthracene molecule are the roots of transcendental equation (35), and
the components of the eigenvectors {¢,,}°°, are found by formulas (36).

Tables 1-8 show the results of recovering the values of the potentials p; (s1) = sin(2s;+
I), pa(se) = cos(sa) + 259 + €752, ps(s3) = el*s + 1, py(s4) = 5sy + I, ps(ss) = bss — 1,
pe(se) = 0, pr(s7) = bsy+ 1, ps(ss) = 5ss — I, po(s9) = s5+ 51 + 1, pro(s10) = 57+ 51 — 1,
p11(s11) = s + 5s11, pra(s12) = cos(s) + 2s + €', piz(s13) = €'* + 1 pra(s14) = dsua + I,
p15(s15) = 5s15 — I, p1s(s16) =0, 1; =1, s; € [0,1], j = 1,16 given on the corresponding
edges of the graph G using the developed algorithm. Here I is imaginary unit.

Table 1

hk::xk_l‘k—ly kZQ,Nx—le:

3

p1(s1,)

pT(s1,)

Ci,

p2(s2,)

p5(s2,)

G2,

—_
o

© 00~ O T Wi+

0.000 + 1.1751
0.307 + 1.1521
0.601 + 1.0821
0.871 4 0.9701
1.107 + 0.8191
1.298 +0.6351
1.438 +0.4261
1.521 + 0.2001
1.542 — 0.0341
1.503 — 0.2671

0.000 + 1.1751
0.147 +1.0311
0.461 + 1.0041
0.764 4 0.9301
1.042 + 0.8151
1.275 4 0.6641
1.469 + 0.4801
1.602 + 0.2731
1.676 + 0.0527
1.689 — 0.1791

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

10-6
10~5
10~5

107°

2.000 + 0.0001
2.190 + 0.1001
2.360 + 0.1991
2.511 4 0.2961
2.642 + 0.3891
2.755 4 0.4791
2.851 + 0.5651
2.930 + 0.6441
2.993 4 0.7171
3.043 +0.7831

2.000 + 0.0001
2.123 + 0.0811
2.329 4 0.1831
2.492 + 0.2821
2.639 + 0.3781
2772 +0.4721
2.877 +0.5621
2.973 4 0.6471
3.053 + 0.7261
3.110 + 0.7981

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

10-6
10~5
10~5

107°
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Table 2

3

p3(s3,)

p5(s3,)

3,

pa(sa,)

pq(s4,)

Ca,,

—_
o

© 00 O U Wi

2.000 + 0.0001
1.995 + 0.1001
1.980 + 0.1991
1.955 + 0.2961
1.921 + 0.3891
1.878 +0.4791
1.825 + 0.5657
1.765 + 0.6441
1.697 + 0.7171
1.622 + 0.7831

2.000 + 0.0001
1.975 + 0.0801
1.975 4 0.1821
1.963 4+ 0.2811
1.931+0.3771
1.914 +0.4731
1.860 + 0.5611
1.817 + 0.6481
1.761 +0.7271
1.678 + 0.7981

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

107°

0.000 + 1.000I
0.500 + 1.0001
1.000 + 1.0001
1.500 + 1.0001
2.000 + 1.0001
2.500 + 1.0001
3.000 + 1.0001
3.500 + 1.0001
4.000 + 1.0001
4.500 + 1.0001

0.000 + 1.0001
0.471 4 1.0041
0.988 + 1.0051
1.481 4 1.0021
1.977 + 0.9981
2.482 4 1.0001
2.972 4 0.9981
3.473 +1.0011
3.973 + 1.0041
4.465 + 1.0041

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

Table 3

3

ps(s5,,)

pg(ss,)

G5,

e (56,,)

6 (s6,.)

6.,

—_
o

© 00 O Uk Wi -

0.000 — 1.0001
0.500 — 1.0001
1.000 — 1.0001
1.500 — 1.0001
2.000 — 1.0001
2.500 — 1.0001
3.000 — 1.0001
3.500 — 1.0001
4.000 — 1.0001
4.500 — 1.0001

0.000 — 1.0001
0.465 — 0.9961
0.972 — 0.9961
1.476 — 0.9981
1.968 — 1.0021
2.486 — 0.9991
2.974 — 1.0021
3.483 — 0.9981
3.987 —0.9951
4.471 —0.9961

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001

0.000 + 0.0001
0.029 4 0.0011
0.029 + 0.0001
0.029 + 0.0001
0.029 — 0.0011
0.029 — 0.0011
0.029 — 0.0011
0.029 + 0.0001
0.029 + 0.0001
0.029 4 0.0011

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

107°

Table 4

3

pr(s7,)

p%(s7,)

C7,

ps(s6,)

g (ss,)

8.,

—_
o

© 00 3O U W -

0.000 + 1.0001
0.500 + 1.0001
1.000 + 1.0001
1.500 + 1.0001
2.000 + 1.0001
2.500 + 1.0001
3.000 + 1.0001
3.500 + 1.0001
4.000 + 1.0001
4.500 + 1.0001

0.000 + 1.0001
0.480 + 0.996.1
0.980 + 1.0001
1.479 4 1.0021
1.979 + 1.0037
2.479 +1.0041
2.979+ 1.0031
3.480 + 1.0021
3.980 + 1.0001
4.479+0.9971

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

0.000 — 1.0001
0.500 — 1.0001
1.000 — 1.0001
1.500 — 1.0001
2.000 — 1.0001
2.500 — 1.0001
3.000 — 1.0001
3.500 — 1.0001
4.000 — 1.0001
4.500 — 1.0001

0.000 — 1.0001
0.479 — 1.0031
0.980 — 1.0001
1.480 — 0.9981
1.979 — 0.9971
2.479 — 0.9961
2.979 - 0.9971
3.479 — 0.9981
3.980 — 1.0001
4.480 — 1.0041

1.814 -
5.425 -
1.655 -
0.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -
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3

po(s9,)

P45 (89,)

o,

p10(s10,,)

pTo(s10,,)

© 00 3O U W -

—_
o

1.00 +5.001
1.01+5.001
1.04 +5.001
1.09 + 5.001
1.16 + 5.001
1.25+5.001
1.36 + 5.001
1.49+5.001
1.64 + 5.001
1.81 +5.001

1.000 + 5.0001
1.111 +4.9961
1.121 + 5.0001
1.150 + 5.0021
1.200 + 5.0037
1.270 4 5.0041
1.360 + 5.0031
1.471 4 5.0021
1.601 + 5.0001
1.750 +4.9971

1.814 -
5.425 -
1.655 -
5.482 -
.10~
5.007 -
3.872-
2.007 -
8.243 -
1.806 -

8.821

10~°
10~5
10~5
10~5

10~5
10~5
10~5
10~5
10~5

—1.000 + 5.0001
—0.990 + 4.0001
—0.960 + 5.0001
—0.910 + 5.0001
—0.840 + 5.0001
—0.750 + 5.0001
—0.640 + 5.0001
—0.510 + 5.0001
—0.360 + 5.0001
—0.190 + 5.0007

—1.000 + 5.0001
—0.890 +4.9971
—0.879 + 5.0001
—0.849 + 5.0021
—0.800 + 5.0031
—0.730 + 5.0041
—0.640 + 5.0031
—0.530 + 5.0021
—0.399 + 5.0001
—0.249 + 4.9961

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

Table

3

P11(811n)

pfi(s11,)

G,

P12(S12n)

pia(s12,,)

G2,

—_
o

© 00~ O Uk Wi+

0.000 + 0.0001
0.510 + 0.0001
1.040 + 0.0001
1.590 + 0.0001
2.160 + 0.0001
2.750 4 0.0001
3.360 + 0.0001
3.990 + 0.0001
4.640 + 0.0001
5.310 + 0.0001

0.000 + 0.0001
0.560 + 0.0011
1.070 + 0.0001
1.600 + 0.0001
2.150 — 0.0011
2.720 — 0.0011
3.310 — 0.0011
3.920 + 0.0001
4.550 + 0.0001
5.200 + 0.0011

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

107°

2.000 + 0.0001
2.190 + 0.1001
2.360 + 0.1991
2.511 + 0.2961
2.642 + 0.3891
2.755 4 0.4791
2.851 4 0.5651
2.930 + 0.6441
2.993 4 0.7171
3.043 +0.7831

2.000 + 0.0001
2.123 +0.0811
2.329 + 0.1831
2.492 + 0.2821
2.639 + 0.3781
2772 +0.4721
2.877 +0.5621
2.973 4 0.6471
3.053 +0.7261
3.110 + 0.7981

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

107°

Table

3

p13(s13,)

pP5(513,)

C13,,

p14(814,,)

Py (514,,)

Ci4,,

—_
o

© 00 ~J O T Wi+

2.000 + 0.0001
1.995 + 0.1001
1.980 + 0.1991
1.955 + 0.2961
1.921 + 0.3891
1.878 +0.4791
1.825 4 0.5651
1.765 + 0.6441
1.697 +0.7171
1.622 +0.7831

2.000 + 0.0001
1.975+0.0751
1.975 + 0.1681
1.963 + 0.2527
1.931 +0.3431
1.914 + 0.4261
1.860 + 0.5081
1.817 4 0.5931
1.761 + 0.6657
1.678 +0.7431

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

10~6
10~5
107
107°
106
10~5
10~5
10~5
107°
107°

0.000 + 1.0001
0.500 + 1.0001
1.000 + 1.0001
1.500 + 1.0001
2.000 + 1.0001
2.500 + 1.0001
3.000 + 1.0001
3.500 + 1.0001
4.000 + 1.0001
4.500 + 1.0001

0.000 + 1.0001
0.471 +1.0041
0.988 + 1.0051
1.481 + 1.0021
1.977 + 0.9981
2.482 + 1.0001
2.972 4 0.9981
3.473 +1.0011
3.973 4+ 1.0041
4.465 4 1.0041

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

10~6
10~5
107°
107°
106
10~5
10~5
10~5
107°
107°
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Table

8

3

p15(815,,)

PP (515,)

Ci5,,

p16(S16,,)

pTs(16,,)

16,

—_
o

© 00 3O U W -

0.000 — 1.0001
0.500 — 1.0001
1.000 — 1.0001
1.500 — 1.0001
2.000 — 1.0001
2.500 — 1.0001
3.000 — 1.0001
3.500 — 1.0001
4.000 — 1.0001
4.500 — 1.0001

0.000 — 1.0001
0.465 — 0.9961
0.972 — 0.9961
1.476 — 0.9981
1.968 — 1.0021
2.486 —0.9991
2.974 — 1.0021
3.483 — 0.9981
3.987 — 0.9951
4.471 —0.9961

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001
0.000 + 0.0001

0.000 + 0.0001
0.029 4- 0.0011
0.029 + 0.0001
0.029 + 0.0001
0.029 — 0.0011
0.029 — 0.0011
0.029 — 0.0011
0.029 + 0.0001
0.029 + 0.0001
0.029 4 0.0011

1.814 -
5.425 -
1.655 -
5.482 -
8.821 -
5.007 -
3.872 -
2.007 -
8.243 -
1.806 -

~ 116
Values ¢, = |Fj(s;,) — [ Y ®(x,, s)P*(s)ds| define the pointwise absolute error of
0 j=1

the approximate solution P®(s). The residual of the obtained solution is { = Hf}(x) -
B(P§)||Lafe.q) = 9-539 - 1075, Results of calculations found by numerical solution of system
of equations (46) are shown in Tables 1-8. The value of the regularization parameter
a = 7.049-107° is found by the generalized residual method.

Conclusion

Conducted computational experiments to restore approximate values p§ of the
functions p;, j = 1,16 on a sixteen-edges geometric graph at discretization nodes from
the known eigenvalues {\,}52,, eigenvectors {¢, }>2; of unperturbed problem (38)—(40)
and the known approximate values [, € [¢,d] of spectral problem (38)—(40) showed high
computational efficiency of the developed technique for solving inverse spectral problems
for perturbed self-adjoint operators defined on geometric graphs. It should be noted that
the method of recovering the vector operator L can be easily transferred to the case of
graphs with any configuration and with any finite number of links.
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UUCJIEHHBIE METO/IbI PEIHHNTEHN A CIIEKTPAJIBHBIX
SAJIAY HA KBAHTOBbBIX I'PA®AX

C. U. Kaduenxo, A. B. Cmasuesa, JI. C. Pazarosa

B macrosiiee BpeMmsi MHOT'HE aBTOPBI Pa3paboTalIu PsiJi METO/I0B IO3BOJIAIOIIIE IIOCTPOE-
HUsl aJITOPUTMOB YHCJIEHHOTO PellieHnsi 0OPATHBIX CIIEKTPaJIbHBIX 3a1ad. O 1HaKO OOJIBIITIH-
CTBO METOJIOB C BBIYMCJIATEILHON TOYKM 3PEHUsI SBJISIOTCS MaJIod(pdEKTUBHBIMU, U [IPU
UX [IPUMEHEHUN BO3HUKAIOT CEPhE3HbIe BEIYUCIUTEIbHBIE TPpyAHOCTH. [loaToMy pazpaborka
HOBBIX METOJIOB PEIIeHNs CIIEKTPAJIbHBIX 33/1a49, [IOCTPOEHHBIX HA HOBBLIX IOJXOIAX, SBJIs-
ercsi aKTyaJbHOIl. B maHHOI crarhe pa3paboTaHbl HOBbIE AJITOPUTMbI PENIEHUs] MIPSIMbIX U
00paTHBIX CIEKTPAJIBHBIX 33/1a4, 3a/IaHHBIX Ha KBAHTOBBLIX Irpadax. Ocobyo posib B pas-
pabOTAaHHBIX aJrOPUTMAX UI'PAIOT CHCTEMbI COOCTBEHHBIX 3HAYEHUN U COOCTBEHHBIX (DYHK-
M COOTBETCTBYIONIEH, HEBO3MYIIIEHHOM CIIEKTPAJILHON 3a7a491, B KOTOPOH Ha Bcex pedbpax
rpada nmoreHnuasbl paBHbl Hyto. HaxoXKaeHne 3TUX CIEKTPAJbHBIX XapaKTEPUCTUK, [IPU
OOJILITIOM KOJIMIeCTBE pebep y rpada, CTAJIKHBAETCS ¢ OOMBITUME 00bEeMAMU BBIIUCICHHIA.
[Tosromy B cpene makera Maple OblI HanmucaH ¥ 3apPeruCTPUPOBAHHBIN MTAKET ITPOTPAMM,
[TO3BOJISONIUN HAXOAUTH CIEKTPAJIbHBIE XaPAKTEPUCTUKNA HEBO3MYIIEHHBIX 334, 3aJ1aH-
HBIX Ha TEOMETPUYIECKHX rpadax, Jo00# KOH(MUTYpAIMd U C JTIOOBIM KOHEIHBIM THCIOM
y370B. B cTraTbe, METOIUKHN BBIYUCIEHUS COOCTBEHHDBIX 3HAYEHUI JIUCKPETHBIX U PENIEHUS
00pAaTHBIX 33124 JJIs [TOJIyOTPAHUYEHHBIX OIEPATOPOB, 3aJAHHBIX HA F€OMETPHIECKUAX I'Pa-
dax, NpOUJIIIOCTPUPOBAHBI HA IIPUMEPE MOJIEKYJ/IBI aHTpAaIeHA.

Panee, Ha OCHOBe YMCJIEHHBIX METOJOB PErYJISPU30BaHHBIX CJIeJI0B U MeToja [aiepku-
Ha, OBLJIU IOJIyY€eHbI JINHEiTHbIe (DOPMYJIbl BHIYUC/IEHHs] TPUOJIMKEHHBIX COOCTBEHHBIX 3Ha-
YeHU MUCKPETHBIX IIOJIyOrPDAHUIEHHBIX OIIEPATOPOB, 33JAHHBIX Ha KOHEYHBIX NHTEPBAJIAX.
Ilo stum dopmyaamM MOXKHO HAXOAWTH MPUOIUKEHHDbIE COOCTBEHHBIE 3HAYMEHUS JUCKPET-
HBIX OIIEPATOPOB C JIFOOBIM ITOPSIIKOBBIX HOMEPOM, HE HUCIIOJIb3ysi COOCTBEHHBbIE 3HAUEHUS C
MEHBIIUMHY TOPSIIKOBBIMI HOMEPaMHU. DTO CHUMAET MHOI'UE BBIYMC/IMTEIbHBIE TPYIHOCTH.
Wcnonb3yst nanuble JinHEHHbIE (DOPMYJIbI, pa3pabOTaHbl AJITOPUTMbBI PEIIeHUs] MPSIMbIX W
00paTHBIX 33129 3aIAHHBIX HA KBAHTOBLIX I'padax, 9To IPEJICTABIEHO B CTAThHE.

[TocTpoenHbIit aropuT™ pereHns 0OPATHBIX CIIEKTPAJIBLHBIX 33124, 33/JaHHbIX HA II0-
CJIEZIOBATE/IbHBIX T€OMETPUIECKIX Ipadax ¢ KOHEIHBIM YNCJIOM 3BEHBEB, ObLI AIIPOOUPOBAH
Ha MoJiekyJie aHTpareHa. OH MO3BOJISET BOCCTAHABINBATD B y3JIaX JUCKPETU3AINU 3HAYTE-
HUsl HEM3BECTHBIX (DYHKIIUN, BXOJSIIUX B OIEPATOPbBI, UCIOJIBb3Ysi COOCTBEHHBbIE 3HAUECHIUS
OIIEPATOPOB U CIEKTPAJIbHBIE XaAPAKTEPUCTUKN COOTBETCTBYIOIIUX CAMOCOIPSKEHHDBIX OITe-
paTopoB. Pe3ysnbrarsl MHOTOYHCIEHHBIX SKCIEPUMEHTOB IIOKA3aJH XOPOIIYI0 TOYHOCTD W
BBIYUCIATEIBHYIO 9P PEKTUBHOCTD PA3pabOTAHHOTO METO/IA.
Karouesoie crosa: cobemeennvie 3navenus u cobcmeenmnvie Gynryuy; Juckpemmvle u camo-
conpascennbie onepamopsl; 0bpammuvie cnekmpasvrsie 3adavu; memod lanepruna; HeKkop-
PEKMHO NOCMABAEHHbLE 3a0a4U; unmezparvroe ypashenue Ppedzosvma nepeozo poda; 2eo-

mempuseckud 2padg.
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